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NOTE    SUR    UN    THEOREME    GENERAL   PAR    RAPPORT 

A  L'ELIMINATION. 


[From  the  Annali  di  Sdenze  Mathematiche  e  Fisiche  (Tortolini),  vol.  vii.  (1856), 

pp.  454—458.] 

SOIENT 

^=(a,  6,  c  ...)(^i  y)'*  =  0, 
^  =  (a,  A  7...)(a?,  y)«=0, 

deux  Equations  homog^nes  quelconques  entre  les  variables  x,  y,  et  repr^sentons  par 
R  la  r^sultante  des  deux  fonctions  ^,  y^,  de  mani^re  que  R  =  0  sera  la  condition  pour 
que  les  deux  ^uations  '^  =  0,  ^  =  0  puissent  avoir  lieu.  On  sait  depuis  longtemps 
que  les  valours  des  variables  x,  y,  qui  satisfont  k  la  fois  aux  deux  ^nations  ^^  =  0, 
^  =  0  sont  donnas  (^)  par  les  conditions  (^quivalentes  k  une  seule  condition) 

dR     dR     dR       .  ^  „^,       w(m— 1)    _._,  .       , 

-7-   •  -ji,   •  J-  •  6^'  =  ^  '  wiaj'^^y  :  — Tj — = — -  af^-^  :  etc. 

dR     dR     dR       ,         „  _  ,        71  (w  —  1)    .,_-  . 

di'-d^'--d^- ^^•'^'^  '•  "^  y  '•  172-  *^^ '- ^^-'^ 

ce  qui  suppose  cependant  que   les  coefficients  a,  6,  c, ...  a^/S,  7,...,  sont  des  quantitds 
absolument   arbitraires:  les  conditions  dont  il  s'agit  peuyent  aussi  s'dcrire  sous  la  forme 

dR     dR     dR       ,        dd)     dd>      d<b 
da      ao       dc  aa      ab       ac 

dR     dR     dR        ,        dir     d^r     dyU 

da  '  dfi-  (h  '  ^^-      da  •  dfi  •  dry  '  ^^ 

^  n  va  sans  dire  que  oe  n'est  que  la  valeor  de  x  :  y  laqaelle  est  d6termin6e ;  mais  dans  la  thtorie 
des  fonctions  homogdnes  les  valenrs  absolaes  n'importent  rien,  et  on  peut  dire  qne  les  valeurs  x,  y  sont 
d^iermin^es,  qnand  a;  :  y  est  d^termin^e :   on  ^vite^par  cette  location  des  longaeurs  trds-ennnyantes. 
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Or  M.  Schlafli  dans  son  excellent  mdmoire  "  Ueber  die  Resultante  eines  Systemes 
mehrerer  algebraischer  Qleichungen/'  Trans,  de  VAcad,  de  Vienne,  torn.  IV.  (1852), 
a  gdn^ralis^  ce  th^r^me  de  la  mani^re  que  voici.  En  considdrant  un  nombre  quel- 
conque  d'^uations  -^  =  0,  ^  =  0,  ;^  =  0, . . .  entre  le  m^me  nombre  de  vfiuriables  a?  =  0, 
y  =  0,  ^  =  0,...  et  en  supposant  que  a,  6,  c,  etc.  soient  des  quantity  qui  entrent  d'une 
maniere  quelconque  dans  la  fonction  ^,  sans  entrer  dans  les  autres  fonctions  '^,  %,  eta 
(il  n'est  nuUement  ndcessaire  que  le  nombre  des  quantity  a,  6,  c...  soit  tel  que  la 
fonction  ^  reste  absolument  arbitraire,  le  nombre  des  quantity  a,  b,  c,  etc.  peut  mSme 
se  r^uire  &  2)  M.  Schlafli  fiedt  voir  que  Ton  a  dans  ce  cas 

dR     dR     dR  dd>     dd)     dd> 

cLa,      ao      ac  da      do      ac 

Voici  en  effet  le  raisonnement  fort  simple  ddnt  se  sert  M.  Schlafli  pour  dtablir  la 
proposition  dont  il  s'agit.  Les  ^nations  '^  =  0,  ^  =  0,  x  ^  ^>  ^^^*  seront  satisfaites  par 
de  certaines  valeurs  de  x  :  y  :  z,  etc.  en  supposant  seulement  que  les  quantit^s, 
a,  b,  c,  etc.  satisfont  k  la  condition  R  =  0,  Done  les  Equations  -^  =  0  ^  =  0,  ;^  =  0, 
etc.  seront  encore  satisfaites  en  donnant  des  variations  infiniment  petites  quelconques 
Sa,  8b,  8c,  etc.  aux  quantit^s  a,  b,  c,  etc.  en  supposant  seulement  que  ces  variations 
soient  telles  que  Ton  ait 

SiJ  =  ^Sa  +  ^S6  +  ^8c  +  etc.  =  0. 
da  a^  a>c 

Or  les  Equations  ^^  =  0,  x  =  0,  etc.  qui  ne  contiennent  pas  les  quantitds  a,  b,  c,  etc 
sufiisent  seules  (c'est-Jt-dire  sans  I'aide  de  I'dquation  ^  =  0)  k  determiner  les  valeurs 
de  X  :  y  :  z,  etc.  qui  satisfont  au  syst^me  ^  =  0,  '^  =  0,  x  ~  ^»  (^^  suppose  toujours 
I'dquation  22  =  0):  done  les  nouvelles  valeurs  de  x  :  y  :  z,  eta  seront  les  mSmes 
qu'auparavant,  et  Ton  doit  avoir 

S0  =  g8o  +  gs6  +  ^&,  +  etc=O; 


savoir  cette   Equation  aura  lieu    en  vertu  de   T^quation  Si2  =  0  qui  est    la    seule    con- 
dition k  laquelle  on  a  assujetti  les  variations   8a,  8b,  8c,  etc.,  ce  qui  donne   dvidemment 
'  \  les   conditions 

dR     dR     dR       ^        d<b     dd>     dd>       , 

_    _.    .    ____    .     ..,  .    oty*    ^       '  ■    •         '      •    L_    •    AT/* 

da      do      dc  da     do      dc 


\  Cela    ^tant,   on    peut    encore    gen^raliser    le    thdorfeme    de    M.    Schlafli:    pour    cela   je 

'  suppose    que    les    quantit^s    a,    b,    c, ...    entrent    d'une    maniere    quelconque    dans    les 

1  fonctions   ^,    '^,   x»  ^^-     I^s   Equations   ^  =  0,    -^  =  0,    x  =  ^»   ®^'   impliquent    Tdquation 

iZ  =  0,  et  en  donnant  aux  quantit^s  a,  b,  c,  eta  des  variations  infiniment  petites  quel- 
conques 8a,  8b,  8c,  etc.  qui  satisfont  k  la  condition  8R  =  0,  les  Equations  ^  =  0,  -^  =  0, 
X  =  0,   etc.  seront  satisfaites  k  la  fois,  cependant  par  des  nouvelles  valeurs  des  variables ; 
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on  peut  repr^nter  par  Bx,  Sy,  Sz,  etc.  les  variations  qu'il  faut  attribuer  aux  variables 
x,  y,  z,  etc.  Les  ^nations  ^  =  0,  -^  =  0,  x  =  ^>  ®*^  seront  satisfaites  en  y  variant  k  la 
fois  les  valeurs  des  variables  x,  y,  z,  etc.  et  des  quantit^s  a,  6,  c,  etc;  les  variations  de 
^>  '^>  X»  ^^*  doivent  done  s'^vanouir :  je  repr^nte  de  la  mani^re  que  voici  les  conditions 
ainsi  obtenues,  savoir 

S^  +  5^&c  +  ^Sy +^  S^  +  etc  =  0, 


dx 


dz 


5^  +  ^&,  +  #8y  +  *^Sz  +  ete.  =  0. 


dx 


dz 


^  +  :^  ^+^^y  +  ^  ^^+®*c-=^0. 


dx 


dz 


etc. 


En  prenant  X,  M,  N,  etc.  des  fonctions  absolument  arbitraires,  et  en  prenant  aussi 

8tt  =  —  X&F—  MBy  —    i\rS-^  — etc. 
on  aura  T^uation  identique 

8m     +  LBx  +  MSy  +    Mz+  etc.  =  0, 

et  en  ^liminant  les  variations  Sx,  By,  Bz,  etc.  on  obtient  une  ^uation  D  =  0 ;  la  partie 
de  D  qui  contient  le  terme  Bu  sera  ^videmment 

Bu 


d<l> 
dx' 

d6 
dy' 

d4> 
dz' 

df 
dx' 

df 
dy' 

d^r 

dz' 

dx' 

dx 
dy' 

dx 
dz' 

et  le  determinant,  facteur  de  cette  expression,  s'^vanouit  en  vertu  des  ^uations 
^  =  0,  -^  =  0,  X  =  0,  etc.  Cela  est  en  effet  un  th^rfeme  de  M.  Hesse,  lequel  se  d^montre 
tout  de  suite  en  remarquant  que  Ton  a 

^  =  -^ +  2^1  +  -^+ etc  =0. 


dx 


dz 


etc 


L'expression   D   ne  contient  done  pas  de  terme  avec  Bu,  et  Tdquation   0  =  0,  peut 
s'^jrire  comme  suit: 

X  ,      M  ,      N  , 
d4>       d<l> 


B<l>, 


Bylr, 


h' 


dx*      dy*       dz  * 

djr 
dz* 


dyfr        dyfr 
dx  '      dy * 


=  0 


dx        dx        dx 
dx*       dy*      dz* 


1—2 
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^uation  de  la  forme 

X8<f>  +  YSylr  +  ZSx  +  etc.  =  0 

c'est-^r-dire  one  Equation  entre  les  seules  variations  Sa,  Sb,  So,  eta  Or  il  ne  peut 
pas  y  avoir  entre  ces  variations  d'autre  ^nation  que  SR  =  0,  on  doit  done  avoir 
identiquement 

XS<f>  +  YSyjr+ZBx  +  etc.  =  kSR, 

savoir  cette  ^nation  sera  satisfaite  par  les  valeurs  de  x  :  y  :  z,  etc  qui  satisfont  k 
^  =  0,  '^  =  0,  X  =  0,  etc.  C'est  ]k  le  th^r^me  qu'il  s'agissait  de  d^montrer ;  en  supposant 
que  les  quantit^s  a,  6,  c,  etc.  n'entrent  que  dans  la  fonction  <l>,  on  a  S^  =  0,  ^=^0, 
etc.,  c'est-i-dire  XS<l>  =  kSR,  lequel  est  le  th^rfeme  de  M.  Schlafli 

Je  remarque  que  M.  Schlafli  a  donnd  aussi  un  th^r^me  par  rapport  au  discriminant 
d'une  fonction  quelconque  ^;  savoir,  en  repr^entant  par  V  ce  discriminant,  et  en  sup- 
posant que  les  quantity  a,  b,  c,  etc.  entrent  d'une  mani^re  quelconque  dans  la  fonction 
^,  les  valeurs  de  x,  y,,.  qui  satisfont  aux  Equations 

^  =  0      ^  =  0     ^  =  0   etc. 
dx      ^'     dy     ^'     dz     ^'^^ 

(lesquelles  impliquent  Tdquation  V  =  0)  sont  donn^  par 

dV     dV     dV       ^        d6     d6     dd>       , 
aoL      do      ac  da     do      ac 

cela  est  d^j^  la  forme  la  plus  gdn^rale  du  th^or^me. 
London,  2,  Stone  Buildings,  12  Dec,  1856. 
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SUE    UN    THEORJ&ME    D'ABEL.    NOTE. 


[From  the  Anncdi  di  Scienze  Mathematiche  e  Fisiche  (Tortolini),  vol.  viii.  (1857), 

pp.  201—203.] 

Il  y  a  un  petit  m^moirc  d*Abel  qui  porte  le  titre  "Ueber  die  Functionen  welche 
der  Gleichung  ^  (a?)  +  ^  (y)  =  ^  (^/(y)  +  y/(^))  genugthun  "  (Crelle,  torn.  n.  (1827),  pp. 
386 — 394).  La  solution  du  probl^me  est  contenue  dans  les  ^nations  que  voici,  savoir 
f(x)  est  une  fonction  d^finie  par  T^uation 

a*»  =  (/(a?)  -  rw?)~+»'  (/(a?)  +  nxf-*\ 
et  on  a  alors 

et  (en  r^uisant  un  peu  Texpression  donn^  dans  le  m^moire) 


♦»%-^>^c..(/(')^?). 


On  a  aussi  pour  ^  (x)  cette  autre  expression  en  forme  dlnt^grale  inddfinie, 


*<^>=/7(^T?i' 


car  le  fisu^teur  aa  par  lequel  dans  le  m^moire  Texpression  k  cdt^  droit  est  multipli^ 
86  r^uit  (comme  on  voit  sans  peine)  k  Tunitd  En  comparant  les  deux  expressions  de 
^(a?),  on  voit  qu'il  est  permis  de  prendre  Tint^grale  depuis  a?=0,  pourvu  qu'on  derive 
0  =  1;  cela   donne 

f  da?  1  ,  . 

Jo  /(^)  +  c^x  "  iTf^'  l^g  (/(^)  +  ^)' 

fomiule  tr^  simple  pour  Tint^gration  d'une  expression  alg^brique  laquelle  ne  pent 
pas  s'exprimer  k  moyen  de  radicales. 


6  8UR  CJN  THifeoRiaiE  d'abel.  [224 

On  obtient  une  autre  propri^t^  de  cette   fonction  f{x)   en  subetituant   les  valeure 
des  fonctions  ^  et  ^  dans  T^quation  originale 

<l>(x)'^<f>(y)^ir{xf(y)  +  yf(x)); 
cela  donne  d'abord 

^,  log  (7'  (/(.)  +  rue)  (/(-)  — )  =  ^  log  Ca  [/(?M±l/^))  +  "  W  +  y/^)] 
et  de  1&  en  r^uisant  on  obtient  Tdquation  fonctionnelle  tr^s  simple 

Je  remarque  que  Ton  peut  sans  perte  de  g^ndralit^  ^rire  a  =  1,  et  n  =  1 :  je  mets  fi 
au  lieu  de  a\  et  j'^cris  aussi  pour  plus  de  simplicity  f(x)  =  X,  f(y)  =  F.  On  a  alore 
pour  determiner  la  fonction  X(=^f(x)\,  T^quation 

(x-xy-^^x+xy-fi^i 

^nation  dans  laquelle  on  pourrait  remplacer  les  ezposants  1+fi,  1  — )3  pAi*  deux 
quantit^s  quelconques. 

La  formule  d'int^gration  devient 

formule  que  I'oa  peut  verifier  sans  peine  k  moyen  de  celle-ci, 

(X  +  /8a;)Z'  =  «  +  /8Z, 
que  Ton  obtient  en  di£f(^rentiant  I'^uation  pour  X.    L'^uation  fonctionnelle  sera 

XT+ay^/(x7+yX), 

c'est-Ji-dire  en  ^rivant  xT+yX  =  z,  XT+an/  =  Z  on  doit  avoir 

(Z-zy+^iZ  +  ey-f"! 
et  cela  se  v^rifie  tout  de  suite  k  moyen  des  Equations 

Z-z  =  (X-x)(Y-y),    Z+z  =  {X  +  x)(T+y). 

Je  remarque  aussi  qu'en  prenant  le  quotient  des  d^riv^es  de  cette  Equation  par  rapport 
k  w  et  jf  on.  obtient 

X'  -  7'     fX     T\     fX     Y 
X' 

laquelle  est  une  propri^t^  de  la  fonction  X  et  sa  d6riv^  X'. 

Londres,  17  Juillet,  1857. 
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Aw,  Av,  Aw  are  ^  — w,  ^  — V,   'A^'^y  if  by  ^,   -^,   ^  we  understand  the  velocitie 

of  d^i  parallel  to  the  axes,  after  it  has  come  into  connexion  with  the  system;  but  i 
is  to  be  observed,  that  considering  f ,  17,  f  as  the  coordinates  of  the  particle  dfi  whicl 
is  continually  coming  into  connexion  with  the  sjrstem,  then  if  the  problem  were  solve 
and  f,  17,  ^  given  as  functions  of  t  (and,  when  there  is  more  than  one  particle  d^,  0 

the  constant  parameters  which  determine  the  particular  particle),  -^ ,  &c.,  in  the  sens 

just  explained,  cannot  be  obtained  by  simple  differentiation  from  such  values  of  f,  &c. 
in  fact,  f ,  17,  (T  >^  given  as  functions  of  t,  belong  at  the  time  t  to  one  particle,  an< 
at  the  time  ^  +  c2^  to  the  next  particle,  but  what  is  wanted  is  the  increment  in  th 
interval  dt  of  the  coordinates  ^,  17,  ^  of  one  and  the  same  particle. 

Suppose  as  usual  that  x,  y,  z,  and  in  like  manner  that  ^,  17,  ^  are  functions  of  ; 
certain  number  of  independent  variables  0,  ^,  &a,  and  of  the  constant  parameters  whicl 
determine  the  particular  particle  dmi  or  rf/Lt,  of  which  a?,  y,  z,  or  f ,  17,  f  are  the  coordi 
nates;  parameters,  that  is,  which  vary  from  one  particle  to  another,  but  which  an 
constant  during  the  motion  for  one  and  the  same  particle.  The  summations  are  ii 
fact  of  the  nature  of  definite  integrations  in  regard  to  these  constant  parameters 
which  therefore  disappear  altogether  from  the  final  resulta    The  first  term, 


{^-^><2-^)^<%-^»'^- 


may  be   reduced  in   the  usual   manner  to  the   form 

where,  writing  as  usual    ff,  <f/,  &c.  for   -^,   ^,  &c.,  we  have 

Q^ddT^dTdV 
dt  du      dO     dO 

dt  d(f>'     dff>     d(f> ' 

(this  supposes  that  Xdx  +  Ydy  +  Zdz  is  an  exact  differential) ;  only  it  is  to  be  observec 
that  in  the  problems  in  hand,  the  mass  of  the  system  is  variable,  or  what  is  th< 
same  thing,  the  variables  0,  ^,  &c.,  are  introduced  into  T  and  V  through  the  limiting 
conditions  of  the  summation  or  definite  integration,  besides  entering  directly  into  T  an( 

d  dT     dT     tLV 

V  in  the  ordinary  manner.    And  in  forming  the  differential  coeflScients  3-  -7^  >   -3^ »   -js 

(U  du      au      do 

&c.,  it  is   necessary  to  consider  the  variables  0y  ^,  &c.,  in  so   far  as  they  enter  througl 

the  limiting  conditions  as  exempt  from  differentiation,  so  that  the  expressions  just  givei 

for  6,  <^,  &a,  are,  in  the  case  in  hand,  rather  conventional  representations  than  actua 

analytical   values;  this  will  be   made  clearer  in  the  sequel  by  the  consideration  of  th< 

before-mentioned  particular  problem. 


t 
f 


I 

/ 
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Considering  next  the  second  term,  or 
iwre  have   here 

"where  a,  b,  a\  &c.,  are  functions  of  the  variables  0,  if),  &c.,  and  of  the  constant  para- 
meters which  determine  the  particular  particle  dfi.  The  virtual  velocities  or  increments 
i0,  B<f>y  &c.,  are  absolutely  arbitrary,  and  if  we  replace  them  by  d0,  d<l>,  &c.,  the  actual 
increments  of    0,    ^,   &c.   in   the  interval  dt  during    the   motion,   then  Sf,    Srj,   Sf  will 

become    jf  eft,  ^dt,   j^dt,  in  the  sense  before  attributed  to  -n>   t^>    jt* 
dt        dt        dt  dt     dt     dt 

The  particle  dfi  will  contain  (2^  as  a  factor,  and  the  other  factor  will  contain  the 
differentials,  or  (as  the  case  may  be)  products  of  differentials,  of  the  constant  parameters 
which  determine  the  particular  particle  dfi.  We  have  thus  the  means  of  expressing 
the  second  line  in  the  proper  form ;  and  if  we  write 

2(a«  +  a'«  +a"«   )  dfi  =     Adt, 
2(6«  +6'«+6">   )dfi^     Bdt, 

2  (ofc  +  a'b'+  a"b")  rf/t  =     Hdt, 

« 

2  (an  +  a'v  +  a''w  )dfi  ^-^  Pdt, 
1  (hu  +  Vv  +  V'w  )dfi  ^^  Qdt, 

then  the  required  expression  of  the  second  line  will  be 

which,  if  we  put 

K  =  i(Ae'*  +  B<l>''  +  ...  +  2H0'<t,'+...  +  2Pe'  +  2Q<l>' +...), 

=^(-4,  B, ...  If, .,,  p,  0>  •••$^,  <f>f...,  ly, 

may  be  more  simply  represented  by 

only  it  IS  to  be   remarked    that  A,   By...Hy...P,    Q, ...    will    in    general    contain    not 
only  0,^,...^  but  also  the  differential   coeflScients   ^,  ^', ...,  and   that  in  forming  the 

differential  cceflScients   ^,   ^-„  &c.,  the   quantities   ^,  ^', ...,  in  so  far  as  they  enter 

C.  IV.  2 
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into  K,  not  explicitly,  but  thi*ough  the  coefficients  A^  &c.,  must  be  considered  as  exempt 
from  diffBrenticUian,  so  that  the  preceding  expression  for  the  second  line  by  means  of 
the  function  K  is  rather  a  conventional  representation  than  an  actual  analjrtical  value. 

Uniting  the  two  terms,  and  equating  to  zero  the  coefficients  of  B0,  B^,  &a,  we 
obtain  finally  the  equations  of  motion  in  the  form 

d  dT^dT    dV    dK_ 

dt  dff   de^  de^  dff^^' 
d  ^.^r   dT^d^^Q 

dJL  d<f/     d<f>     d^     d<l> 

where  the  several  symbols  are  to  be  taken  in  the  significations  before  explained* 

In  the  particular  problem,  let  z  be  measured  vertically  downwards  firom  the  plane 
of  the  table,  then  Z^g,  and  repeating  for  the  particular  case  the  investigation  ab  initio, 
the  general  equation  of  motion  is 


^(S-^)^^'^'"+i*^^'^'*=^- 


Let  s  be  the  length   in   motion,  or,  what   is   the  same   thing,   the  z  coordinate  of  the 

lower  extremity;  and   suppose   also  that  the   mass  of  a  unit  of  length   is  taken  equal 

d^z     d^8 
to  unity,  we   have  8z  —  Ss,    j^  =  j^ »   dm  =  dz,  and   the  summation   or  integration  with 

respect  to  -^  is  from  x:  =  0  to  z  =  8,  whence 

which  is  of  the  form 

fd^dT     dT     dV\^ 

Xdtds'"  da'^'da)^' 
if 

where  the  bar  is   used   to  denote   exemption  from  differentiation,  but  ultimately  ^  is  to 

be  replaced  by  e.    Considering  now  the  second  term,  here  f=0,  but  Sf=&,  and  thence 

dt  .  '    .       . 

-p  =  e\     Moreover,  dii  =  e'dt,  and  thence   finally  the  second  term  is  8\  which   is  of  the 

^         diL     •» 
form    -j_7 ,  if 
ds 

the  bar  having  the    same   signification    as    before,   but    after    the    differentiation    ?  =  «'. 
The   resulting   equation   is 
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which  may   be  written  in  the  form 


'dt^{'-^=s^' 


and  the  fiist  integral  is  therefore 

where  a  is  the  length  hanging  over  at   the   commencement  of   the   motion.    If  a^sO, 
then   the   equation  is 


I* 


and  integrating  from  ^  =  0,  2VJ  =  a/-^^,  or  finally  «  =  i5^,  so  that  the  motion  is  the 

same  as  that  of  a  body  felling  under  the  influence  of  a  constant  force  \g.  It  is 
perhaps  worth  noticing  that  the  differential  equation  may  be  obtained  as  follows: — 
We  have,  in  the  first  instance,  a  mass  b  moving  with  a  velocity  ^,  and  after  the 
particle  da  (=  «'(&)  has  been  set  in  motion,  a  mass  b  +  fldi  moving  say  with  a  velocity 
«'  +  &',  whence  neglecting  for  the  moment  the  effect  of  gravity  on  the  mass  «,  the 
momentum  of  the  mass  in  motion  will  be  constant,  or  we  shall  have 

bb'  =  («  +  B'dt)  («'  +  &')  =  bb'  +  B'^dt  +  bIb\ 

and  therefore  B%d  =  —  B'^dJt,     Hence,  adding  on  the  right-hand  side  the  term  gBdJt  arising 

d^B  d?B  fdB\'^ 

from  gravity,  and  substituting   -rr^dt  for  hfl,  we  have  the  equation,  *  Ji2~5'*""  (;S/ '  ^^ 

before. 
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A  BAY  of  polarized  tight,  incident  on  the  surface  of  an  extraordinary  mediu 
may  give  riae  to  a  reflected  ray  and  a  single  re&acted  ray ;  but  this  will  be  the  a 
only  for  a  particular  position,  or  poeitions,  of  the  plane  of  polarization  of  the  incidc 
ray.  According  to  Professor  Mac  Cullagh's  theoiy,  the  plane  of  polarization,  and  t 
relative  vibrations  of  the  three  rays,  are  deduced  from  two  assumed  principles,  whi 
may   be   referred   to   as 

1°.     The   principle   of  equivalent   vibrationa. 
2,".    The  principle  of  equivalent  moments. 
And  from  these  principles  are  deduced 
3°.    The  principle  of  vis  viva. 
4°.    The  theorem  of  the  polar  plane. 

The  directions  of  the  vibrations  are  completely  determined  by  means  of  4°,  t 
theorem  of  the  polar  plane;  and  the  relative  magnitudes  are  then  given  by  1°,  t 
principle  of  equivalent  vibrations.  The  other  principles,  viz, : — S°,  the  principle 
equivalent  moments,  and  3°,  the  principle  of  vis  viva,  must  therefore  follow  as  m( 
geometrical  consequences  from  the  first-mentioned  two  principles,  or  theorems ;  and  I  ha 
found  that  the  deduction  depends  immediately  upon  the  following  two  theorems 
spherical   trigonometry. 
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Suppose    (Fig.    1)   that   RRR'  is   a   spherical    triangle,  and  let    W  be  any  point 
in  the   base   RR\   and  N  be  the  central  point  of  the  base ;    then  joining    WR   and 


Pig.  1. 
producing   this  arc  (in   the   direction   from    W  to  R)  to  a  point  L,  such   that 

cot  WL  =   .    T^p  .    Tj^jy  tan  WR, 
sin  WR  sm  WR 

and  joining  NR\  then 

Theorem  L 

sm^RXR-'sin^RLR 


sin«  R'LR 


cos  WR  sin  NR cos NR' 


and  if  we  suppose  also,  that  an  arc  through  N,  perpendicular  to  the  base  RR\  cuts 
LRy  LR,  and  LR'  produced  in  the  points  U,  IT,  U",  then 

Theorem  IL 

miRXR  cm RU sm  NUR  +  sin  RLR cosR'U" 8m  NV'R' 

cos  NW 


=  sin  R'LR 


cosWRsmNR 


cosRlTsiaNVR. 


The  present  memoir  contains   the  proof  of  the   two   theorems,  and   the  application 
of  them  to  the  optical  theory. 

To  prove   the  first   theorem,  I  write   for  shortness  R,  R\  W  to  denote  the  aifgles 
IM'.  LR'R,  NWR,  respectively;  we  have  then, 

sin^  R'LR  -  sin»  RLR  _  sin  {R'LR  -  RLR) 
sin*  R'LR         "  smR'LR 


=  -— i.i-i>  {sin  R'LR cos  RLR"  sin  RLR  cos  R'LR] 
sm  It  IjK 

1        (siniy^TTsinir^     cmRW -cos  LRco&LW 
sini^'XEJ       sinZTF 


sin  LR  sin  L  W 
sinfiTTsiniJ     cos  R'W -cos LR" cos LW) 


sin  LW 


sin  LR"  sin  LW 
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=  ■     i>^/rD  '  ,rTp.(?^^8infi^^Tr(co8iiTr-co8Zfico8ZTr) 
sin  R  LR  8m«  L  W  (sm  LR  ^  ' 


^J^^^fSiXiRW{^E'W^^LE'Qx^LW^. 

8in  Z/XT  J 


^,        .        ^,    ,    sin  i2^        sm  i2  ,  ,  ^    sinRfLR    ^,.    , 

Observing   that  -= — ^^ ,  -; — ^r-^^    are  each  equal  to  —  -n/rtf  »  this  becomes 
®  sm  LR     sin  ///t  ^  sm  R  R 

=  -    p,,J  .  ,y„.{8inii"Tr(co6itFT-cosZigco8ZTf) 
siniZ  iism'Zir^  ^  ^ 

-siniJTr(cosir'Tr-co8Zii"cosZTr)}; 
and,  substituting  for  cos  LR,  cos  ZiJ",  the  values 

cosJK  W  cosZTT-siniZTTsinZTrcosTr, 
cos  R'W  cos  ZTT  +  8in  if'TTsin  ZTT  cos  TT, 

the  foregoing  expression   becomes 

=  .  }  ,  X  {sin iT'TT (cos iJ  IT  sin^XTT  +  siniZ  IT  sinZTTcosZTTcos  W) 

8m  RRsm^LW     ^  ^ 

-sini2ir(cosie"Tr8in«ZF-sinir'FsinZTrcosZTrcosTr)}, 

= --Ltd  {sin  fi'TTcosETT- sin  EFcos iJ^'F  +  2  cot XTTsin ETTsinir'TTcos  in 
sin  it  ic  ^  ' 

=  .^-^{sm(R'W-RW)+2coiLW8inRWsmR'Wcos^^^ 
sinii  ic  ^ 

and,  putting  R"W'-RW=2NW,  and  substituting  also  for  cot  TTZ  its  value,  which  gives 
cot  Z  TT  sin  J?  TT  sin  i2"TF  =  sin*  iVTT  tan  WR,  the  expression  becomes 

=  ~^„^  {sin  2NW'¥  2  sin«  iV'TTtan  TTiT  cos  TTj ; 
sin  ii  jK 

but  we  have 

T^  _  cos  i^ie^-- cos  iVrTT  cos  TTiZ^ 

^^~  sinJ^TTsinTTE  ' 

and  therefore 

sin  NW 
28in«iV'FtanFi2'cosTr=2  5£^^^ cos iV^iJ'- sin  2JVK^; 

•    cos  WR 

thus  the  expression  becomes 

1        Q  sin  NW        j^jy 
^S^R'R^^^WW'"^^^'^ 

and  sin  R'R  =  sin  2J\rii  =  2  sin  J\rii  cos  JVB,  so  that  finally  the  expression  becomes 

« 

sin  iVTr  cos  iVTig^ 
""cos  WR  sin  NR  cos  NR' 
which  proves  the  theorem. 
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To  prove  the  second  theorem,  take  as  before  i2,  R\  W,  to  denote  the  angles 
LRR'\  LR"R,  NWR,  respectively ;  and  moreover,  U,  CT,  CT'  to  denote  the  angles 
NUR,  NVRy  NW'R'y  respectively;  then  considering,  first,  the  function  on  the  left-hand 
side,  viz.: 

sin  iJ"ZiJ' cos  iJir sin  17+ sin  iJZiJ' cos  jB" IT' sin  U'\ 

we  have 

.    rr     sii^  NR 

cos  iJUsin  IT  =  sin  NR cot  RU 

B  sin  NR  cos  R  cot  NR  »  cos  R  cos  NR, 
and,  in  like  manner, 

p;t.  rr' -  sini^i?" 
^^""^   "sini2"t7'" 

cos  R'  IT'  sin  tT'  =  sin  NR'  cot  iJ"  U"=  sin  iVE"  cos  U"  cot  NR 

=  cosR' cos  NR'  =  cos  R'  cos  i\riJ ; 

the  expression  thus  becomes 

=^coaNR  {sin  R'LR  cos  iJ  +  sin  RLR  cos  i2"}, 
which  is 

V»  (55^^ sin  W     co8WL-cosRWcosRL 
-cosiVi<|       ginif'i        •.  siniJlTsiniZX 

sin iJTTsin  W     cos  WL-  cosiJ^TTcos R'L 


it 


L  ^  cosR' W  COS  R'L\ 
mR'WsxxiR'L        J' 


sin  RL        *  sin 

or,  substituting  for  cos  RL,  cos  R*L  the  values 

cosiJ  TT  cos  TTZ-siniJ  TT  sin  TTXcos  IT, 
cosE^TTcos  Trz;  +  sini2"Trsin  TTZcos  IT, 
the  expression  becomes 

cos  NR  sin  W 


^^-A      ?^^(cosFisin«iJTr +sinTrZsiniJ  TTcosE  TTcos  IT) 
m  iv  //  (       sm  IX  VI 

'^"5/^ (cos  TTZ  sin»i2"Tr-sin  TTZsiniJ^TTcos  fi^'TTcos  TT)! 
m-K  }y  ^  J 


sin  RL  sin 

sin 
+ 
sm 


Sf^NR^^^  {2co8  TrZ8iniJir8ini2"Tr  +  sin  TrZsin(ir'Tr-i2ir)cos  TT} 
sm  jax/  sm  J\  1j 

co%NRw^W^uWL     ^^^  ^^  ^.^  ^^  ^.^  ^„^  ^  ^j^  ^„^  -  iJW)  cos  F}. 
sm  RL  sinlt  L       ^ 
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HeDce,  putting  for  cot  WL  its  value,  which  gives 

cot  WL  Bin  RWwaR'W  =  sva*  NWtxa  WSf, 
and  putting  also 

sm  (R" W  ~  RW)  ^  an  iNW^i  an  NW cos  NW. 
the  expreaBion  becomes 

= : — rn—- — ivTf (^»"  "R^  +  cot  ■"  "  <^08  "0- 

Bin  RL  Bin  A  /.  ^  ' 

The  right-hand  side  of  the  equation  to  be  proved  ia 


einif  iit  — mb)  ' — smCoafl^tTBin  (T, 
COS  WRsmNR 


and  we  have 


sin  R"LR 


sin  RR'  sin  R 


aR'L' 
and  consequently 


sin  RL  sin  R"L  sin  RL  sin  ff"i 

or  the  expression  is 


iJrZT'sinfr. 


gcosifflain  W"fsip  W     anNW 
~        sin  RL  sin  R'L         *  coelTJ? 
But  we  have 

and  therefore 

sinJVW       _,,„  .    ,„      .  ,,-TO.       cosfi'f/" 
COB  HTff  cos  WR  Bin  tr  (T 

.  ,  „,„co8{WU'-WR') 

=  sin'  i*  W  „,p,    • — TirTB 

COS  ir«^  Sin  IT  tr 

-  sin'  NW  (tan  IT^  +  cot  WW). 

Moreover  we  have  cot  TTETscot  JVlf  cos  W,  and  the  expreBsion  thus  becomes 

2cosiV^BBin  IT  sin  WLsia^NW  .^      „,„         ^  „,,.        „., 

» : — ^j—. — Tpr; (tan  IT^+cot  JV^W^coslT); 

sin  RL  sin  jK^X  ^ 

which   is   the   expression   previously   found  as    the   value   of    the   left-hand    side    or   t 
equation,  and  the  theorem  is  therefore  proved. 
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It  is  obvious  that  the  point  L  might  have  been   constructed  by  taking  on  KWy 
produced  in  the  direction  from  i2'  to  IT,  a  point  K  such  that 


tanirTr  = 


sin'i^TTT 


sinieiTsinir'ir 


tanTTiJ', 


and   then   taking  the   arc  KL  in   the   reverse   direction   equal   to   90"". 

Passing  now  to  the  optical  problem,  it  will  be  recollected  that  in  Mac  Cullagh's 
theory  the  direction  of  vibration  in  an  extraordinary  medium  is  perpendicular  to  the 
plane  of  the  ray  and  wave  normal,  and  that  the  polar  plane  of  a  refracted  ray  is  by 
definition  a  plane  through  the  point  of  incidence  parallel  to  the  direction  of  vibration, 
and  also  parallel  to  a  line  joining  the  extremity  of  the  ray  with  the  corresponding 
point  on  the  Index  surfdce, — the  last-mentioned  surface  being  the  polar  reciprocal  of 
the  refracted  wave-surface,  taken  with  respect  to  the  reflected  wave-surface,  or  wave- 
sphere,  contemporaneously  generated.  We  have  to  consider  a  ray  of  polarized  light 
incident  on  the  surface  of  an  extraordinary  medium,  and  giving  rise  to  a  reflected  ray 
and  a  single  refracted  ray.  Let  the  incident  ray  and  the  reflected  ray  be  respectively 
produced  within  the  medium,  and  let  the  three  rays,  viz.,  the  incident  ray  produced, 
the  refracted  ray,  and  the  reflected  ray  produced,  be  represented  in  direction  (see 
Fig.  2)  by  AM,  AR  and  AR" -,  and  take  AR^AR'^l  as  the  radius  of  the  wave- 
sphere   and   AR  2C&  the  radius  of   the  wave-surface,  corresponding   at    a  given  instant 


Fig.  2. 

of  time  to  the  first  or  ordinary  medium  and  the  extraordinary  medium  respectively. 
Take  also  AW  sa  the  perpendicular  on  the  tangent  plane  of  the  wave-surface  at  R\ 
or  *  wave-normal,'  corresponding  to  the  refracted  ray  AR  \  and  let  AN  represent  the 
normal  to  the  plane  of  separation  of  the  two  media,  and  AH  the  intersection  of  the 
last-mentioned  plane  with  the  plane  of  incidence.  The  lines  AR,  AR\  AW,  AN,  AH 
are  of  course  all  of  them  in  the  plane  of  incidence,  the  line  AN  bisects  the  angle 
in^e  hy  the  lines  AR,  AR',  and  the  lines  AN,  AH  are  at  right  angles  to  each  other. 
The  length  of  the  wave-normal  -4Tr  is  given  by  the  equation  ARshxiNAW=^AWwiNAR, 
or  putting,  as  above,  AR  =  1,  and  representing  the  two  angles  at  A  by  NW,  NR 
respectively,  then,  if  p  denote  the  length  of  the  wave-normal,  we  have  smNW^pwiNR, 

C.  IV.  3 
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Take  tc  the  pole  of  the  tangent  plane  of  the  wave-surfiace  at  R  (or,  what  is  the  same 
thing,  the  image  of  the  point  W),  in  respect  of  the  sphere  radius  AR,  then  k  will 
be  the  point  on  the  index-surface  corresponding  to  the  point  R  of  the  wave-surface; 
and  let  AK  be  drawn  through  the  point  A  parallel  to  Rk.  Take  AT  perpendicular 
to  the  plane  WAR  (or,  what  is  the  same  thing,  the  plane  KAR)  as  the  direction 
of  the  refracted  vibration,  the  plane  KAT  will  be  the  polar  plane;  and  by  4°,  the 
theorem  of  the  polar  plane,  the  directions  of  the  incident  and  reflected  vibrations  are 
given  as  the  intersections  of  the  polar  plane  with  the  wave-fronts  or  planes  through 
A  normal  to  the  directions  of  the  incident  and  reflected  rays  respectively;  these  inter- 
sections are  represented  in  the  figure  hy  AT  and  AT\  The  relative  magnitudes  of  the 
vibrations  are  then  determined  by  2"",  the  principle  of  equivalent  vibrations,  viz., 
considering  these  vibrations  as  forces  acting  in  the  given  directions  AT\  AT,  AT' 
respectively,  the  refracted  vibration  will  be  the  resultant  of  the  incident  and  reflected 
vibrations:  the  terminated  lines  AT,  AT,  AT"  in  the  figure  are  taken  to  represent 
in  direction  and  magnitude  the  vibrations  corresponding  to  the  refi'acted  ray  and  to 
the  incident  and  reflected  rays  respectively,  and  the  lines  Rt\  Rt,  R't"  are  drawn 
through  the  extremities  R,  R,  R'  of  the  three  rajrs  equal  and  parallel  to  AT^  AT,  and 
AT'  respectively.  Let  m',  m,  m"  denote  the  masses  of  ether  set  in  motion  by  the 
three  rajrs  respectively,  then,  according  to  Mac  Chillagh's  hypothesis  of  equal  densities, 
we  have 

m  =  vi    :  m    ::  AM  cos  ICN  :  tiFtit— » 

cos  WR 

(where  RN,  &a,  denote  the  angles  RAN,  (Sec.);  or  writing  as  before,  AR=l,  AW=p, 
where  Bin  NW  =  p  sin  RN,  we  have 


m^m"  :  m'  ::  cos 


j.^r     poosRN  f     em NW cos RN\ 
''   cos  WR  KcosWRsinRNJ' 


This  being  premised,  then,  3",  the  principle  of  vis  viva  is  that 

m  (Rty  ==  m'  (Rt'y  +  m"  {R'tJ ; 
or,  what  is  the  same  thing, 

R^  ^  R'n     m'  sin  NW  cos  RN 


Rt'^  m     cos  WR  sin  RNcosRN' 

and  2°,  the  principle  of  equivalent  moments,  is  that  the  moment  of  Rt'  round 
the  axis  AH,  is  equal  to  the  sum  of  the  moments  of  Rt  and  R't"  round  the  same 
axis.  It  only  remains  to  show  that  these  two  properties  are  in  fact  contained  in  the 
Theorems  I.  and  II. 

The  point  k  is  the  image  of  TT  in  a  sphere,  radius  unity.     Hence,  Ak  =  -kW  =  — p, 
and  therefore 


1  —p^ 
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but  we  have,  as  before,  sin  NW  ^  p  sin  RN,  and  consequently, 

.       „^      8in«i\rTKtan  WR 
^^^=sin»ifi\r-sin«iJTr 


mx^NW 


sin  RW sin  R'W 


tan  WR\ 


Suppose  now  that  the  points  R,  R,  R\  TT,  N,  H,  K,  of  Fig.  2,  are  all  of  them 
projected  by  radii  through  the  centre  A  upon  a  sphere,  radius  unity  (see  Fig.  3,  where 
the  several  points  are  represented  by  the  same  letters  as  in  Fig.  2);  and  complete 
Fig.  3  by  connecting  the  different  points  in  question  by  arcs  of  great  circles,  and  by 
producing  -ff'TT  (in  the  direction  from  jK"  to  IF)  to  a  point  L,  such  that  J5rZ  =  90°, 
and  by  joining  LR,  LR\  and  drawing  the  arc  NITUU"  at  right  angles  to  R'R  (or, 
what  is  the  same  thing,  with  the  pole  H)  meeting  LR,  LR,  and  LR'  produced,  in 
the  points    V,  U,  XT'  respectively.     By  what  has  preceded,  the   points  K,  L  of  Fig.  8 


iT^. 


J7 


/ 


T 


Fig.  8. 


are  constructed  precisely  in  the  same  manner  as  the  same  points  in  Fig,  1,  and  in 
bet  Fig.  3  is  nothing  else  than  Fig.  1  with  some  additional  lines  and  points.  The 
condition  employed  to  determine  the  magnitude  of  the  vibrations  Rt,  Rif,  R'1f\  gives 
that  these  vibrations  are  as 

sin  rr  :  sin  TT'  :  sin  TT\ 

or,  observing  that  Zi2,  LR,  LR'  are  the  great  circles  whose  poles  are  T,  T,  T' 
respectively,  these  vibrations  are  as 

sin  R'LR  :  sin  RLR'  :  sin  RLR; 

«id,  substituting  these  values,  the  equation  given  by  the  principle  of  vis  viva  becomes 
identical  with  that  of  Theorem  I. 

3—2 
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Proceeding  to  the  condition  given  by  the  principle  of  equivalent  moments,  we  have 

moment  of  Rt  round  AH 
^RtxARx  coa[AR,  ±  dist  (Rt,  AH)]  x  sin  {Rt,  AH) ; 

and  in   Fig.   3,  observing   that   the  radius  through    U  is  parallel    to  the  perpendicular 
distance  of  {Rt,  AH)  (for  LR  has  the  pole  T,  and  NU  the  pole  H)  then 

QO&[AR,  ±  dist.  (i&,  AH)]  ^coa RU, 
sin  (Rt,  AH)  =  sin  TH, 

or,  since  T  and  H  are  the  poles  of  LR  and  NW  respectively,  TH=  zNUR,  and,  putting 
AR  =  l,  the  moment  is 

^  Rt  C08  RU  sixi  NUR 

Similarly, 


and  for  the  refracted  ray. 


moment  of  jR"f"  i-ound  AH 
=  R'T  cos  R'U"  sin  NU"R' ; 

moment  of  Rt'  round  AH 

=  AR  X  Rt'  cos  RWain  NITR. 


But  we   have 


AR^ 


AW 


siuNW 


cos  WR  "  cos  WR~^ilrR ' 


and  therefore  the  moment  is 


=  i2Y 


mnNW 


cos  WR  sin  NR 


cos  RW  sin  NITR. 


Hence  the  vibrations  Rt,  R't'\  Rt',  as  before,  ai-e  as 

sin  R'LR  :  sin  RLR  :  sin  RLR", 

and  thus  the   equation  given  by  the  principle    of  equivalent   moments   is   precisely   that 
of  Theorem  II. 
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ON  THE  THEORY  OF  RECIPROCAL  SURFACES. 

[From  the  Proceedings  of  the  Royal  Irish  Academy,  vol.  vii.  (1862),  pp.  20—28.] 

The  present  note  is  intended  to  be  supplementary  to  Mr  Salmon's  memoir  "On 
the  Degree  of  a  Surface  reciprocal  to  a  given  one"  {Trans.  R,  Irish  Acad,i  vol.  xxi. 
pp.  461 — 488,  1857).  I  find  that  Mr  Salmon's  equations  admit  of  a  transformation  which 
appears  important  in  reference  to  the  geometrical  theory,  and  the  object  of  the  note 
is  to  present  the  system  of  equations  under  the  new  form. 

Mr  Salmon  writes: 

ji,  the  order  of  the  sur£EU^. 

a,  the  order  of  the  tangent  cone  drawn  from  any  point  to  the  surface. 

8,  the  number  of  the  double  edges  of  the  cone. 

/c,  the  number  of  its  cuspidal  edges. 

6,  the  order  of  any  double  curve  upon  the  surfSstce. 

k,  the  number  of  apparent  double  points  of  the  double  curve. 

t,  the  number  of  triple  points  on  the  double  curve. 

c,  the  order  of  any  cuspidal  curve  on  the  surface. 

hy  the  number  of  apparent  double  points  of  the  cuspidal  curve. 

jS,   the    number    of   intersections    of   the    double    and    cuspidal    curves    which    are 
stationary  points  on  the  cuspidal  curve. 

7,  the  number  of  intersections  which  are  stationary  points  on  the  double  curve. 

i,    the  number  of  intersections  which  are  not  stationary  points  upon  either  curve. 

p,    the    number   of   the   points    where    the    double    curve   is  met    by   the   curve   of 
contact  of  the  tangent  cone. 

<r,    the   number  of   the  points   where   the   cuspidal    cun'e   is   met   by   the   curve   of 
contact. 
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And  the  accented  letters  denote  the  corresponding  singularities  of  the  reciprocal  surfisu> 
or,  if  we  choose  that  they  should  refer  to  the  given  sur&ce,  and  its  tangential  or  cku 
singularities,  then  we  have: 


n\  the  class  of  the  surface. 

a\  the  class  of  the  curve  of  intersection  by  any  plane. 

S',  the  number  of  double  tangents  of  the  curve. 

#/,  the  number  of  its  cusps. 

V,  the  class  of  the  node-couple  develope. 

K,  the  number  of  apparent  double  planes  of  the  node-couple  develope. 

If,  the  number  of  triple  planes  of  the  node-couple  develope. 

d^  the  class  of  the  spinode  develope. 

h\  the  number  of  the  apparent  double  planes  of  the  spinode  develope 

ff,  the  number  of  common  tangent  planes  of  the  node-couple  and  spinode  developer 
ijf'l  stationary  planes  of  the  spinode  develope. 

7^,  the   number   of   common   tangent   planes,   stationary  planes   of  the  node-coupl 
develope. 

i\    the  number  of  the  common  tangent  planes  which  are  not  stationary  planes  o 
either  develope. 

p\    the  nimiber  of  the  common  tangent  planes  of    the  node-couple  develope,  an( 
\  the  tangent  cone. 

o^,   the  number  of   the  common  tangent  planes  of  the  spinode  develope,  and  th 
tangent  cone. 

The  terminology  made  use  of  is  that  of  my  paper  "On  the  Singularities  c 
Surfaces"  {Cambridge  and  Dublin  Mathematical  Journal,  vol  vil,  1852),  [106].  To  ex 
plain  it,  I  need  only  remark  that  the  term  node  is  used  as  synonymous  with  doubl 
point,  and  the  term  spinode  as  synonymous  with  cusp;  a  spinode  plane  is  a  tangen 
plane  meeting  the  surface  in  a  curve,  having  a  spinode  at  the  point  of  contact;  and  ; 
node-couple  plane  is  a  double  tangent  plane,  or  plane  meeting  the  sur&ce  in  a  curv< 
having  two  nodes;  the  term  develope  is  used  instead  of  developable  surface. 

To  collect  all  the  formula,  it  is  proper  to  write  also: 
r,    the  class  of  the  cuspidal  curve. 
q,    the  class  of  the  double  curve. 
il  /,    the  order  of  the  spinode  develope. 

gf',   the  order  of  the  node-couple  develope. 


where   q'  is  what  Mr  Salmon,  who  only  uses  it  incidentally  in  referring  to  a  result  o 
Professor  Schlafli's,  calls  (after  him)  A, 
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Mr  Salmon  obtains,  between  the  twenty-eight  quantities, 

»,  a,  S,  AC,  6,  k,  t,  c,  A,  /8,  7,  i,  p,  cr, 
<  a\  S',  /c',  6',  i',  H,  c\  h\  ff,  y\  i\  p\  a\ 

the  twenty-one  equations, 

a  =a', 

a'=:n(n-l)-26-3c, 

«'  =  3?i  (n  -  2)  -  66  -  8c, 

8'  =  ^w(n-2)(n»-9)-(n»-n-6)(26  +  3c)  + 26(6 -1)4- 66c +  |c(c-l), 

a(n-2)=    /«+    p  +  2cr, 
t(n-2)=   p  +  2)3  +  :}7  +  3t, 
c(n-2)  =  2<r  +  4/8+   7, 

a(n  -  2)  (n  -  3)  =  2S  +  2a6  +  3ac  -  4p  -  9cr, 

6(n  -  2) (n  -  3)  =  4*  +   06  +  36c  -  9/8  -  67  -  3i -  2p, 

c  (»  -  2)  (n  -  3)  =  6A  +   oc  +  26c  -  6/8  -  47  -  2i  -  3cr, 

.n'  =  n(n-l)»-n(76  +  12c)  +  46«  +  9c»  +  86  +  15c-8&-18A+18)3  +  127  +  12i-9«, 

a=    n'(fi'-l)-26'-.3c', 
«=3/i'(n'-2)-66'-8c', 
♦8  =  Jn'  (n'  -  2)  (n'*  -  9)  -  (n'«  -  ;i'  -  6)  (26'  -f  3c0  +  26'  (6'  - 1)  +  66'c'  +  |c'  (c'  -  1), 

a'(n'-2)=    /c'l-    p'  +  2cr', 
6'(n'-2)=   p' +  2)8' +  37' +  3«', 
c'(n'-2)  =  2cr'  +  4i8'+   7', 

a'(n'-2)(n'-3)  =  2y  +  2a'6'  +  3a'c'-4p'-9cr', 
6'(n'-2)(n'-3)  =  4Jfc'+   a'6' +  36'c' -  9)8' -  67' -  3i' -  2p', 
c'(n'-2)(w'-3)  =  6A'+   aV  +  26'c' -  6/8' -  47' -  2i' -  3cr', 

*n  =  n'(;i'-l)*--7i'(76'  +  12c')4-46'«  +  9c'«  +  86'H-15c'-8&'-18A'  +  18/3'+127'+12i'-9^; 

to  which  may  be  joined 

J  =  6«  -  6  -  2fc  -  37  -  6e, 

r  =  (j«  -  c  -  2A  -  3/8, 

j'=6'i-.6'-2ifc'-3y-6«', 

r'  =  c'*-c'-2A'-3/8', 
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Considering  the  twenty-one   equations,  and  taking  as  data  n,  6,  c,  fi,  y,  A,  k,  t 
by  means  of  the  several   equations,  other  than  the   two  equations  marked  (*),  we 
express    in    terms   of   the    above    data   a,  B,  tc,  t,  t,  p,   cr,  n',  a\   y,   k\  b\   c',    p\ 
1 1  2/^  +  37'  -f  Sif,  4/8'  +  7',  4A;'  -  9i\  6&'  -  2i' ;    the  quantities   which   enter  into  the  firs 

the  marked  equations  are  then  all  given  in   terms  of  the  above   data,  and  it  is  ( 

that  the  equation  must  be  satisfied   identically:    the  quantities  which    enter    into 

second  of  the  marked   equations  are  given  in  terms  of  the  data  and  of  f,  i\  sxn 

is  not  clear,  a  priori,  but  that  the    equation    might    lead    to    a   relation  between 

data    and    If,   i';    it    will,   however,   appear    in    the   sequel    that   the    equation    must 

satisfied   identically,  independently  of  any  particular  values   of  ^,  *'.     Thus,  Mr   Sain 

theory  does  not  determine    the  values   of   these  two  quantities,  nor,  consequently, 

values  of   /S',  7',   h\  K\    it    does,  however,  determine  the   values    of   the    combinat 

MiJ!  4/8^  +  7',  8A/— ISA'.     But  the  twenty-one  equations  between   the  twenty-eight  quant 

J I  may  be  replaced  by  seventeen  equations  between  the  twenty  quantities 

i''''ir' 

u  1:  n,  a,  8,  AC,  6,  c,p,  cr,  4/8+7,  S*—  ISA, 

£  n\  a\  i\  k\  h\  (/,  p\  a\  ^ff  +  y\  8Jfc'-18A'; 

J  Ml" 

i|,i  this   will   clearly  be   the   case   if   it    is    only   shown    that    the   equation   which   giv« 

can   by   the   other  equations  be   transformed   into  one   of   the   form   in   question;    fc 
i]||l'  similar  transformation   will,   of  course,   apply  to   the   equation   for  n,  and   then   we   I 

jlj',  only   to    reject    the    equation    containing    t,   and    to    replace    the    two    equations    wl 

I'i  contain    i,   by   the    equation    given    by   the    elimination    of   this    quantity,  and    in 

manner   to   reject   the    equation    containing   t\  and    to    replace   the    two   equations    < 
'  r|-=  taining  i,  by   the   equation  given   by   the   elimination   of  this  quantity,  and  the   sya 

will  be  reduced  to  the  required  form. 

._-  The  reduction  of  the  equation  which  gives  n'  is  effected  as  follows;    we  have 

jSi!  (26  +  3c)(n-2)(w-3)  =  8i  +  18AH-a(26H-3c)  +  126c-36/9-247-12i-4p-9cr, 

36(n-2)  =6/8+97  +  9^  +  3/9; 

and  thence 

(26  +  3c)  (n  -  2)  (?i  -3)  +  36(«  -  2) 

=  a(26  +  3c)  +  126c  +  8*  +  18A-12i  +  9«-p-9cr-30/8-137 
f'll  =a(26  +  3c)  +  126c  +  8A;+ ISA- 12i  +  9«- 18/8- 127-p-9cr- 3  (4/8  +  7); 

and  consequently 
Ij  -  SJfc  -  18A  +  18/8  + 127  +  12i  -  9t 

=  (a-(w-2)(n-3)}(26  +  3c)-36(n-2)  +  12^-/j-9o--3(4;8  +  7). 


which  (observing  that  the  left-hand  side  is  precisely  the  combination  of  terms  wl 
enters  into  the  equation  for  n')  shows  that  the  reduction  is  possible;  to  complete 
putting  for  a  its  value  n(w  —  1)  — 26— 3c,  we  have 

-  8A;  -  18A  + 18/8  +  127  +  12i  -  9^ 

=  6(5n- 6)  + c(12n- 18) -46>-9c»- /J- 9(7-3(4/9  +  7); 
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and  then,  since  all  the    quantities   entering   into  the    two   excepted  equations  are 
preesed   in   terms  of  the   data,   these   equations   are   satisfied  identically,   and   it  is  e 
to  see   that  this  proves   what   was  before   assumed,   viz.,  that  in   the   system  of  twee 
one  equations,  the  second  of  the  equations  marked  (*)  is  satisfied  identically. 

Several  of  the  other  quantities  inay  be  expressed  without  difficulty  in  terms 
the  data  n,  b,  c,  i$  +  y,  SJ;— ISA:  we  in  fact  have  (besides  a,  a',  k',  S*,  which 
originally  so   expressed): 

8p=(16n-24)6-(15n-18)c-2(46»-9C)  +  2(8i-18A)-9(4j8  +  7), 
8«  =  8n  («  -  l)(n  -  2)  -  (32n  -  56)  6  - (17n  -  46) c 

+  2  (46*  -  90")  -  2  (&t  -  18A)  +  17  (4^9  4  y), 
2S=n{»-l)(n-2)(n-3)-(4n>-20n+24)fi-(6n'-15n  +  18)c 

+  126c  +  18c»  +  (Si  -  ISA)  -  9  (4^  +  y), 

8n' =  8«(w-l)'-(32n- 40)6 -<21n- 30)0+2(46" -9c»)- 2 (St- 18A)  + 21(4^  + 

c'  -4n(n-l)(n-2)-(16n-28)6-(10n-26)c  +  (46'-9C)-(a(:-18A)  +  10(4j8  + 

but    the    expressions    for    the    remaining    quantities,   viz.,   6',   p',   a,    4^8' +  y.    Sib'— 1 

would  be  very  complicated.    If  we  suppose  that  6,  c,  4,9  +  7,  8t  — 18A,  vanish,  or,  w 

is  the  same  thing,  attend  only  to  the  terms  which  contain  n  alone,  we  have : 

26'  =    n(n-l)(n-2)(n'-n'+ft-12), 

p'  =    n(n-2)(a'-n'  +  n-12), 

a'  =  4n  (n  -  2), 

4^  +      y  =  4n"  (n  -  2)  (»» -  3k'  +  3n  -  3), 
8ft'  -  186'  =    n  (n  -  2)  (n"  -  6m.*  +  16ft'  -  54n'  +  164n»  -  288n'  +  403n* 

-  -182/1'  +  348«*  -  242n  +  60), 
which   agree  with  the   values  which   Mr   Salmon  has  obtained  for  ^,  y,  6',  f  by  me 
of    the    twenty-one    equations,  and    the    additional    equations  (peculiar    to   the    case 
question,   of   a  surface   of   the   degree   »   without  singularities,  and   which   are   obtaii 
by  him  from  independent  considerations),  r'  =  0,  and  ,9'  =  2n(n  — 2)(ll?i— 24), 

The  system    of   seventeen   equations   completely  accounts   for  the  reduction   of 
order  of   the  given   surface   considered   as   the   reciprocal   of   the  reciprocal   surface,   i 
the  omitted   equations   are   important   for  other   purposes.     We   may  by  means  of  th 
express    t,    (    in    terms    of    the    data    for    the    system    of    twenty-one    equations,    i 
n,  6,  c,  (8,  7,  A,  A;  and,   effecting  this,   and  annexing  the   corresponding   values   of  t', 
we  have  the  supplementary  system : 
4ri  =(6n-6)c-6C  +  12A-57, 
2«  =-(Sn-8)6  +  (15n-lS)c  +  2(46'-9c')-16ft  +  36A  +  20;9-157, 
4i'  =  (5n'  -  6)  c'  -  6c''  + 1 2A'  -  hi, 
24i'=-(S«'-8)6'  +  (15n'-18c')+2(46"-9c'')-16it'  +  36A'+20,9'-157, 


28 


228. 


SUE  riNTEGEALE    JX'+lt'Sr^ ■ 

.E^trait  d'une  Lettre  adress^  k  M.  Liouville. 

[From  the  Journal  de  MaiJUmaiiquea  pures  et  appliquies  (Liouville),  vol  IL  (1857), 
pp.   49—51.] 

Je  suppose  que  le  lecteur  ait  sous  lea  yeux  la  Note  de  U.  Liouville  (tome 
[1866]  page  421).  Cela  ^tant,  en  r^tabliseant  lee  valeura  de  g,  h  et  sa  Amvi 
i  —  1  au  lieu  de  n,  la  formula  de  U.  Liouville  devieut 

|■^l^^(l-()'-^J^_ r(i)r(.-i) 

J.     (a  +  bt-ay      ■/a  +  b-cr(i)[ia  +  b  +  i^aia  +  b-B)Ti-t' 
laquelle,  eD  y  posant 

se  traasforme  en  celle-d: 

r tL^; ra)r(i-t) 

J.  [(o  +  i-c)«'  +  (2o  +  4)«  +  o]'     ^/a+b-cr(i)[ia  +  b  +  2'/a(a  +  b-e)y-i' 
et  en  mettant  le  d^nominateur  de  I'int^gnile  sous  la  forme 

la  foonule  devieot 

r      'f-'dt        ra)r(.-i)        1 

J,[(.+x)(.+m)]'        r(0      (■j\+-rff-'-  "■" 

formule   qui   se   trouve   dans  mon  M^moire :   "  On  certain  formulae  for  differentiation  w 
applications   to   the   evaluation   of   definite   integrals,"   Gamb.    and  Duhl.    Math.   Joun 
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torn.  II.,  page  122,  (1847),  [41].  La  demonstration  que  j'y  ai  donn^e  n'est  cependant 
rigoureuse  (k  moins  que  Ton  n'admette  la  th^rie  de  la  difif(^rentiation  a  indices 
quelconques)  que  pour  le  cas  de  t  +  J  ^gal  k  un  entier  positif;  en  eflTet,  en  Ajiivant 

Uk, » =  [(^  +  X)  (x  +  /Lt)]**  (V^+  X  -  y/x'-ffif, 

je  suis  parti  de  la  formule 

^I^*.i  =  iA:(X-M)»I^*_,,i.,-(fc4.t)I7]^,,,, 

(d  V 
-j-j  Uo^i.    Cette  expression  devient  tr^-simple 

pour  le  cas  « =  f  + 1 ;  on  a  alors 

^  (if  ('^^  -  ^'  +"^>"  -  Tw^  (^  -  ")•  i(.*m'^,)r>  ■     <■" 

formule   de   diflG^rentiation  assez   singulifere.      En   y   ^rivant   t  — ^,   au   lieu   de  i,   et   en 
integrant  i-b^  fois  par  la  formule 


/>/.^-L^)(/.^)-/. 


a  =  0. 


on  obtient   la  formule   int^grale   ci-devant    mentionn^.     II   convient   d'ajouter   que   cette 
formule,  representee  sous  la  forme 


/, 


a^-^dx     _r(i)r(i-^)        1  ^^^ 


€st  comprise   dans   une    formule    g^n^rale    donnde    par    M.    Schlomilch:    "Note    sur    la 
variation  des  constantes  arbitraires  d'une  int^grale  d^finie  (Crdle,  torn,  xxxiii.,  page  268 ; 

1W7). 

Je  remarque  aussi  que  M.  Donkin,  en  comparant  ses  r^sultats  concemant  les 
fonctions  de  Laplace  avec  ceux  de  M.  Boole  sur  le  mfime  sujet,  a  trouv^  une  identity, 
laquelle  m'a  conduit  k  cette  autre  formule  de  differentiation 

« 

\[(x + X)  (a  +  /*)]»  d  I » (2a;  +  \  +  /a)"-*-'-' 


ix  +  \  +  fi       dx\    [(x +  X)(x +  /*)]»-*  (Var  +  X-Va; +  /!*)«-»< 


_[(a;  +  X)(a!  +  M)]*+'  (±Y  ( Va?  +  X  -  Va;  + /*)" 
(2a;  +  X  +  m)"-*^'    \dx)      [(i  +  X)  (a;  + /*)]* 

formule  que  j'ai  demontr^e  au  moyen  d'une  analyse  assez  compliquee. 


(6) 


ill 
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NOTE  SUE  UNE  FORMULE  POUR  LA  REVERSION  DES  SERIES 


[From  the  Journal  fiix  die  reine  und  angewandte  Mathematik  (Crelle),  torn.  Lll.  (1856), 

pp.  276—284.] 


Je  me  propose  de  d^velopper  dans  cette  note,  pour  le  cas  de  trois  variable 
(ce  qui  suffit  pour  faire  voir  la  loi  dans  le  cas  d'un  nombre  quelconque  de  variables 
une  formule  qui  se  trouve  dans  le  m^moire  remarquable  de  Jacobi,  "de  resolutioni 
aequationum  per  series  infinitas,"  Crelle,  t.  vi.  [1830]  p.  257.  Voici  la  formule  dont  il  s'agit 
Soit  /(x,  y,  z)  une  fonction  rationnelle  et  enti^re  des  variables  x,  y,  z,  et  metton 
u  =  X,  v=T,  w  =  Z,  oil  X,  T,  Z  sont  des  fonctions  rationnelles  et  enti^res  des  variable 
m,  y,  z,  telles  que  X  —  x,  Y—y,Z  —  z  ne  contiennent  que  les  puissances  et  les  produit 
du  deuxi^me  ordre  et  des  ordres  sup^rieurs  des  variables.    Cela  ^tant,  on  aura 

fix,  y,  z)  =  \fix,  y,  z)  ^^^^-^>  .  (^  _,)(y_,)(^.^)J^.^.,.,. 

oil  la  notation    -^-^ — '—^^  denote  le  determinant  fonctionnel  on  "Jacobian"  de  X,  F,  i 

d(a?,  y,  z) 

par  rapport  k  x,  y,  z  et   la   notation   [  ]a>-iy-i«-i   signifie  le  coeflScient   de  ar^yr^z"^  dam 

le  d^veloppement  de   la  fonction  en  dedans  des   [  ];  ce   d^veloppement  doit  s'effectuei 

d'une  mani^re  d^termin^e,   savoir   il    fe-ut   d'abord    d(5velopper    les  facteurs  -^ seloi 


u 


w" 


les  puissances  descendantes  de  a?,  c'est-Ji,-dire  dans  la  forme    v  +  jpa  +  v,  +  6^c->  ©t  puii 

^crivant  X  =  a?  +  P  (oil  P  est  fonction  des  trois  variables)  il  faut  d^velopper  les 
puissances  de  X  selon  les  puissances  descendantes  du  mondme  a?,  c'est-k-dire  dans  Ii 
forme  -Z~^  =  ar*"  — 7n^c"**~^P  +  ^(m  +  l)a?~^"*P'  — etc.,  ce  qui  est  en  effet  un  develop 
pement  selon  les  puissances  ascendantes  des  variables. 
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La  formule  donne 


Coeff.  Wv^iif  dans /(a;,  y.  z)=  \f(x,  y,  z)^^^^ 
ou  ce  qui  est  la  mSme  chose 


^'^"^'j*-.,-!^!' 


Coeff.  u'v^'w'  dans  f(x,  y,  z)  = 
Soit  k  pr^nt 


fip,  y, «) 


■)■ 


X-ly-liJ-l 


Z  =  a: . .  +  -4/,^,  fc  xfifiif"  +  etc., 

F  =  y  . .  +  5tj,  *  a?y-8*  +  eta, 

^  =  2r . .  +  Cf,,„,„  a^y'^z''  -h  eta, 

/(«,  y,  -8^)  =  . . .     Qp,Q,ii^y^^  +  etc.; 

dans  ces  expressions  et  paxtout  dans  ce  qui   suit,  les  eta's  se  rapportent  k  des  termes 
que  Ton  obtient  en  affixant  des  accents  en  nombre  quelconque  aux  sjnnboles  ind^termin^ 

En    employant    la  notation    de    (jauss    na  =  1.2.3...a,  on    obtient   pour   la    terme 

g&dral  de X~*, 


oi 


De 


a  +  etc.  =  r,    /a  +  etc.  =  F,    ga-^  etc.  =  (?,    Aa  +  etc.  =  H. 
mSme  le  terme  gdn^ral  de  —  r  F"**  est 


0)1 


^  +  etc.  =  «,    t/S  +  etc  =  /,   j$  +  etc.  =  J",    &/9  +  etc.  =  iT, 


et  le  terme  general  de  —  Z~^  est 


oit 


(->'-  ^Tit^^^'--  «*«•  -^y^^-^^ 


7  +  etc.  =  f ,     fy  +  eta  =  Z,    rwy  +  etc.  =  Jf,     717  +  etc.  =  j!\r. 

En  formant  de  \k  le  terme  g^ndral  du  Jacobian  et  en  multipliant  par  le  terme 
g&6tJ  de  /(«?,  y,  z)  on  obtient  pour  le  terme  gdndral  de  Texpression  en  dedans  des 
[  ],  la  valeur  que  voici, 

n(a  +  r-l)n(b  +  «-l)n(c  +  f-l) 


(-) 


ir+«+« 


Ila  nb  ric  Ila  etc.  11/8  etc.  117  etc. 


^•/,^,*   «^-   ^<,j,*  etc.    Oi,m,n  etc.    ©p.g^ji 


a  +  r-J^,        -G,  -if 

-/,      b  +  «-J,       -iT 
-  i,  -  Jf ,     c  +  f  -  i«^ 


^,-t-r+F+/+i+i^i  ^  ^b-^+o+j+if+Q-i  ^  ^-<^-e+l^+A'+Jy^+J^-l 


I 
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et  pour  trouver  le  terrae  qui  contient  ar-'y-'^-'  on  n'a  qu'4  ^rire  dans  cette  expressioi 

F-\-I  +  L  +  P  =  &  +  r,    G  +  J  +  M  +  Q  =  h  +  8,    H  +  K  +  N+ R  =  c  +  t, 

le  coefficieDt  de  flr'y'z"'  sera  alors  la  valour  de  I'ezpression  [  }^ij_j^i  qu'il  s'ag^ss 
de  trouver.  En  effectuant  cela  et  en  recapitulant  les  formules  on  obtient  le  th^rfe: 
suivftnt:   en  posant 

X  =  x ...  +  A/^g^i,  a/j***  +  et«.  =  u, 

¥=y...+Bij,t   a:V*  +  etc-ir, 

Z  =z  ...+(7,,^,,j:'y"j"  +  etc.  =  w, 
f{x.y,z)=    ...  +  ©p.,.,aJ'y«^  +  etc. 
on  aura  pour  le  terme  g^n^ral  du  coeff.  uVw°  dans  f{x,  y,  z)  la  valeur  que  voici, 


i-r 


.,  n  (a  +  r  -  1) n  (b  +  <  -  l)n  (c  +  f  -  1) 
Ila  lib  ric  n«  etc  n^  etc.  117  etc.     " 


-^'/.p.*  ***■  ^<.},t  fitC-   O^t.m.n  *tC-   ^p.g 


^P  +  I  +  L.  -O. 

I      -J.  Q+O  +  M. 


-K        I 

r+h+k\ 


dans  laquelle 

a  +etc  =  r, 
/a  +  etc  =  F, 
t^  +  etc  =  /, 
ty  +  etc  =s  L, 
P  +  Jf+/+i  =  a  + 


j9  +etc.  =«, 
ga  +  etc.  =  0, 
j&  +  etc.  =  J, 
mrf  +  €*c.  =  M, 
Q+G  +  J"+Af  =  b  +  s. 


7    +  etc  =  (, 
ha  +  etc  =  H, 
t^  +  etc  =  K, 
ny  +  etc.  =  N, 


Lea  demi^res  ^uations  peuvent  e'^crire  sous  la  forme 
P  +  (/-l)a  +  etc+  i>S  +  etc.+ 


Q  + 
R  + 


B  +  etc  +  <  j  -  1)  ,8  +  etc.  + 


iy  +  etc  =  a, 
mff  +  etc  =  b. 


k^  +  etc.  +  (n  -  1)  7  +  etc  =  c. 


qui  sont    leB   conditions    auxquelles    doivent    satisfaire    les   valenrs  de   P,   Q,   R,   a,   e 
j8,  etc,  7,  etc,  /,  g,  k,  etc,  i,  j,  k,  etc,  I,  m,  n,  etc ;  en  ajoutant  ces  ^uationa  on  obti( 

P  +  Q  +  R  +  (/+g  +  h-l)cc  +  ete.  +  (i+j  +  h-\)ff  +  etc  +  (l  +  m  +  n-l)y  +  etc 

=  a  +  b  +  c, 

oh  les  nombres /+J  + A- 1,  etc  i+j  +  k--i,  etc   l  +  m  +  n  —  l,  etc.  sont  poaitits,  il  i 
a  done   qu'un   nombre   iini   (comme    cela   doit   Stre)  de   solutions  des   Equations   iud^t 
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n  y  a  une  manifere  assez  simple  pour  calculer  le  determinant  qui  entre  dans  la 
formule,  pour  cela  je  repr&ente  les  termes  P,  /,  etc.  par  les  notations  sjnnboliques 
Z^,  Xy,  etc.  de  manifere  que  le  determinant  devient 

Z^  +  Xy  +  X^r,  -Fa:,  -  Zx 

-Xz,  -Yz,  Z^  +  Zx-\'Zy 

or  ce  determinant  est  ce  que  devient  le  produit 

(Z^  +  Zy  +  Z^)(F^+F^+Fa?)(2^  +  Za?  +  Zy), 

en    omettant   du    ddveloppement    tons    les    termes    qui    eontiennent    un    cycle    tel    que 
Xy.Yxj  ou  Xy.Yz.Zx.     Cela  donne  pour  le  determinant  la  somme  des  seize  termes 

Z&.F^.^+F&.^(Xy-hZ^)  +  ^.Z^(Fz+Fa?)  +  Z^.F^(^a?  +  ^y) 
+  X^(Yx.Zx-^  Yx,Zy+  Yz,Zx)a-  Y^(Zy.Xy-\'Zy.Xz-\'Zx.Xy) 

-\'Z^(Xz.Yz  +  Xz.Yx-\'Xy.  Yz); 

et  la  mSme  chose  est  vraie   quel  que  soit  I'ordre  du  determinant.     Cest  M.  Sylvester 
qui  m'a  fait  cette  remarque. 

Les  formules  de  Jacobi  s'appliquent  aussi  au  cas  oil  u,  v,  w,  etc.  sont  donnees  en 
termes  de  x,  y,  z,  etc.  au  moyen  d'equations  et  non  pas  explicitement  comme  aupara- 
vant;  mais  je  ne  chercherai  pas  k  present  ce  que  deviennent  les  formules  pour  ce  cas 
plus  general 

On  peut  appliquer  la  formule  au  probl^me  de  la  transformation  des  variables 
inddpendantes  dans  le  calcul  difFerentiel.  En  effet,  soient  ii,  v,  w  des  fonctions  quel- 
conques  de  a?,  y,  z,  et  prenons  f,  17,  f  pour  les  increments  de  x,  y,  z  respectivement 
et  V,  Vy  CO  pour  les  increments  de  u,  v,  w  respectivement ;  on  aura 

^      [(     d         d.       d\      .  (     d   ^      d  dy       ,) 

*      l\    du       dv        dwj      ^  \    du       dv        dwj  j 


|\    du       dv        dwj     ^  \    du       dv 


d         d  dy 

du        dv        dwi 


dy 

+  0)  f-l  +etc 


,>z. 


Soit 


y  ^8 (a?,  y,  z) 
d  (u,  V,  w) 


C.  IV. 
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le  Jacobian  de  x,  y,  2  par  rapport  Jk  u,  v,  ui;   et  i 


(" 


d  ^     d  ^     d\ 


(" 


du       dv        dwj 


seroDt    des    fonctlons   liD^aires  de  p,  q,  r,  et,  en    fomuuit    avec    ces    valei 

d 

J-,  on  trouve 

aw 


J        d   ,      d 
du        dv 


oil   X,  y,  z   sont    des    operations    de    la    forme    -^  3- +-^3-  +  -^  jz;>  I""    peuvent    fii 
repr^Qt^es  ^mboUquement  de  cette  mam^. 


d 

d 

d 

di' 

d«' 

& 

dj 

ds 

dy 

du' 

d«' 

dm 

dt 

dz 

dz 

du- 

d,' 

di 

et  de  mfime  pour  ^  et  z;  il  font  faire  attention,  qu'en  operant  avec  ces  symbolea, 
faut  traiter  comme  des  constantes  tes  fonctioas  de  u,  »,  u>  qui  entrent  dans  • 
monies  symboles. 

Nous   avons   ^videmment  xx^l,  yx=0,  ac  =  0,  et   de   m^e  Sy  —  0,  etc.;  on  obtie 
de  li 

^=p+^(l)a  +  qy  +  rzyx  +  etc, 

*?  =  ?  +  i  (^  +  25  +  »^)'  y  +  etc., 
f  =  r  +  J  (pa  +  qy  +  rzf  2  +  etc. 

Soit  i,  present  %  une  fonction  quelconque  de  x,  y,  z,  ou  de  u,  v,  w;  en  envisagea 
^  comme  fonction  de  x,  y,  z,  on  trouve  I'incr^ment  de  cette  fonction  en  operant  sur 
avec  le  symbole 

mais   en   envisageant  %   comme   fonction  de   u,  v,  w  et  en  faisant  attention  h,  I'^uati 

u -j-  +  i't-  +  <d-j— =p^  +  5^  +  7^,  on   trouve   ce   meme   increment  en   operant  sur  ^   a^ 

le  symbole 

(jKc  +  gy  +  ri)  +  i  {px  +  9^  +  rzf  +  etc. 
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et  les  deux  r^sultats  deviendront  identiques  en  substituaut  pour  p,  5,  r  les  valeurs  de 
ces  quantity  en  termes  de  f,  17,  f,  valeurs  qui  se  trouvent  par  la  reversion  des  series 
qui  donnent  f,  17,  f  en  termes  de  p,  q,  r.     C*e8t-i,-dire  nous  aurons 

{ij  (I)'  (iy  =  nanbnc.coeffi  ^r,r  dans 


ou 


{(pa?  +  yy  +  r^)  +  i  (pa?  +  yy  +  r^)»  +  etc.}, 

f  =p  +  i(p^  +  3^  +  r^)*a?  +  eta, 
17  =  9  +  i  {px  +  5^  +  rzy  y  +  etc., 
f  =  r  +  i  (|w  +  yy  -h  r^)*  2r  +  etc. 


C'est  la  le  problfeme  de  la  reversion  des  series  qui  vient  d'etre  traits ;  et  en  substituant 

nrBFm'^'y^^^'  urnjm'^^'^^'  mrnnrn"^^'^''  upuqur''''^^' 


au  lieu  de 


on  trouve  le  tWorfeme  suivant : 


^l,  m,  n> 


e 


PfQ,K* 


THfiORiiME.    Le  terme  g^n^ral  de  (-1- j    (j-\    (-^j    est 


KCi{ar^y-^sr^xY  etc.  {or^y^f^yf  etc.  {ar^  y-^'' sr^  z)y  etc.  ar^y^z-^^y 


a  +  eta  =  r, 

/8    +  eta  =  «, 

7   +  etc.  =  t, 

/a  +  etc.  =  -F, 

^ra  +eta  =  G, 

ha  +  etc.  =  H, 

ti8  +  etc.  =  7, 

j$  +etc.  =  J, 

k0  +  etc.^K, 

fy  +  etc  =  L, 

m7  -h  etc.  =  M, 

?i7  +  etc.  =iV, 

^+/  +  i  +  P  =  a  +  r, 

(? 

+  J'4-Jlf+Q  =  b  +  «, 

if  +  ir  +  iV'  +  i2  =  c  +  f; 

n(a  +  r-l)n(b-t-g-l)n(c  +  f-l) . 

n«  etc.  n^S  etc.  117  etc.  (H/II^r  OA)"  etc.  (Hi  rij  Ukf  etc.  (11/  IIto  nn)T  etc.  HP  IIQ  HiJ ' 

n=  p  +  z+z;.       -(?,  -if 

-/,  Q  +  G  +  M,  -K 

-L,  -M,         R  +  H  +  K 

et  ob  les  nombres  f+g  +  h  —  1,  etc.,  i+j  +  k  —  l,  etc.,  i  +  ni  +  n  — 1,  etc.  sent  tous  positifs 
conune  auparavant. 

5—2 
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La  Tormule  contient  les  eymboles  x,  y,  z  qui  sont  chacun  une  fonction  Un^aire 

J- ,   ^ ,    T— ,   on   pourrut  done   se    proposer   la    question    de    trouver  le   terme  g^n 

en   d^veloppant  la   formule   de  maaifere  &  ne  conbenir  que  des  puisaajicea  et  des  prod 

de   COS  symboles  3-  ,   -1-  ,    -?— ;  c'est  &   quoi   se   rapportent  les  recherches   tr^  ^teiui 

que  Tient  de  (aire  M.  Sylvester  sur  ce  sujet,  et  qui  embrassent  aussi  bien  le  caa 
les  nouvelles  variables  aont  donn^es  explidtement  que  celui  oft  les  deux  syst^mes 
variables  sont  li&  par  des  ^uations  donn^. 

II    y  a    une    autre    mani^re    de    traitor    cette    question    de    la    transformation 
variables   ind^pendantes,  savoir  en   ^rivant 


on  peut   esprimer   les    puissances    de    B.    au    moyen    de  p   et  de    cette    autre    quan 
^mboUque 

En  effet,  en  mettant  ;^™]xc  +  ^  +  ri,  on  a 

ii  +  iii*  +  JJP  +  etc.  =  x  +  ix'  +  iX*  +  e*<=- 


f  =  P  +  Jx''"  +  ix''^  +  etc, 

r-r  +  Jx*«+iX'^  +  etc. 

'En   se  servant  de  la  m^thode  des  approximations  successives,  on  trouve  comme  premi 
approximation 

P  =  f.     ?  =  »!.     *■=?. 
et  de  liL 

comme  seconde  approximation 

et  de  \k 

X  =  /.-ip'A; 
I  troiai&me  approximation 

?=')-J(p'-p'Arty-J(>'y, 

"•-f-Kp'-p'Art^-JA 
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et  de  1& 

et  ainsi  de  suite ;  done,  en  substituant, 

i2  +  ii?  +  ii2»  +  etc.  =  p  -  ip*A  +  ip^ApA  -  Jp'A 

+  ip'    -hetc.  etc. 
c'est-i-dire 

R  =p, 

B^^p^-  Sp^Ap  -  (p»  -  3p»Ap)  A, 
etc. 

formules  dans  lesquelles  un  terme  tel  que  p'A  signifie  p^x .  x  -h  p'y  .y-\'  p^z  .z,  c'e8t-i,-dire 
reparation  du  symbole  p^  s'arrSte  aux  quantit^s  x,  y,  z  faisant  partie  du  symbole  A 
qui  vient  imm^diatement  apr^  le  p';  la  m^me  chose  a  lieu  dans  tous  les  cas 
semblables.     L'^quation  g^n^nde  est 

ij»=n-nA, 

mais  pour  expliquer  la  forme  de  la  fonction  11  il  faudrait  fsdre  des  d^veloppements 
assez  longs,  dans  lesquels  je  n'entrerai  pas  k  cette  occasion;  la  d^couverte  de  cette 
equation  gen^rale  est  due  k  M.  Sylvester,  qui  Ta  ^tablie  d'une  autre  mani^ra 

Londres,  2,  Stone  Buildings,  16  Avril,  1855. 
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NOTE   SUE   LA    METHODE    D'ELIMINATION   DE    BEZOUT. 


[From  the  JounuU  fiir  die  reine  und  angewandte  MiUhematik,  (Grelle),  torn.  LIIL  (1857), 
pp.  366—867.] 


Yoici    la   form«    la    plus   simple    sous    laquelle    on    peut    presenter    cette    rndthode 
Pour  ^liminer  les  variables  x,  y  entre  deux  ^uations  du  n"""  degr^ 

(«,...$«,  y)"  =  0, 

(a,...5«,  ,)".0, 

OD  n'a  qu'&  former  I'^uation  identique 

(o....y^.  .vVK...yx.  v^Y~{a\...\x,  y)"(a,...^X.  m)"^ 
luc-Xy 


(  "11,11     .  fli,* 


■  «™-...    S*^.  y)"-'(^  m)-' 


oCi  rezpression  qui  forme  le  second  membre  repr^nte  la  fonction  suivante, 
(a,.,     a»-'  +  ai.,     s—y ...+ a^,,,    y»->)  X"-' 

+  (o,,  „_!«»-'+ a,, „_,n:'^y...  +  a„_, , „_, y»-') /*"-' ; 
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le  r^ltat  de  r^limination  sera 


^,  0        >    ^ ,  0       >     •  •  •  ^^^U— 1 ,0  —  "• 

^,1     >  ^1 , 1     >   •  •  •  0^1 , 1 

Par  exemple  on  trouve 

fix-Xy 

(  2  (a6'  —  a'6),        oc'  —  a'c  $a?,  y][X,  /a)  ; 
I      ac'-a'c  ,    2(6c'-6'c)| 

(g,  6.  c.  dlT^,  .vy(a^  y,  c^  d^^X,  Ai)'-(a^  6^  (/,  d'^x,  yyja,  6,  c,  d$X,  m)'_^ 

fuc-Xy 

(  3(a6'  -a'6),  3(ac'-a'c),  (ad'-a'd)  ^af",  xy,  y«$X«,  X/a,  /i^; 

3(ac'-ac),    (od' -  a'd)  +  9  (6c' -  6'c),    3(6d'-6'd) 
(od'  -  a'd\  3  (W  -  6'd),  3  (cd'  -  c'  d) 

iVon   Ton  tire   imm^diatement  les  i-feultats  de  r^limination  entre  deux  Equations  quadra- 
tiques  ou   cubiques. 


Londres,  2  Stone  Buildings,  Avril,  1855. 
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NOTE    SUR    ^EQUATION    a:»-iV=±4,    D  =  5    (mod.  8), 


[From  the  Journal  fiir  die  reine  und  angewandte  Mathematik,  (Crelle),  torn.  LIIL  (1857), 

pp.  369—371.] 

On  salt  que  pour  un  determinant  positif  D  =  5  (mod.  8)  le  nombre  des  formes 
quadratiques  proprement  primitives  est  ^gal  au  nombre  des  formes  improprement  primi- 
tives, quand  il  existe  une  solution  en  nombres  impairs  de  T^uation  0^  —  2)^  =  4;  mais 
que  le  nombre  des  formes  proprement  primitives  est  ^gal  k  trois  fois  le  nombre  des 
formes  improprement  primitives,  quand  il  n'existe  pas  de  solution  en  nombres  impairs 
de  r^uation  a:"  — i)y*  =  4. 

Les  tables  de  Degen  font  voir  imm^atement,  pour  les  nombres  D  =  5  (mod.  8) 
qui  ne  sont  pas  plus  grands  que  997,  s'il  existe  ou  non  une  solution  en  nombres 
impairs  de  T^quation  a;"  — Dy'  =  4.  X  savoir  si  le  nombre  4  se  trouve  dans  la  s^rie 
des  d^nominateurs  des  quotients  complets  (la  seeonde  ligne  dans  les  tables),  il  existe 
une  solution  de  T^quation;  si  non,  il  n*en  existe  pas.  De  plus,  si  la  place  oil  se  trouve 
le  nombre  4  est  d'oixlre  pair  il  existe  une  solution  tant  de  T^quation  a;"— i)y'  =  +  4 
que  de  T^uation  a^  —  JDy^  =  —  4,  mais  si  cette  place  est  d'ordre  impair  il  existe  seule- 
ment  une  solution  de  I'^uation  a;"  — -Dy'  =  4.  On  trouve  la  plus  petite  solution  de  ces 
Equations  au  moyen  de  la  sdrie  des  quotients  (la  premiere  ligne  des  tables),  en  s'arrStant 
au  nombre  qui  pr^fede  le  nombre  place  au-dessus  du  nombre  4,  et  en  calculant  la 
fraction  continue  d^termin^e  par  cette  suite;  par  exemple,  pour  le  nombre  61  on 
trouve  dans  les  tables 


61 


7,     1,  4,  3,  1  (2.  2) 
1,  12,  3,  4,  9  (5,  5) 
226153980 
1766319049 
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Cela   fiut    voir   qu'il   existe   une   solution   de   T^quation  a^^Dy*='-4i,   solution  que    Ton 

1     1        39 
obtient  au   moyen  de  la  fraction  continue   *^  -^j  ,7*  =-^  ^^  faisant  a?  =  39,  y  =f  5.     La 

plus  petite  solution  de  I'^quation  a^  —  Ih/^^4i  se  d^duit  trfes  facilement  de  la  plus  petite 
solution  de  T^uation  t*  —  D\^  =  —  4  au  moyen  de  la  formule  x  +  y»JD  =  J  (t  +  v  s/Dy,  ce 
qui  donne  a?  =  t*  +  2,  y  =  Tv, 

On  obtient  pareillement  la  plus  petite  solution  de  I'^quation  «•  —  Dy*  =  —  1  au 
moyen  de  la  formule  (x  +  y  »JD)  =  ^  (t  -f  v  V-D)*,  ce  qui  donne 

a?  =  i(T»  +  3T),    y  =  i(T«+l)i;. 

De  mSme  la  plus  petite  solution  de  F^uation  a^  —  Dy*  =  1  se  d^uit  de  la  plus 
petite  solution  de  I'^uation  T^ —  011^  =  4!  au  moyen  de  la  formule  x  +  y^D  =  ^{T+U^Dyf 
ce  qui  donne  x  =  ^(T*-STy  y  =  ^(T^-l)U, 

Je  fais  observer  k  cette  occasion  que  suivant  une  remarque  de  Gopel  ("Notiz  uber 
A.  Gopel,"  t.  XXXV.  [1847]  p.  315  de  ce  Journal)  si  dans  T^quation   ^^±^y=  p  +  ^Q^ 

oil  X,  y,  p,  n,  P,  Q  sont  des  entiers,  le  d^nominateur  p  est  plus  grand  que  Tunit^  et 
X,  y,  p  n'ont  pas  de  ddnominateur  commun,  on  aura  n^cessairement  p  =  2,  n  =  3  ou 
^gal  k  tm  multiple  de  3,  x  impair,  et  y  de  la  forme  8n  +  5. 

tTai  calculi  au  moyen  des  tables  de  Degen  la  table  suivante  des  plus  petites 
solutions  en  nombres  impairs  de  I'^quation  a^  — i)y'  =  — 4  ou,  si  cette  Equation  n'en 
admet  pas,  de  I'^uation  a?*  — 2)y*  =  4;  en  d'autres  termes,  une  table  des  plus  petites 
solutions  impaires  de  I'^uation  oe^  —  Dy'  =  ±  4,  D  =  6  (mod.  8). 

LoThdreSf  2  Stone  Buildings,  10  Mars,  1855. 
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Table  des  plus  petites  solutions  impaires  de  l'^quation  «*-2)y»=±4,  i)=5  (mod 


D 

- 

X 

y 

D 

* 

X 

y 

D 

db 

X 

y 

5 

_ 

1 

1 

341 

+ 

277 

15 

677 

imposs. 

13 

— 

3 

1 

349 

imposs.      1 

685 

— 

759 

29 

21 

+ 

5 

1 

357 

•t 

19 

1 

693 

+ 

79 

3 

29 

— 

5 

1 

365 

— 

19 

1 

701 

imposs. 

37 

imposs.    1 

373 

imposs. 

709 

imposs. 

45 

+ 

7 

1 

381 

imposs. 

717 

+ 

241 

9 

53 

— 

7 

1 

389 

imposs. 

725 

+ 

27 

1 

61 

— 

39 

5 

397 

— 

3447     173 

733 

— 

27 

1 

69 

+ 

25 

3 

405 

imposs. 

741 

-f 

245 

9 

77 

+ 

9 

1 

413 

+ 

61 

3 

749 

+ 

12945 

473 

85 

— 

9 

1 

421 

— 

444939 

21685 

757 

imposs. 

93 

+ 

29 

3 

429 

+ 

145 

7 

765 

+ 

83 

3 

101 

imposs.    1 

437 

-♦• 

21 

1 

773 

— 

139 

5 

109 

— 

261 

25 

445 

— 

21 

1 

781 

imposs. 

117 

+ 

11 

1 

453 

+ 

149 

7 

789 

+ 

31825 

1133 

125 

— 

11 

1 

461 

— 

365 

17 

797 

— 

367 

13 

133 

+ 

173 

15 

469 

+ 

65 

3 

805 

+ 

1447 

51 

141 

imposs.    1 

477 

.+ 

2599 

119 

813 

impiDSS. 

149 

— 

61 

5 

485 

imposs. 

821 

— 

16189    565 

157 

— 

213 

17 

493 

— 

Ill       5 

829 

imposs. 

165 

+ 

13 

1 

501 

+ 

28225 

1261 

837 

+ 

29 

1 

173 

— 

13 

1 

509 

— 

925 

41 

845 

— 

29 

1 

181 

— 

1305 

97 

517 

+ 

10573 

465 

853 

— 

27483 

941 

189 

imposs. 

525 

+ 

23 

1 

861 

+ 

1027 

35 

197 

imposs. 

533 

~ 

23 

1 

869 

+ 

49377 

1675 

205 

+ 

43 

3 

541 

— 

1396425 

60037 

877 

imposs. 

213 

+ 

73 

5 

549 

+ 

1523 

65 

885 

imposs. 

221 

+ 

15 

1 

557 

imposs. 

893 

+ 

2301     77 

229 

— 

15 

1 

565 

— 

309      13 

901 

imposs. 

237 

+ 

77 

5 

573 

imposs. 

909 

imposs. 

245 

+ 

47 

3 

581 

+ 

6725 

279 

917 

+ 

1181  1    31 

253 

+ 

1177 

74 

589 

+ 

4359377 

179625 

925 

imposs. 

261 

+ 

727 

45 

597 

+ 

7949 

399 

933 

imposs. 

269 

imposs. 

605 

+ 

123 

5 

941 

— 

1135  ,    37 

277 

— 

2613 

157 

613 

— 

98763 

3989 

949 

— 

32685   1061 

285 

+ 

17 

1 

621 

+ 

25 

1 

957 

+ 

31 

1 

293 

— 

17 

1 

629 

— 

25 

1 

965 

— 

31 

1 

301 

+ 

22745 

1311 

637 

4- 

14159 

561 

973 

imposs. 

309 

+ 

5045 

287 

645 

+ 

203 

8 

981 

+ 

68123 

2175 

317 

— 

89 

5 

653 

— 

1661 

65 

989 

4- 

103245 

3283 

325 

imposs. 

661 

— 

1789539 

69605 

997 

imposs. 

333 

imp 

OSS. 

669 

+ 

305285 

11803 
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MEMOIRE    SUR    LA    FORME    CANONIQUE    DES    FONCTIONS 

BINAIRES. 

[From  the  Journal  fwr  die  reine  und  angewandte  McvOtematik,  (Crelle),  torn.  uv.  (1857), 

pp.  48—58.] 

UidiSe  de  la  forme  canonique  d'une  fonction  binaire  de  degr^  impair  et  la  th^rie 
de  la  r^uction  d'une  pareille  fonction  k  la  forme  canonique  sont  dues  a  M.  Sylvester  (^), 
qui  a,  en  outre,  6tendu  sa  th^rie  aux  fonctions  binaires  des  degr&  pairs  4  et  6.  Mais 
il  n'a  ^tabli  nulle  part  Tid^  g^ndrale  de  la  forme  canonique  d'une  fonction  binaire 
d'un  degr6  pair  quelconque.  Je  me  propose  de  reprendre  cette  th^rie  en  considdrant 
d'abord  les  fonctions  binaires  de  degr^  impair  et  ensuite  les  fonctions  binaires  de 
degrd  pair. 

Soit  done  propos6e  la  fonction  de  degr^  impair 

(a,  6,  ...a'Jar,  y^^M 
en  d^signant  par  le  symbole  2  une  somme  de  m  termes,  on  voit  qu'on  pourra  ^rire 

(a,  6, . . .  a'^x,  yy^^  =  2-4  (a:  +  ay^^^ 

'expression    qui    forme    le    second    membre    de    cette    ^nation    est    appel^e    la    forme 
canonique  de  la  fonction  donn^,  et  il  s'agit  de  trouver  les  valeurs  des  quantity  A,  a. 

En  supposant  que   le  produit  des   facteurs  lin^ires  x-^ay  soit  ^gal,  k  un  facteur 

constant  prte,  k 

(a,  b,...a'$ir,  y)*~ 

^Les  recherehee  de  M.  Bylyester  sont  contenues  dans  le  m6moire  intitule  **  Sketch  of  a  Memoir  on 
^liiBuuition,  Transformation,  and  Canonical  Forms,"  Camb,  and  Dublin  Mathematical  Journal,  t.  vi.  [1851] 
P*  186,  dans  on  supplement  pnbli6  conjointement  aveo  ce  m^moire  et  intitule  "Essay  on  Oanonical  Forms  by 
J*  i.  Sylyester,"  London,  Bell,  1851,  et  dans  le  m6moire  intitule,  **  On  a  remarkable  discovery  in  the  Theory  of 
^^^QODieal  Forms  and  of  Hyperdeterminants,"  Phil,  Mag,  Nov.  1851. 
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la  question  peut  s'^noncer  sous  la  forme  suivante:  trouver  une  fonction  de  degrd  m, 
telle  qu'en  repr^ntant  x  +  ay  un  facteur  lin^aire  quelconque  de  cette  fonction,  la 
fonction  donn^  de  degr^  2m  — 1  se  r^uise  k  la  forme  2-4  (a?  +  «y)*"*"^  La  fonction 
de  degr6  m  contiendra  un  fietcteur  constant  dont  la  valeur  peut  dtre  prise  k  volenti. 
Mais  k  ce  fitcteur  pr^  la  fonction  de  degr^  m  sera  compl^tement  d^termin^. 

Pour  fixer  les  id^s  je  suppose  que  la  fonction  donn^  soit  la  fonction  cubique 

(a,  6,  c,  d][a?,  y)», 
dans  ce  cas  il  s'agira  de  trouver  une  fonction  quadratique 

(a,  b,  c][a?,  y)« 
telle  qu'en  posant  (a,  b,  c$a?,  yf  =  B,{x  +  ay){x-\-^y)  on  ait  identiquement 

(a,  6,  c,  (i$a;,  yy  =  A(x+ayy  +  Bix  +  fiyy. 

Oela  se  fait  tr^facilement  par  les  m6thodes  ordinaires.     E!n  effet,  on  a 

A    +  J5     =  a, 

Aa  +BI3  =6, 

Aa*  +  Bfi^^c, 

Aa^  +  B^  =  d, 
d'od  il  suit 

a^'-b{(+v)+c^A   (f-a)(i7-a)  +  J5    (f- /3)(,; -/3), 
6fi7-c(f  +  i7)  +  d  =  .4a(f-a)(i;-a)  +  jB)8(f-/3)(i;-/3), 

{  et  17  ^tant  des  quantity  quelconques;  done,  en  prenant  f  =  0,  i7  =  /8,  on  obtient 

6a/9-c(a  +  i8)  +  d  =  0. 

Mais  r^quation  (a,  b,  c$x,  yY ^ 8k(x -h ay) (x  +  I3y)  donne 

0^  :  a  +  l3  :  l  =  c  :  2b  :  a, 

on  a  done 

oc  -  26b  +  ca  =  0, 

5c-2cb+da=0, 

syst^me  qui  donne  les  rapports  a  :  b  :  a  Mais  pour  completer  la  solution  de  la 
raani^  la  plus  ^dgante,  il  faut  ajouter  k  ces  ^nations,  I'^uation  (a,  b,  c^x,  y)'  =  0, 
raise  sous  la  forme  (c,  b,  a$y,  a?)'  =  0,  ou  ce  qui  est  la  mSme  chose 

y^  +  2yxh  +  a:*a  =  0 ; 
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en  ^liminant  a»  b,  c  on  obtient  une  ^uation  de  laquelle  on  d^uit 


(a,  b,  c$a?,  y)2  = 


y\     -  yxy    a? 


a ,       b    ,    c 
6 ,        c  ,    d 
Mais  on  peut  trouver  ce  r&ultat  d'une  raani^re  encore  plus  facile.     Consid^rant  T^quation 

(a,  6,  c,  d$a?,  yf^A{x  +  ayy  +  B{x-^pyf, 
on  n'a  qu'i,  op6rer  sur  cette  ^uation  en  se  servant  du  symbole 

(a,  b,  cjay,  -a,)^ 

le  second  membre  se  reduit  k  z&vo  k  cause  des  ^nations  (a,  b,  cja,  —  ly =0,  (a,  b,  c][/8,  — 1)*=0 
que  donne   T^uation  (a,  b,  c$a?,  y)*  =  a  (a?  +  ay$a:  +  iSy).     Par  consequent  on  a  identique- 

ment 

c'est-k-dire 
ou  enfin 


(a,  b,  c$ay,  -  d^  (a,  6,  c,  d$a?,  yf  =  0, 


a;  (ac  -  26b  +  ca)  4-  y  (fee  -  2cb  +  da)  =  0, 

ac-2feb  +  ca=0, 
6c-2cb+da  =  0, 
6t  de  ]k  on  tire  comme  auparavant  la  valeur  de  la  fonction  (a,  b,  c\xy  yy. 

Les  valeurs  des  coefficients  A^  B  s'expriment  alors  en  fonctions  lin^aires  des 
^^fficients  de  la  fonction  cubique,  et  des  quantity  a,  p  qui  sont  pour  ainsi  dire  les 
racines  de  la  fonction  quadratique  (a,  b,  c][a?,  y)\ 

n  est  Evident  que  le  procddd  suivi  dans  ce  qui  pr^c^e  est  tout  k  fait  g^n^ral, 
€t  que  Ton  obtient  toujours  explicitement  la  fonction  du  degr^  m:  par  exemple  pour 
1&  fonction  du  cinqui^me  degrd 

(a,  6,  c,  d,  6,  /$«,  yY 
la  fonction  dont  il  s'agit  sera 


t^ 

-y»a?, 

y^*, 

-a? 

a, 

6. 

c  , 

d 

fe, 

0  , 

d, 

e 

c, 

d, 

e, 

f 

€t  de  mSme  dans  tons  les  autres  cas.  Cette  fonction  du  degr^  m  (laquelle  est  un 
covariant  de  la  fonction  donn^)  peut  Stre  appel^  le  canonisanL  Pour  la  fonction  du 
<^qui^e  degr^  le  canonisant  peut  Stre  mis  sous  cette  autre  fonne 

ax  +  by,  bx  +  c  y,    ex  +  dy 

bx  +  cy,  cx  +  dy,    dx  +  ey 

ex  +  dy,  dx  +  ey,    ex  +fy 

^  on  d^montre  &cilement  qu'il  existe  toujours  une  transformation  semblable. 


i 
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Conaid^roDs  maintenant  une  fonctioa  de  de^r^  pair 
(a,  b, ...  o'Ja:,  y)"- 
et  poeons 

(a,  h....a'\x.  ff)'»  =  24(«  +  «y)'"+A(a,  b,...a'Ja!,  y)"(a„  bi,  ...a,'$ar,  y)" 

oil   Ton  suppose   (a,  b,...a'5a;,  y)"  =a(a;  +  «y)..,    et   oil   (ai,  61,  ...ai'Ja:,   y)"  repi^ 
un    certcuQ    covariant    par&itemcDt   d^termm^    de    (a,    b, ...  a'jj^ic,  yf*.    L'espreasion 
forme    le   second    membre    de    I'^uation   propoe^e   s'appellera  la  forme   canonique  de 
foDction   de   degr^  pair. 

Four  fixer  les  id^es  je  suppose  que  la  fonction  donn^  soit  la  fonction  du  quatri^ 
degr^ 

(a,  6,  c,  d,  e$a!,  yf ; 

dans  ce  cas,  en   prenant   la   fonction   quadrstique   (a,  b,   cja;,  y)"  =  a  (jc  +  ay)  (;r  +  ^y) 
en  repr^ntant  par  (a,,  b,,  c^x,  yf  un  covariant  d^termin^  de  (a,  b,  fy$x,  y)*  on  a 

(a,  6,  c,  d,  e\w,  y)'  =  .4(«  +  «y)*  +  B(j:  +  j8y)*+ A(a,  b,  c$ic.  y)'(a„  b,,  c,){x,  yf. 

Cela  poB^,  la  condition  qui    sert  &   determiner   le    covariant  (a,,  bi,  Ci)(je,  y)*  est 
Buivante 

i(a,  b,  cja,.  -W.(«,  t,  »J«,  ?)■(«..  t>..  c,J«,  y)--^(»,  b,  cj.,  y)-, 

oil  £^  est  un  facteur  constant  dont  la  valeur  est  arbitraire. 

Le  premier  membre  sera 

((  7ac-6b*,  -2ab     ,        a»  ,       Ja,.  b.,  cO)(«,  y)" 

I        2bc     ,  12ac-16b',       2ab  , 

1         C     ,  -2bc    ,    Tac-eb"  I 
en  repr^ntant   par  cette   notation   I'expression 

[(7ac  -  eb")  a,  -  2abb,                     +  aic,]  a!* 

+  [            2bca,  +  (12ac  -  leb")  b,                +  2abci]  sey 

+  [               tfa,  -  2bcb,     +  (7ac  -  6b')  Ci]  y. 
On  a   done 

(7ac-6b')ai  -2abb,                   •^eS^  =  K  a, 

2bc»,  +  (12ac  -  16b*)  b,                +  2abc,  =  Z'2b, 

c'ai  -  2bcbi     +  (7ac  -  6b*)  Ci  =  Z  c, 
et  en  ajoutant  &  ces  ^uations  la  suivante 

a?s^  +  2ayb,  +  y*                    Ci  =     u. 
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on  obtient,  en  ^liminant  a,,  b,,  c,,  I'^uation 


u   , 

K&, 

2Kh. 

Kc, 


7ac  -  eb", 
2bc     , 


2a!y       , 

-2ab      , 

12ac  -  16b«, 

-2bc      . 


a« 
2ab 
yac-eb" 


=  0, 


laqueUe  peut  s'^crire  aussi   comme  il  suit 


tt  7ac-6b*, 
2bc     , 


-  2ab  ,     a^ 

+  £: 

«»   . 

12ac-16b»,    2ab 

a, 

7ac  -  6b», 

-  2bc  ,  7ac  -  6b« 

2b, 

2bc  , 

c, 

c»   . 

2ajy 
-2ab      , 
12ac  -  16b«, 
-2bc     . 


a» 

2ab 

7ac  -  6b« 


=  0; 


done,  en  r^tablissant  la  valeur  de  u,  savoir  w  =  (ai,  bi,  Cija?,  yY,  et  en  prenant 


K^ 


7ac  -  6b«,         -  2ab     , 

2bc      ,     12ac  -  16b«, 

c»      ,         -2bc      , 


a« 

2ab 

7ac-6b« 


on  obtient 


(a,,  b,,  Ci$a!,  yf  =  - 

a^   . 

^y     , 

f 

a,  7ac  -  6b«, 

-2ab  , 

0? 

2b,    2bc  , 

12ac  -  16b», 

2ab 

c,     c?     , 

-2bc  , 

7ac-6b» 

Ces  valenrs  se  r^uisent  k  des  expressions  trfes  simples.  En  eflfet,  on  a  -K'  =  576(ac— b')*; 
(*i)  K  Ci][a?,  y)»  =  -  72  (ac  -  b")*  (a,  b,  q\x,  yY,  de  sorte  qu'en  supprimant  le  facteur  con- 
tot -72  (ac—b")*  on  peut  prendre 

(fti,  bx,  Ci$a?,  yy^(&,  b,  c$a?,  yy. 

Pest  ce  que  Ton  aurait  pu  pi-dvoir  dfes  le  commencement ;  car  le  proc^^  par  lequel  on 
obtient  (ai,  bi,  Ci][a?,  yy  fidt  voir  que  cette  fonction  est  un  covariant  de  (a,  b,  c][a?,  yy, 
du  second  degrd  par  rapport  aux  variables  et  du  cinquifeme  degr^  par  rapport  aux 
coefficients;  done  oette  fonction  sera,  k  un  fiicteur  num^rique  pr^,  identique  avec 
(ac-b')"(a,  b,  c][a?,  yy.  Une  circonstance  pareille  se  pr&ente  dans  la  r^uction  d'une 
fonction  du  sixi^me  degr^  k  la  forme  canonique.  En  effet  le  covariant  (ai,  bi,  Ci,  di][a;,  yY 
sem  tine  fonction  du  troisi^me  degr6  par  rapport  aux  variables  et  du  septi^me  degr^ 
par  lapport  anx  coefficients,  done  k  un  fiicteur  num^rique  pr^,  cette  fonction  sera  identique 
avec  le  discriminant  (a\i*  +  etc.)  multiplid  par  le  cubicovariant  (a'd  —  3abc  +  2b')  a^+  etc., 
00,  en  supprimant  le  facteur  constant,  le  covariant  cherch^  sera  tout  simplement  le 
cubicovariant  de   (a,  b,  c,  d][a?,  yy.    De  mSme  pour  la  fonction   du   huiti^me  degr6    on 


m\ 
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trouve  que  le  co variant  (ai,  bi,  Ci,  di,  eijo?,  y)*  sera  tout  simplement  (a,  b,  c,  d,  e][a?, 
Mais  lien  ne  nous  autorise  k  supposer  qu*une  Function  de  cette  esp^  ait  lieu  d 
le   cas    gdndral,  et   il    parait    qu'en    g^ndral    le    covariant  (ai,  bi, ...  ai'Ja?,  y)"»  sera 
fonction  ind^omposable  du  degrd  2m  + 1  par  rapport  aux  coefficients ;  k  savoir,  en  po€ 

(a,  b,  ...a'jay,  -a«)*"(a,  b,  ...a'$a?,  y)"*(ai,  bx...  a^'j^a?,  y)'»  =  jK'(a,  b,...a'$a?,  y) 
le  premier  membre  sera  une  fonction  de  la  forme 

((a,    ©  ...][a„  b„...aiO)(a?,  y) 


oh.  21,  ©,...21',  93',  ...   etc.   sont  des  fonctions  donnas  du  second  degr^  par  rapport 
coefficients  (a,  b,  ...a');  cela  ^tant,  on  aura 


m 


et 


(ai,  bx,...ai'][a?,  y)'~  =  - 


'C  = 

a,  95,... 

a',  93',... 

• 

a!^,    maf*- 

a,  a.      © 

mb, 

• 
• 

a',     93' 

ce  qui  fait  voir  que   le  covariant  dont  il  s'agit  est  une  fonction  du  degr^  2m +1 
rapport  aux  coefficients. 

Je  reviens  au  cas  particulier,   le    cas  g^n^ral   pouvant   Stre    traits   pr&is^ment 
la  m^me   mani^re.     On  a 

(a,  6,  c,  d,  6$a?,  y)*  =  il(/c  +  ay)*  +  J5(a:  +  /3y)*  +  A(a,  b,  c\x,  y)«(a„  b,,  cjx,  y)». 
J'opke  sur  cette  ^nation  en  me  servant  du  symbole  (a,  b,  cja^,  -3^.)*  et  j'obtiens 

(a,  b,  c$ay,  -a,)«(a,  6,  c,  d,  e\x,  y)*  =  2A^(a,  b,  c$a?,  y)«, 
c'est-il-dire 

-2b(6ar»  +  2c«y+dy«)  i- =  J  AiT (aa;«  +  2b«!y  +  cy») ; 
+    c  (flKc»+26a?y +  cy*)  J 

en  posant,  pour  abr^ger,  JAJ2'  =  X,  on  aura 

aj»  [ca  -2b6  +a(c-X)]^ 

+  aBy[c6  -2b(c  +  i\)  +  ad  ]^  =  0; 

+     y'[c(c-\)-2bd  +ae  ], 
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ce  qui    donne 


ca  -2b6  +a(c-X)  =  0, 

c6  -2b(c  +  iX)  +  ad         =0, 

c(c-X)-2bd  +a,e  =0, 

et  de   Ik  on  tire  I'^quation 

a    ,        6     ,    c— X    =0 
6    ,    c  +  ^X,       d 
c  —  X,        d     ,       ^ 

qui  servira  a  la  d^tennination  de  la  quantity  X.  Les  coefficients  des  diffdrentes  puis- 
sances  de  X  seront  des  invariants;  en  effet,  si  on  d^veloppe  le  determinant,  T^uation 
deviant  2(ace  +  26cd-acP-6»6  +  c»)  +  X(ae-4M  +  3(^)-X»  =  0.  La  quantity  X  ^tant 
connue,  on  pent  au  moyen  de  deux  quelconques  des  trois  ^nations  trouver  les 
rapports  a  :  b  :  c,  ou  ce  qui  revient  k  la  mSme  chose,  on  peut  se  servir  des  trois 
^uations  en  introduisant  les  quantity  arbitraires  L,  M,  N,  et  Ton  trouve 


(a,  b,  c$<F,  y)'  = 

y. 

-yx, 

a? 

L, 

a  , 

b    , 

c-\ 

M. 

b  . 

c  +  i\, 

d 

N. 

c—\. 

d    . 

e 

expression    qui,    en    r^lit^,  ne    contient    rien    d'ind^termin^.    La   quantity   K  est    une 

fonction  connue   de  (a,  b,  c)  done    A  =  -^   sera  pareillement   connu,  et  les  coefficients 

i,  B  s'expriment  en  fonctions  lin^aires  des  coefficients  de  la  fonction  du  quatri^me 
degr^  et  des  quantity  a,  ^  qui  sont  pour  ainsi  dire  les  racines  de  la  fonction  quadra- 
tique  (a,  b,  c$a?,  y)*.  Comme  je  Tai  d4}k  fiait  observer,  tout  ce  qui  prdcfede  s'applique 
^ement  k  une  fonction  de  degr^  pair  quelconque.  Le  determinant  qui  contient  X 
peut  itie  appeie  le  Lambdaique.  On  voit  ais^ment  quelle  est  sa  forme  gdndrale ;  par 
exemple  pour  la  fonction  (a,  6,  c,  d,  e,  /,  g^x,  yY  ce  determinant  est 


a    , 

6    , 

c    , 

d+X, 


b     , 

c     , 

d-iX, 


d  +  i\ 


d-X 
e 

f 
9 


expression  dont  le  developpement  ne  contient  que  les  puissances  palres  de  X;  cela 
wrive,  comme  M.  Sylvester  I'a  remarqu^  depuis  longtemps,  toutes  les  fois  que  m  est 
iii^P&ir,  c'est-2t-dire  toutes  les  fois  que  le  degr^  de  la  fonction  dont  il  s'agit  est  un 
nombre  de  la  forme  4p  +  2. 
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Revenons    k    la    fonction    du    quatri&me    degr^    (a,  b,  c,  d,  e^x,  yY;    en    ^cri^ 
{ai,  bi,  Ci$a?,  y)*  =  (a,  b,  c][«,  y)*  ==a(a;  +  ay)  (a?  +  /8y)  on  obtient  pour  la  forme  canoni 

(a,  6,  c,  d,  e$a?,  .v)*  =  il  (a;  + ay)*+5(a;  +  i8y)*+ A(a;  +  ay)>(a:  +  i8y)«. 

Relativement  ^  la  fonction  du  sixi^me  degr^  (a,  b,  c,  d,  e,  f,  g^x^  yY,  je  tais  obsei 
que  le  cubicovariant  de  (x  +  ay)  (x  +  8y)  (x  +  7y)  est 

{(2a-/3-7)a?-(2/37-7a«a^)y}{(2/3-7-a)a:-(27a-a/3-i87)y} 

{(27-a-i8)a?-(2a^-i87-7«)yl; 
done  en  repr^ntant  cette  fonction  par  4>,  on  a  pour  la  forme  canonique 

(a,  6,  c,  d,  6,  /  g^x,  y)« 

=  -4  (a; +  ay)«  + J5(a?  + i8y)«+ C(a?  +  7yy  + A  (a?  +  ay)(a?  +  i8y)(a?  + 7y)< 

Pour  la  fonction  du  huiti^me  degr^  le  covanant  (a^,  bi,  Ci,  di,  Bi'^x,  yY  est  tout  sim 

ment  ^gal  k  (a,  b,  c,  d,  e^x,  yY  ainsi  que  je  I'ai  d4}k  fiedt  observer,  et  Ton  a  pow 

forme  canonique 

(o,  6,  c,  d,  e,  /,  g,  A,  %^x,  yY 

^A(x  +  ayY  +  B(x  +  l3yY  +  C(x+'YyY  +  D(x  +  SyY  +  A(x  +  ayY(x  +  $yY(ai'hyyY(x  +  * 

Je  n'ai  pas  cherch^  k  r^uire,  ou  k  presenter  sous  la  forme  d'un  determinant,  le  covar 
(ai,  bi,  Ci,  di,  0],  (i^x,  yY  qui  entre  dans  la  forme  canonique  de  la  fonction  du  dixii 
degr^. 

On  a  vu   que  le  covariant  (ai,  bi,...  ai'][a?,  y)^  s'obtient  par  le   d^veloppement 
la  fonction 

(a,  b,  ...a'$ay,  -aa.)«.(a,  b,  ...ai'$a?,  y)**(ai,  bi,...ai'$a:,  yY^ 

et  j'ai  donnd  ci-dessus  im  exemple  de  ce  d^veloppement ;  en  employant  pour  plus 
commodity  les  lettres  italiques  au  lieu  des  lettres  romaines,  on  peut  ^crire  la  fom 
dont  il  s'agit  de  la  mani^re  suivante 


(a,  6,  c$dy,  -3«)»(a,  6,  c$a?,  yY((h,  6i,  Ci$a?,  y)"  = 


2((  7ac-66* 
2bc 


-2a6 

12ac-166* 
-26c 


2ab 
7ac-66* 


$0,,  61,  C|))(«,  yY' 


Les  ^nations  analogues  pour  la  fonction  cubique  etc.  sont 
(a,  6,  c,  d$3y,  -3«y(a,  6,  c,  d$a;,  y^^Coi,  61,  c,,  di$a?,  y)»  = 


6x((- 


I9ad  +  18bc 
Scd 


+  39 ac -36 6» 
-18ad+27  6c 
-72M  +  81c« 
+   3cd 


-    Sab 
+  72ac-816« 
+  18aci-27  6c 
-39M  +  36c« 


+  a« 
+  3a& 
+  39  oc 
+  19  ad 


$01,  61,  Ci,  d|))(a:, 


36  6» 
186c 
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(a,  6,  c,  d,  e^dy,  -dxYia,  b,  c,  d,  e^x,  yY  (oi,  6i,  Ci,  dx,  ei$a?,  y)*  = 


24x((+    71a6-1606d+90c» 
'  +1246e-120cd 
+  126ce-120d« 
+     4dc 


-124ad  +  1206c 

+  160a«-8966d  +  720c» 

+  120fe  -144 cd 
+  240C6  -256d» 
-      4de 


—     4a6 

+  240  oc- 256  6* 

+  120  ad -144  6c 

+ 160  a6  -  896  6d+ 720  c 

-1246e  +  120cd 


+    a« 
+  4a5 
+  126  oc 
+  124  ad 
+    71ae 


+  126ac  -   1205« 

-  120  ad  +   144  6c 

+ 180  06  - 1440  6d  + 1296  c« 

-12066  +   144cd 

+  126C6  -   120d» 

$ai,  6i,  d,  di,  6i))(a?,  y)*. 


120  6» 
1206c 
1606d  +  90(^ 


(a,  6,  c,  d,  6, /jay,  -dgfia,  6,  c,  d,  6, /$«,  y)'(«i>  6i,  Cx,  di,  6i, /i$a:,  y)»  = 


120  X  ((  -  251  a/+   600  66  -   350  cd 


+   655  a6- 1700  6d  + 1050  c» 


-  655  6/  + 1700  ce  -  1050  d"     -    600  a/-f  2875  66  -  2250  cd 


-460c/*+   450d6 
-310d/+   300  6» 

-       56/ 

6» 

-  460ad+     4506c 

+  I700a6-   7750cd+   6000^* 

-  350  a/ +    225066-    2000  cd 

-  2100  6/  +  12000  C6  -  10000  d* 
+   450c/-     SOOdc 

-  310d/+     3006» 


-  1700  bf+  7750  ce  -  6000  d« 

-  450  c/+   500  dc 

-  600  d/+   625^ 

+  56/ 

+   310ac-     3006* 

-  450ad+     5006c 

+  2100  ae  -  12000  6d  +  10000  d* 
+  350  a/-  225066+  2000cd 
-1700  6/+  7750  C6  -  6000  d» 
+   460  c/-     450  dc 


5ab 

+      a' 

+   eoOac-   625  6* 

+   5o6 

+   450ad-   6006c 

+  310ac-   SOOb' 

+ Woo  ae  -  7750  W  +  6000  <J« 

+  4:60 ad-  4506c 

+  600  a/  -  2875  be  +  2250  cd 

+  655  oe  - 1700  bd  + 1050  c» 

-  6556/+ 1700  ce  -1050<? 

+  251  a/-    600 6e+    350 cd 

$«!,  6i,  Ci,  dx,  6i,/i))(a?,  yy. 


1«8  T&ultats   qu'on  vient  d'obtenir   pour  les  cas  particuliers   les  plus  simples   font  voir 
que  la  th&)rie  gdndrale  doit  6tre   susceptible    de    ddveloppements   ult^rieurs.     Ainsi    la 
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forme  canonique  de  la  fonction  cubique  (a,  6,  c,  d$a?,  yf  sera  w^  +  v*  si  Ton  pose  w,  v 
au  lieu  de  l/A  (x  -f  ay),  l/B  (x  +  fiy).  La  m^thode  'g^n^rale  ne  donne  que  la  valeur 
du  produit  tt^  v  k  xxn  facteur  constaDt  pr^ ;  mais  on  peut  trouver  les  valeurs  de 
u  et  V  s^parement.  En  effet  en  se  rappelant  les  r^sultats  obtenus  dans  la  "Note  sur 
les  covariants  d'une  fonction  quadratique,  cubique,  ou  biquadratique  k  deux  ind^ter- 
min^s"  (t.  L.  p.  285  de  ce  Journal,  [135]),  on  reconnatt  que  les  deux  fonctions 
4>+  UV—  D,  <&—  DV—  n  sont  Tune  et  Tautre  des  cubes  parfaits  et  Ton  a 

2  I^V^D  =  (*  +  I7V^^)  -  (*  -  I7V3^) ; 
on  a  done 


u 


De  mdme  la  forme  canonique  de  la  fonction  du  quatri^me  degr^  (a,  b,  c,  d,  e$x,  yY 
sera  v^  +  ^  +  60u^,  =(tt* -!;»)"  + 2(1 +  3^)  wV,  si  Ton  pose  m,  v  au  lieu  de  yA(x  +  ay\ 
^B(x'^l3y);  or  IH --^iJU,  IH-^^^JU,  IH—tj^JU  ^tant  tons  les  trois  des  carr&  de 
fonctions  quadratiques,  la  fonction  U  peut  s'exprimer  k  moyen  de  deux  quelconques 
de  ces  trois  quantity  comme  une  somme  de  deux  carr&  et  on  d^uit  de  1^  les  valeurs 
de  i^  et  de  t;;  on  trouvera  le  d^veloppement  de  cette  solution  dans  un  mdmoire  "Sur 
quelques  formules  pour  la  transformation  des  int^grales  elliptiques ",  [235],  qui  parattra 
prochainement  dans  ce  Journal  Quant  k  la  fonction  du  cinqui^me  degr^,  on  pourrait 
&;rire  u,  v,  w  au  lieu  de  ^A(x-\-ay),  !JB(v  +  l3y),  ,^C{x  +  yy),  ce  qui  donnerait  pour 
forme  canonique  u^  +  if^  +  tju^,  mais  il  vaut  mieux,  en  multipliant  ces  valeurs  par  des  &cteur8 
convenables,  4criie  u  +  v  +  w^^O  et  prendre  pour  forme  canonique  Au^  +  Bi/^  +  Cw^  =  0, 
c'est  ce  qu'a  £ut  M.  Sylvester  dans  son  m^moire  ci-dessus  cit^.  On  trouve  aussi  des 
d^veloppements  sur  ce  sujet  dans  le  m6moire  de  M.  Fail  de  Bruno,  "Nota  suUa  teorica 
degli  invarianti'\  Tortolini,  Annali  di  Scienze  etc  1855. 

Pour  la  fonction  du  sixi^me  degr^  on  peut  supposer  que  la  fonction  cubique 
(a,  b,  c,  d^Xy  yY  soit  r^uite  k  la  forme  canonique  u'  +  t;*;  cela  ^tant,  le  cubicovariant 
sera  t^  —  tf,  et  en  repr^ntant  par  p  Tune  des  racines  cubiques  imaginaires  de  I'unit^  la 
forme  canonique  sera 

A(u  +  vy  +  B(u  +  pvf  +  C(u  +  ph)y  +  A(u^-tf); 
c'est  encore  ce  qu'a  fidt  voir  M.  Sylvester  dans  son  m^moire. 

Landres,  9  AvrU,  1856. 
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[From  the  J(mmal  fii/r  die  reine  und  angewandte  Afathematik,  (Crelle),  torn.  Liv.  (1857), 

p.  292.] 

Dans  le  m^moire  "  Sur  la  forme  canonique  des  fonctioDs  binaires "  (p.  48  de  ce 
volume  [232])  j'ai  dit  que  M.  Sylvester  avait  en  outre  ^tendu  sa  th^rie  aux  fonctions 
binaires  des  degr&  pairs  4  et  6;  j'aurais  dft  dire,  des  degr&  pairs  4,  6  et  8.  J'ai  aussi 
omis  de  &ire  observer  que  les  termes  canonisant  et  lambdaHque  appartenaient  a 
M.  Sylvester.  Enfin  en  citant  dans  la  note  les  m^moires  de  M.  Sylvester  qui  ont 
lapport  ik  cette  th^rie  j'ai  omis  de  citer  le  m^moire  "On  the  Calculus  of  Forms  other- 
wise the  Theory  of  Invariants,  §  VIII.  (Carnb,  and  Dvblin  Math,  Journal,  t.  ix.  [1854], 
p.  93)  section  qui  porte  le  titre  "On  the  Reduction  of  a  Sextie  Function  of  Two 
Variables  to  the  CanoniccJ  Form." 

Landres,  16  JuiUet^  1857. 
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DEUXIEME    NOTE    SUR   UNE    FORMULE    POUR   LA   REVERSION 

DES    SERIES. 

[From  the  Journal  far  die  reine  tind  angewandte  Mathematik,  (Crelle),  torn.  uv.  (1857), 

pp.  156—161:   Sequel  to  Note  t.  Ln.  (1856),  229.] 

Je  me  propose  de  montrer,  dans  cette  deuxi^me  note,  de  quelle  mani&re  le  th^r^me 
de  Jacob!  conduit  k  une  formule  donn^  sans  demonstration  par  M.  Sylvester  dans  son 
m^moire  intituld  "On  the  Change  of  Systems  of  Independent  Variables,"  Quarterly 
Math,  Journal,  tom.  L  [1857],  p.  42  k  56  et  126  k  134.  Pour  fixer  les  idfes  je  prends 
le  cas  de  trois  variables,  et  je  suppose  que  f{x,  y,  z)  soit  une  fonction  rationnelle  et 
entifere  de  a?,  y,  z,  et  que  ces  variables  soient  donn^es  en  fonction  de  u,  v,  w  au 
moyen  des  ^nations  w  =  X,  v  =  F,  w^Z,  oh  X,  T,  Z  sont  des  fonctions  rationnelles 
et  enti^res  de  x,  y,  z,  Mais  ces  fonctions  ne  sont  plus  assujetties  k  la  condition  (admise 
dans  ma  premifere  note)  d'etre  telles  que  X  —  x,  T  —  y,  Z  —  z  ne  contiennent  que  les 
puissances  et  les  produits  du  deuxi^me  ordre  et  des  ordres  sup^rieurs  des  variables, 
et  il  s'agit  de  determiner  dans  le  cas  g^ndral  le  ddveloppement  de  f{x,  y,  z)  en  termes 
de   M,  v,  V), 

Pour  r^soudre  ce  problfeme  j'^cris 

Z  =  ^100  ^  +  -Ado  y  +  ^ow  -8^  +  ...  +  ^f,g,h  a^y  ^  +  etc., 

F  =  £ioo  a?  +  £oio  y  +  J5ooi  -?+...  +  Bi^^^j,  a^yi  ^  +  etc., 
Z  =aioo  a?  +  Caio  y  +  Cooi  -^+...  +  0/.^.na^2r^"  +  eta, 
/(^,  y.  -8^)  =  ...  +  8p.«.« ^y^ 2r^  +  etc. ; 

dans  ces  expressions  et  partout  dans  la  suite  les  etc.  repr^sentent  des  termes  qu'on 
obtient  en  donnant  des  accents  en  nombre  quelconque  aux  symboles  ind^termin^ 
Je  dois  faire  observer  relativement  au  coefficient  -4/,^,  a  et  aux  coefficients  semblables, 
que  les  termes  qui  correspondent  k  f+g-^h  —  l  sont  Merits  k  part;  on  doit  done  prendre 
pour  les  nombres  /  g,  h  seulement  les  valeurs  qui  rendent /+5r  + A>  1. 
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Je  pose 


et  en  repr^ntant  par 


la  matrice  inverse  de 


on  obtient  les  ^uations 


of  =  ilio«a?  +  Aoi^  +  AooiZ, 
s!  =  Ciooic  +  Coioy  +  Cow  5, 


^00  >        *^100>       ^00 
^100  >       ^(ttO  >      ^ow 


II  est  presque   superflu   de   &ire  observer  qu'en  reprdsentant  par  V   le  determinant 

-^lOOl       -"OlOi       -"Wl 


OB  a 


1    dV 


^hoo  —  r? 


V  dA 


flioio  — 


100 


1^  dV 
V  dA 


,  etc 


010 


A  pr^nt,  en    supposant    chacune  des    quantity   i^',  xl^  wf  ^gale   k   zdro,  on  a  le 
syst^me  d'&juations 

M-Z=0,  t;-F=0,        w-Z  =  0 

ou 

X  -x'  ...  +  Af^g^},xf\fi sf"  +  etc., 

F  =  y'  ...  +  5<j,i  a;y  -s*  +  etc., 

^  =/  ...  +  C^,m.na^2r^''  +  etc., 


T 

=  a? 

-Oioofl?' 

-hioi 

.y'- 

■  Cioo  Zf 

T 

-y 

-OmO!  ' 

—  Ooic 

Y- 

•  Cflio  * , 

Z 

=  ^  • 

-Om^ 

-6ooi 

y'- 

Cooi^, 

!1 
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et  comme  auparavant 

Or,  en  appliquant  k  ce  nouveau   syst^me  la  formule  de  Jacobi,  et  en  remarquant 
est  permis   de  poser  tout  de  suite  u'  =  0,  i;'  =  0,  t«/  =  0,  cette   formule  donne 

/(a?,  y,  z)  = 

L^^  '  y'  ^)    a(a.,  y,  z,  x\  y',  /)     (Z-v)(F-i;)(Z-t(;)Z'FZ'Jx-iy-i.-V-y-ix-i 

^nation  dans  laquelle  on  doit  d'abord  d^velopper  le  dernier  ffu^teur  de  Texpres 
renferm^  entre  crochets  suivant  les  puissances  ascendantes  de  u,  v,  k;,  et  em 
d^velopper  les  puissances  de  X,  F,  Z,  X\  F,  Z  suivant  les  puissances  descends 
de  x\  y',  /,  a?,  y,  z  respectivement.     On  obtient  ainsi 

coeffi  de  vhf'vf  dans  le  d^veloppement  de  /(a?,  y,  z)  = 

r  d{X,Y,z,x'.Y,2r)  1  -I 

ou  ce  qui  est  la  mSme  chose 

coeff.  de  vhhif  dans  le  d^veloppement  de  f{x,  y,  z)  = 

a(-^z-,« J  F-^-Jz-  logz^  logF,  logz^)" 

/W  y,  ^)  a  (a?,  y,  ^,  of,  y\  s!)  ^  a:-»y-»r-V-y-V-i 

Or,  en  posant  Ha  =  1.2.3...  a,  etc.,  le  terme   g^n^ral  de  —  X~*  est 

a 

<- 1)^'  Wn^.^^V.M  etc.  ^--^yo^, 

oil 

a  +  etc.  =  r,     /a  +  etc.  =  i^,      ^ra+etcsG,      Ao  +  etc.  =  fl', 

de  mSme  le  terme  g^n^ral  de  —  |-  F~*  est 

oil 

i8  +  etc.  =  »,      */8  +  etc.=/,      j/S  +  etc.  = «/,      A:/8  +  etc.=-K' 

et  le  terme  g^n^ral  de  —  Z^  est 


(-^"■Trar^-'^'-"''"'~^'V"'' 
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oh 

7  +  etc.  =  f ,       ly  +  etc.  =  i,       my  +  etc.  =  if,       ny-{-  etc. 

Le  terms  g^n^ral  du  d^veloppement  de  log  X'  est 

_  n  (r  —  1)  ^  j^    >  ^  /,.   ,^  ,^ 

noTiS'iit'  '*'   y  ^ 

/  =  a'  +  8'  +  t'. 


=  iv: 


oil 


et  je  fais  observer  que  pour  tenir  compte  du  terme  logo:  que  contient  logX',  il  suffit 
d'attribuer  &  d^  Si,  v,  r'  les  valeurs  a'  =  S'  =  t'  =  r'  =  0.  En  eflFet  on  n'a  besoin  que  des 
coefficients  diff^rentiels  de  logX',  et,  en  gardant  pour  le  moment  r'  au  lieu  de  z4ro, 
le  terme   dont  il   s'agit   sera   — 11  (/  — l)a;~'^,  ce  qui  differentia   par  rapport   k  x  donne 

W,ar^~\     En  iaisant  /  =  0  cela  devient  -,  ce  qui  est  en  effet  la  valeiir  du  coefficient 

X  ^ 

diffi^reatiel  de  logo?  par  rapport  k  x. 


De  mfime  le  terme  g^ndral  de  log  Y  est 


11(8        1)         a;  y     -'  ^     ,^'     V «/«' 

Tiff  Tie'  TVk  ^w^'oio^oy     X    y    z 


od 


b'^^'^^^h!. 


et  le  terme  gdn^ral  de  log  Z'  est 


ou 


Done,  en  formant  le  terme  gdndral  du  Jacobien  et  en  multipliant  par  le  terme  gdn^ral 
^^  fix,  y,  z\  on  obtient  pour  le  terme  g^n^ral  de  Texpression  plac^e  entre  crochets  la 
valeur  suivante 

^^,^,  n  (a + r  - 1)  n  (b + « - 1)  n  (c + f  - 1)     n  (/  - 1)  n  («'  -  i)n  (^  - 1) 


^  ^^       nanbncna  etc.  n/3  etc.  n7  etc.  no'ns'n/n/S'ne'n/c'nynf'nv 

^^^Ag.h  etc.  fi^,-j,*  etc.  Cy^,,„,n  etc.  af„6foac4<o^oC£oaXaii,cj;i 

^  ^+/4.L+P-V-l  ^0+J+lf+^,'_i  ^H+jr+iV+fi-f-i  ^'-l^-r+tt'+^'+y'-l  -y'-b-^+y+f  +f-l  y-«-«+i'+K  +A'-1 


OU 


^  le  facteur  O  repr^sente  le  determinant  numdrique  suivant 


ft  = 


i*. 

G, 

H. 

/ . 

J. 

K, 

L, 

M, 

N, 

-r', 

0  . 

0  . 

0  . 

0  , 

0  . 

0  . 

-n, 

a  — r 

,       0       , 

0 

0       , 

,   — b  — » 

0 

0       , 

,       0      , 

,     — c  - 

a' 

.    a-    . 

/ 

/3'      , 

€ 

7 

.            r          : 

V 

c.  rv. 


8 
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Pour  trouver  le  terme  qui  contient  ar^  y^  sr^  j!'^  if"^  si^^  on  n'a  (ju'Jt  poser 

-a-r+a'  +  /8'  +  7  =0,         -  b-« +  «'  +  €'+ C  =  0,         -c-e  +  i'  +  ic'  + V  =  0. 

En  faisant  cela,  et  en  tenant  compte  des  formules  pr^^entes  on   obtient  le  th^rfeme 
suivant:  savoir  en  posant 


X 
Y 
Z 


-4iooa?  +  -4oioy  +  -4o„-^...+-4/,^,*    a/^  ^  -f  etc.  =rtt, 
-Biooa?  +  -B«ioy  +  -Bo«z...  +  -Bij,t     sx^  if  s^  -f  eta«=», 

...+e^'^'*  a:^y«r«-f  eta 


on   trouve   pour  le  terme  g^ndral  du  coeff.  de  uhf^vf  dans  le   d^veloppement  de  /(a;,  y,  z) 
Texpression 

/  .y^,^,n(a+r-i)n(b-f^^i)n(c-he-i)  n(/^i)    n(^^i)^    n(^-i) 

^    ^  na  nb  nc  na  etc.  n/3  etc.  n7  eta     Ud  HS'  Ot'  n/3^  He  H/c'  ny  Of'  HV 

>^^V.iy.*  e^  -B^U*  «^-  C^/,m,n  eta  arooifoo^«aS'o6jioC»ali%iCi« 

X  ft, 

formule  dans  laquelle  les  Oim  etc.  sont  les  coefficients  inverses  des  A^^^  eta  c'est-k-dire 


^00 1        ^100  >        Cioo 


— 1 


le  determinant  num^rique  ft  a  la  valeur  qui  vient  d'etre  donnde,  en  supposant  seulement 
que  les  nombres  a,  /9,  etc.  qui  y  entrent,  satisfassent  aux  conditions  suivantes 


a  +  etc.  =  r , 

i8  +  etc.  =  «  , 

7  +  eta  =  e  , 

/a  +  eta  =  F, 

gd  +  etc.  =  G , 

hx  +  etc.  =  -ff, 

i/8  +  eta  =  /, 

j/8  +  eta=/, 

hfi  +  etc.  =  if, 

^7  +  etc.  =  i, 

'//A7  +  eta  =  2f , 

W7  +  etc.  =  iV, 

a'  +  S'+,'  =  /, 

/3'  +  €'+^'  =  «', 

7'  +  f  +  X'  =  t'  , 

P  +  F+/+Z  =  r',  Q  +  (?+J"+J/=«',        R  +  H  +  K+N^H , 

a'  +  /3'  +  7'  =  a  +  r,  S'  +  €'+ (r  =  b  +  »,  t'  +  «'  +  V  =  c  +  fc 

De  ces  ^uations  ou  tire 


P+Q  +  R  +  F->rG  +  H-\-lJrJ+K  +  L  +  M+N  =  i\  +  h  +  c  +  r  +  8  +  t, 
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ou,  en  substituant  pour  F,  etc.  leurs  valeurs, 

(/+(7  +  A-l)af  etc-f  (i+j  +  &-l)i8  +  etc.  +  (f-l-m  +  n-l)7  +  etc. 

=  a  +  b  +  c-P-Q-JK, 

les  nombres /+5f  +  A-l,  t+j  +  &-l,   Z  +  m  +  n  — 1,  etc.   dtant   positifs.     II   n'y   a  done 
qu'un  nombre  fini  de  solutions  des  Equations  ind^termin^es,  comme  cela  doit  6tre. 

On  pent  encore  modifier  un  peu  la  forme  du  determinant  fl ;  on  voit  d'abord  que 
Ton  pent  changer  les  signes  des  quantit^s  —  a  — r,  —  b  — «,  —  c  — f,  —  ?•',  — «',  —  ^;  en 
&isant  cela  et  en  substituant  pour  ces  quantitds  et  aussi  pour  F,  G,  etc.  les  valeurs 
ci-dessu8  donn^es,  on  obtient 

ft  = 


fa  +  etc   , 

ga  +  etc. ,      ha  +  etc., 

a'  +  /9'  + 

/ 
7. 

0       .             0 

ifi  +  etc    , 

j0  +  etc. ,     k0  +  etc., 

0 

S' 

+«'+r'.       0 

ly  +  etc    , 

tivf  +  etc. ,     wy  +  etc, 

0 

0       ,    i'  +  K+\'  : 

«'  +  S'  +  »', 

0,0, 

o' 

B'      ,            t' 

0 

/9'  +  e'  +  *',          0 

^ 

6'        ,              «' 

0 

0    , 7+r+v, 

/ 

7 

f       .            >.' 

Ainsi  se  trouve  d^montr^  le  th^rfeme  g^n^ral  de  M.  Sylvester  relatif  k  la  rever- 
sion des  series,  car  il  est  Evident  que  les  formules  s'appliquent  saus  difficult^  k  un 
nombre  quelconque   de   variablea 

Londres,  le  30  Septembre,  1856. 
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235. 


SUR    QUELQUES   FORMULES   POUR  LA  TRANSFORMATION   DES 

INTEGRALES    ELLIPTIQUES. 

[From  the  Journal  f&r  die  reine  und  angeumndte  MathenuUik,  (Crelle),  torn.  LV.  (1858), 

pp.  15—24.] 

I. 
En  posont  dans  les  formules  "Fund,  nova  p.  13,  Tab.  III.,"  cos^  =  a;,  on  obtient 
dy  2  dx 


v^(y  -  «)  (y  -  /3)  (y  -  7)  (y  -  «)     ^^(«  -  7) (j8  -  S)  +  V(a  -  /8)  (y  -  S)   V(i  -  a?)  (1  -l<?a?) 
oil 


^  ^  / V(a  -  7)  (^  -  3)  -  V(a  zll^lzll^ 
W(a  -  7)"(/3  -  8)  +  V(o  -  /9)  (7  -  S)/ 


1-ar     (a-/3)(/3-8)  (y-7) 
\+x     (a- 7)  (7 -8)  (/8-y)- 


Maintenant  soit 


(y-a)(y-/3)(y-7)(y-S)  =  (a,  5,  c,  i,  e$y,  1)* 

et  proposons-nous  d'introduire  dans  les  formules  les  coefficients  (a,  5,  c,  rf,  e)  au  lieu 
des  racines  a,  ^,  7,  S.  En  renvoyant  d'ailleurs  k  la  Note  sur  les  covariants  d'une 
fonction  quadratique,  cubique  ou  biquadratique  ins^rde  dans  ce  Journal,  t.  L.  (1855), 
p.  285,  [135],  je  pose  pour  abr^ger 

(a-i9)(7-S)=^, 
(a-7)(8-^)  =  C', 

(«-S)(/8-7)  =  A 
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de  sorte  que  Ton  a  identiquement 


B  +  C  +  D  =  0. 


Les  invai-iante  /,  J  sont  des  fonctions  rationnelles  des  quantity  B,  C,  D\  en  effet  on  a 


{B- 


B'  +  C'  +  D'=   24/, 
C)iC-D)(D-B)  =  iS2J, 

B^D' =  256  (I* -21J'). 


Cela  etant,  nous  avons 


_  (i_^C-WB\^ 
\i>JC  +  >JB)' 


ce  qui  donne  d'abord 


ou,  h.  cause  de  B+G  +  D^O,  d'oil  5»  +  O*  +  i)*  =  2 (jB*  +  5C  +  C*), 


i'+14A»  +  l-    (-^cf  +  V^)'    • 


On    trouve   ensuite 


!-*»=.. 


4»Vfi(7 


et  de  1& 


{i^C+^JBY 


ou    en    multipliant  le  num^teur  et  le  d^nominateur  par  (t  VC^  +  iJBy,  et  poeant  D*  au 
lieu  de  (B  +  (Tf,  on  obtient 


k'(l-k'y  =  -4 


256B'CD' 


{i^/C+^By*- 


Ces   ^uations  donnent 


^■='(l-^•»)♦ 


B'OD' 


ou,    en    posant 


(^•• +  l4^•='  +  l)»    2(B'  +  c+D'y 


JV  =  -'f 


_  2t/J ' 


^^ (1  -  k'y   ^_i 

(A-*+  14)t='  +  l)'~16iV 


On    trouve    aussi 


^•• + 144="  + 1  =  ~ 


192/ 


{i^/C+^By' 
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ce  qui  donne 

2         _    VFTU^^I 
iVC^+V^'V         12/        ' 

et  la  formule  de  transformation  devient  ainsi 

dx 


rf.  e^v,  IV  "V  "      12/ 


V(a,  6,  c,  rf,  e$y,  1)*      V  12  /        V(l  -  ,t»)  (1  -  Jfc«a?») ' 

le  module  A;  ^tant  d^termind  par  T^quation 

(A*+14Jfc»+l)'     16i\r' 
oil 


^      27  J^ ' 


Cela  revient  &  une  formule  que  j'ai  donnee  dans  le  m^moire  intitule,  "On  the 
Reduction  of  du^^U  when  17  is  a  Function  of  the  Fourth  Order,"  Cavih,  and  Dublin 
Math.  Journal,  t.  i.  (1846),  p.  70,  [33],  et  de  laquelle  j'ai  d^uit  des  cons^uences 
que  je  vais  reproduire  ici.     En  effet  T^quation  en  k  pent  s'dcrire  sous  la  forme 

(A;*  -h  14A»  +  1)»  - 16^^  (A^  - 1)*  =  0, 
c*est-i-dire 


(^+l.  +  14y-16J\r(A.-|y  =  0; 


en   ^rivant 


.  k-'     * 


on  obtient  pour  ^  I'^uation  tr^>simple 

a»-JV(&-l)  =  0. 
et  on  a  ensuite 


ce  qui  donne  aussi 

.      2  +  V3T& 
k  =  — ■ 

Soit  A  =  /8*  I'une  des  valeurs  de  k,  I'equation  en  k  devient 

(k'+i4>k'+iy   (fi>+u^+iy 
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:j — ^j .    En    effet   cette 
valeur  donne 

expressions  qui  rendent   I'^uation  identique.     Cela  £ut  voir  que  I'^uation  peut  s'^crire 
sous  la  forme 

-<-^)(-i)(-(^Jl)')(-(^S')('-G-^)*)(''-G-^l-)*) 

et  les  racines  de  r^quation  en  Ic^  sont 

1       (^-I3\*      (Lhi\'      /L^Y       fl±§}\ 

ce  qui  s'accorde  avec  un  r&ultat   obtenu   par  Abel   (voir  les  oeuvres   d*Abel   t.  I.  p.   310 
[Ed.  2,  p.  459]). 

Je  fais  observer  k  pr^ent  qu'en  ^crivant 

3tsr 


&  = 


2tBr-3 


o  > 


—  27  N 
on    obtient  pour  «r  T^uation  (27  —  4iV)«^  +  27JV(«r  — 1)  =  0,  qui,  en  posant  -3f=^^ — —j=, 

ou  ce  qui  est  la  mdme  chose 

devient 

tsr3-if(tBr-l)=0. 

Cette  &)uation  est  pr^is^ment  la  mSme  que  celle  k  laquelle  je  suis  parvenu  dans  la 
Note  sur  les  covariants  etc.  ci-dessus  cit^e.  La  quantity  «r  est  li^  au  module  k  par  la 
rektion 

3Visr-l  +  2V2tBr-3 


*  = 


Visr  +  3 


On  pent  introduire  M  au  lieu  de  N  dans  I'dquation  en  k,  et  en  combinant  les  formules 
pr^r^emment  obtenues,  on  trouve 


« 


V(a,  6,  c,  d,  e$y,  1)*     V         12/ 


(2a; 


V(l  -  a;^)  (1  -  ifc^a;*) 


ou 


27(l  +  UA;^-hAr*y      ^    .,       if  =  ^ 


I 

L._. 
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ou  ce  qui  revient  k  la  mfime  chose, 

De  r^quation  entre  A-  et  ^  on  d^uit  facilement  la  relation 

et  en  substituant  dans  cette  Equation  pour  ^  sa  valeiur  on  obtient 

1~34A;'  +  A:*      =1 
-3(l  +  14A;»  +  it*)"tBr' 

ce  qui  est  encore  une  forme  de  la  relation  entre  k  et  «r. 


II 

On  pent  obtenir  les  r^ultats  qui  viennent  d'etre  deduits  de  la  formule  de  Ja 
en  prenant  pour  point  de  depart  la  transformation  d'une  fonction  du  quatri^me  ( 
dans  sa  forme  canonique.     Je  suppose  d'abord  que  Ton  a  identiquement 

(a,  5,  c,  d,  e^x,  yy  =  (\x-^  fiyY  +  (K'a:  +  fiyY  -f  6tf  (Xa?  +  fiyY  (\'x  +  fi'y)\ 

Cela  6tant,  je   pose  \fi  —\'fi=^ A,  et  je   forme   les  covariants  des  deux  expressions 
obtient  par  la  propri^t^  fondameutale  de  ces  fonctions 

/  =  A*(l  +  3fl»), 

U  =  x,*  +  y,*  +  60  x,%\ 

H  =  A'{0Xj*  +  0  y,*  +  (1  -  3fl»)  ari'yi'}, 


De    ces   relations  on   tire 


de  sorte  qu*en  posant 


/  1+3^' 

/•     (1  +  3^^' 


I' 
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on  aura  pour  determiner  0,  I'^quation 
et  pour  determiner  Xi,  y^  les  Equations 

Je  fais  observer  qu'en  d^signant  par    \  un   coefficient  tei  que    U-\-Q\H  soit  un  carr^ 
parfiut,  on  obtient  pour  X  T^quation 

l-9\«/-54X»/=0. 

En  effet  le  cubicovariant  <I>  d'une  fonction  qui  est  un  carr^  parfait  est  identiquement 
^gal  ik  z6ro,  et  le  cubicovariant  de  la  fonction  U+Q'kH  est  (1  —  9X"/— 64X'J)<I>,  on 
a  done  pour  X  T&juation  qui  vient  d'etre  propos^e ;    cela  pos^,  en  observant  que 

^     /    1-^    „     9^-1    ,   . 

OD  aura  pour  une  des  valeurs  de  X, 

I    l-» 
6Jl  +  3^' 
et  en  effet  cette  valeur  donne 


(1  +  so'y 

ce  qui  est  I'^uation  en  6.     Cela  dtant,  je  pose 

*■         6J-W,' 
aloni  V,  sera  une  racine  de  I'^quation 

on  obtient 

1  +  3^ 


w,= 


et  de  a 


'      1-^  ' 


^=•^'-1 


«r,  +3* 
Soient  vr^,  tr,  les  deux  autres  racines  de  T^quation  en  «r,  on  aura 


5»' 
a  IV. 


-BT  «rj  —  —  —      ^  -    y 
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ce  qui  donne 

tsr,'  (tg,  -f  3)     w,' 

On  pourra  done  ^rire 


flr«  ~~  flTi 


et  au  moyen  des  valeurs  de  U,  H  on  obtient,  par  une  trfes-simple  r^uction,  les  trois 

^uations  suivantes 

IH  -  WiJU=  (w,  -  «r,)  Jix,*  +  y,')*, 

IH  -  m,JU (^»-«^.)(^»-*^-)  J .  4^,,y,., 

dont  deux  quelconques  donnent  les  valeurs  de  x^,  yi\  ainsi  on  a  obtenu  la  solution 
complete  du  probl^me  de  la  Function  de  la  fonction  (a,  6,  c,  d,  e\x,  yY  k  la  forme 
canonique. 

Je  fais  observer  que  ces  ^nations  montrent  a  posteriori  que  les  expressions 
IH  —  vTiJUy  IH—vr^JU,  IH  —  m^JU  sont  toutes  les  trois  des  carr^s  de  fonctions  quadra- 
tiques.    Je  fais  observer,  en  outre,  que  si  Ton  forme  la  valeur  de  I'expression 

en  posant  pour  un  moment  «r,  —  «r,  =  a,  tr,  —  «ri  =  /8,  «ri  — «r8  =  7,  Texpression  dont  il 
s  agit  sera  ^gale,  k  un  feicteur  constant  pres,  k 

ou,  ce  qui  est  la  mSme  chose,  k 

Wa  +  i^ff,  tV7»  Va-tVi8$^i,  yi)". 

Or,    cette    fonction    doit    Stre    un    carr^    parfait,    ce    qu'on    reconnait    en  effet,    en    se 

rappelant  que 

( Va  + 1 V/3)  (V«  -  »Vi8)  -  (i  V7)' =  a  + /8  +  7  =  0. 

Sa  racine  cair^  sera,  k  un  fietcteur  constant  pr^s,  W^  +  it/ff)<ih  +  i'J'fyi,  6t  cette 
deruifere  fonction  sera  un  des  facteurs  lin^aires  de  Xi*  +  y/  +  6^x,'y,*.  Pour  verifier  cela 
je   pose  aa*+yi*  +  6^aj,*y,'  =  0,  ce  qui  donne 

ai»  +  (3^  +  V9^  -  1)  y,»  =  0, 
/    /3g  +  l  .      /3^i\  -      r»     ofl  ■  1        -3t«r,    .  ,       -3tir,  +  w,-w, 

^ -2»r.  +  2t..-K+w.  +  ^.) ^ 2^,-2w, ^  2«      ^.^^^_^.^^       /3^1  ^  ^  ^  ^^  j,  ^^„, 

Wa  —  -BTi  «r,  —  -BT,        —  7  V        2  I V  7 

a/ — s — =  ■  /  >  le  facteur  lin^ire  sera  done  i  Vt*^ —  (V* +*  V/9)yi  o^i  c^  q^  revient 
^  la  mfime  chose,  (V«  +  t  Vi8)^i  +  i  Vyyu  ce  qu'il  s'agissait  de  ddmontrer. 
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III. 

Pour  obtenir  la  formule  qui  sert  k  la  transformation  d'une  integrate  eliiptique,  il 
&ut  printer  les  r^ultats  pr^c^emment  obtenus  sous  une  forme  un  peu  diff^nte. 
iT^cris 

(a.  b,  c.  d,  ely.  !)♦  =  (X  +  /*yy  -  (1  +  ^)  (X  +  /*y)»  (V + /y)*  +  k*(\'  +  ix'yf 

=  (X  +  /ty)«.(l-;r«)(l-*«;t»). 


ob 


Cela   posd,    en    rempla^ant    comme    auparavant    \fi'  —  \'fi    par    A,    et    en    formant    les 
covariants,  on   obtient 

J=     fj  A*  (1  +  14Jfc»  +  A?*), 

J=     ^A«(l+A:»)(l-34Jfc»  +  A?*), 

ir=--^A«(X  +  A*y)M2(l  +  A»)-(l-10A;»  +  ifc*)a?»  +  2*»(l +  *•)«*), 
<I>=       J  A»  (X  +  A^y)' (1  -  *»)*  ^  (1  -  A»a:*). 

On  a  d'abord 

en  posant  comme  auparavant  M  =  j-^^ ;    on  obtient  ensuite 


l+14ifc»  +  A:«' 
et  en  remarquant  que  I'^uation  entre  x  et  y  donne 

,  _  (Xji*'  -  X»  dy        My 

CK  +  ^yr        (\  +  f^yY' 

on  trouve 

dy  1   dx 


V(a,  6.  c,  d,  cjy,  ly     A  V(l  -  a;^)  (1  -  ifc»a?) ' 
c'est-i-dire 


"*  V        12/        V(T^ 


V(a,  6,  c,  d,  e$y,  1)*     V  12/  V(l -a^)(l-ifc«a?«)' 

^  q^  saccorde  avec  la  formule  ci-dessus  trouv^e;  pour  completer  la  solution,  je  pose 

1-S^L^  +  k*     ^  1 
-3(1+14A«  +  A:*)"t!r,' 

9—2 
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tJs  sera  une  des  racines  de  I'dqiiation 

tBr,-if(«-l)  =  0, 

en  repr^entant  par  Vi,  tr,  les  deux  autres  racines,  on  obtient 

1-f  6ifc-f  *• 


2tsri  ^  —  tsr3 


2tffj  ^  —  tSTj 


et  ensuite 


Done  en  posant  -ara  —  •or,  =  o,  -bt,  —  Wx  =  /8,  -btx  —  -8X8  =  7,  on  a 
de  mSme 

et  de  Ut  enfin,  en  remplafant  a,  /9,  7  par  leurs  valeurs, 


Wwa  —  -8X3  +  i  Vw,  —  Wj  —  i  Vwj  —  WaO;  VJ' 


equation  dont  le  premier  membre  est  le  carr^  d*une  fraction  rationnelle  de  la  forme 

A  +  Bx 
C  +  Dx' 


IV. 

Je  terminerai  ces  recherches  en  d^montrant  le  th^or^me  de   M.  Hermite  dont  j'ai 
pai*l^  dans  la  Note  sur  les  covariants  etc.  ci-dessus  cit^e.    L'identit^ 
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peut  Stre  mise  sous  la  forme 

,     ,  H     ^H*     f^y    rr 


P08OD8  maiDtenant 


fonnule  dans  laquelle  je  suppose   qu'on  ait  fait  y  =  1,  de  mani^re  que   U,  H  soient  des 
fonctions  rationnelles  et  enti^res  de  la  seule  variable  x^  savoir 

U=(ay  6,  c,  d,  e$x,  1)*, 

^=(ac-6*,    i(ad-bcl    i(ae  +  2bd-S(f),    ^ibe-cd),    ce-dS^x,  1)*, 

alors  on  aura 

, 4>    , 

V^7j+^-42:»  =  ^,V(a,  6,  c,  d,  e\x,  1)*, 

et 

UdH--HdU 


dz  = 


J7« 


En  vertu  de  la  th^orie  de  Jaeobi,  UdH  —  HdU  est  de  la  forme  M^dx,  oti  M  est  un 
&cteur  constant;  on  trouve  en  efifet  trfes-facilement  UdH  —  HdU ^ 2^ dx,  d'oti  Ton 
d^uit  la  formule 

dz  2dx 


^ "J^-zI-^s^     V(a,  6,  c,  rf,  e$a?,  1)*' 

^^  je  fjEOS  observer  que  Tint^grale  du  premier  membre  se  ram^ne  imm^iatement  k  une 
forme  qui  ne  contient  que  la  seule  constante  -3/,  =  jj-^ . 


Xondrea,  9  Avril,  1866. 
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NOTE    SUR    LA    COMPOSITION   DU   NOMBRE    47    PAR    RAPPOI 
AUX    VINGT-TROISIEMES    RACINES    DE    L'UNITE. 


[From   the  Journal  fwr  die  reine  und  angewandte  McUhematik,  (Crelle),  torn.  LV. 

(1858),  p.  192.] 

M.  KuMMEB  a  trouv^  (Journal  de  Liouvill€f  t.  XIL  [1847]  p.  208)  que  le  nombre 
peut  6tre  d^compos^  en  onze  facteurs  qui  se  d^uisent  du  suivant  a^® +  o" +«•+«"+ a' + 
a  ddsignant  une  racine  23*°**  de  Tunitd,  et  on  salt  par  la  throne  g^n^rale  qu'il  doit 
avoir  une  puissance  47<^  qui  se  decompose  en  vingt-deux  facteurs.  Le  nombre  47*  p< 
se  d^mposer  en  deux  facteurs  form^  avec  les  demi-p^riodes  des  racines ;  il  ^tait  dc 
naturel  d'essayer  si  le  facteur  (a*®  +  a**  +  a* -fa" +  «'  +  «")*  pourrait  se  dAsomposer 
mSme  en  deux  facteurs,  ce  qui  donnerait  la  decomposition  de  47*  en  vingt-deux  facteu 
Mais  on  d^montre  tr^-facilement  que  cette  decomposition  n'est  pas  possible.  En  ei 
en  posant  a^  =  l  (\  dtant  un  nombre  premier)  et  en  faisant 

A  +  Ba  +  ...  ifa^-*  =  (a  +  6a-f  ...  ka^''^){a  +  ba*'-^  + ...  ka), 

on   aura  il  =  a'  +  6*  + ...  A;*.     Le   nombre   qui   forme   le   premier  membre   peut   se   r^u 
au  moyen  de  T^quation  1 +  a+ ...  a^~^  =  0  a  la  forme  Ba  +  C'o^ ...  •\-  K'o^"^  et  Ton  aura 

£'a  +  CV...  +  irV-^  =  (a  +  6a+...  *»*-0(a  +  6a^-^  +  ...A:a)-(a*+6'  +  ...it*)(l^ 

Equation  qui  subsiste  lorsqu'on  y  fait  a=l,  ce  qui  donne 

5'  +  C  +  ...ir'  =  (aH-6+  ...&)«-\(a»  +  6«+...it*); 

or,  la  fonction   qui   forme   le  second  membre,  prise   avec  le  signe  n^gatif  peut  se  met 
sous  la  forme  (a  —  by  +  (a  —  c)*  +  (6  —  c*)  +  eta;  done  la  decomposition  n'existe  pas  k  mo: 
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que  5'+ C+...  JST'  ne  soit  n6gati£  Mais,  en  reduisant  seulement  au  moyen  de 
r^juation  a"  —  1  =  0,  on  trouve  la  suivante 

(aio  +  aw+a«  +  a"  +  a'  +  a")«  = 
6  +  7a  +7a«  +3a»+6a*  +9a»  +6a«  +16a'  +15a«  +9rf  +18tf»  +  9a") 
+  7(1^  +  7ac«*  +  3fl?»  +  6a»  +  90"  +  6tf'  +  16a*«  +  15a"  +  9tf*  +  18a"  +  9a" ) 

laquelle,  en  vertu  de  1 +a+ ...fl?*=0,  se  rAiuit  k 

a^<^  -3a»  +3a»  +10a'  +9a8  +3at»  +12a"  +  3a"^ 
+  flP  +  oca  _  3fl^  ^  3^8  4.  loa"  +  9a"  +  3tf *  + 1 2a"  +  3a"J  ' 

ok  la  somme  des  coefficients  est  positive ;  done  la  d^omposition  ne  pent  pas  s'effectuer. 
On  pourrait  sans  beaucoup  de  peine  essayer  de  la  mSme  mani^re  les  nombres  /=  2 
ou  /=  3,  mais  je  ne  sais  pas  si  Ton  a  une  idde  quelconque  de  la  grandeur  du  nombre  /. 


Londres,  le  10  Mai,  1857. 


72 


237. 


THEORfeME    SUE    LES   DETERMINANTS    GAUCHES. 


[From  the  Journal  filr  die  reine  mid  angewandte  Matheniatik,  (Crelle),  torn.  LV.  (18 

pp.  277—278.] 

« 

Dans  le  mdmoire  intitule  "Recherches  ultdrieures  sur  les  d^terminaDts  gauc 
ce  journal  t  L.  pp.  299 — 313  (1855),  [137],  j'ai  donnd  une  formule  .pour  le  ddvelc 
ment  d'un  determinant  gauche  bord^ ;  mais  j'ai  omis  de  remarquer  un  cas  partic 
assez  important.     La  formule  g^n^rale  se  rapporte  k  un  determinant  tel  que : 


al23  1  /3123  = 

«)8, 

«1,    tt% 

aS 

1/9, 

11,    12, 

13 

2/8, 

21,    22, 

23 

3)8, 

31,    32, 

33 

que  Ton  obtient  en  bordaut  d'une  mani^re  quelconque  la  matrice  gauche 

(  11.    12,     13  ). 
21.     22,    23 


31,     32,    33 


On  a  par  exemple : 


al23  I  y3123  =     ayS  .  11  .  22  .  33 

+  0)8  .  12  .  12  .  33 
+  a/3 .  13  .  13  .  22 
+  0/3 .  23  .  23  .  11 
+  ol  .  /31  .  22  .  33 
+  a2  .  /82  .  11  .  33 
+  a3  .  ;83  .  11  .  22 
+  al23./3123, 
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al234  I  i81234  =     a/3  .  11  .  22  .  33  .  44 

+  a/3  .  12  .  12  .  33  .  44 

+    

+  0/31234  .  1234 

+  al  .  iSl  .  22  .  33  .  44 

+    

+  al23  .  )8123  .  44 

+    

+  a234  .  /3234  .  11 

oi!i   les    expressions    a^l2,   a/313    etc.    sont    des    Pfaffiens.     Cela    ^tant,    le    determinant 

form^  en    bordant    d'une    manifere  quelconque   une   matrice  gauche    et  sjondtrique  pent 

86  nommer  determinant   gauche    et    sym^trique    borde,   et    la    formule    fait    voir    qu'un 

determinant  de  cette  espfece  se  rdduit   toujours  au  produit  de  deux  Pfaffiens.     En  effet, 

en  ecrivant  dans  les  exemples  11=22  =  33  =  44  =  0,  on  obtient: 

al23  I  i8123  =  al23  .  ^8123, 
al234  I  i31234  =  0^81234  .  1234, 

et    de  m6me  pour  un  determinant  gauche  et  sjrmetrique  borde   quelconque,  suivant  que 

I'ordre    du    determinant    est    pair    ou    impair.      Je    remarque    k    propos    de    cela,   que 

dans    le  cas  d'un  determinant   d*ordre   pair,   le   terme   a/3  est   multiplie   par  un  mineur 

premier  lequel  (comme   determinant  gauche   et  symetrique   d'ordre   impair)   se   reduit   k 

z^ro  ;  le  determinant  ne  contient  done   pas  ce  terme  o^,  et  sera  par  consequent  fonction 

lin^o-lineaire   des   quantites   al,  a2,  etc.   et   1)8,   2/8,  etc.;    de    mani^re   qu'on    ne    saurait 

fetre     surpris  de   voir  ce  determinant  se   presenter  sous   la   forme   d*un   produit   de  deux 

feu5teurs  dont  Tun  est    fonction   lineaire  de   al,   a2,   etc.   et    Tautre  fonction  lineaire  de 

1/3,   2)8,  etc.     Mais  pour  un  determinant  d'ordre  impair,  le  coefficient  du   terme  afi  ne 

86    r^uit  pas  k  z4to  ;  en  supposant   done   que  le   determinant   puisse  s'exprimer  comme 

produit  de  deux   fewteurs,  il    est    necessaire    que    Tun    de    ces    facteurs  soit  (comme    le 

determinant  mfime)   fonction   lineaire   de   a^S  et   lineo-lineaire  de   al,  a2,  etc.   et   1)8,  2/8, 

^^  ;    de  cette  mani^re   on  se  rend  compte  de   la  difference   de  la  forme  des  facteurs, 

^^i  a  lieu  dans  les  deux  cas  dont  il  s  agit. 

En  ecrivant  )8  =  a  (ce  qui  implique  aa  =  0,  car  on  suppose  toujours  a)8  =  — /8a)  le 
dAernainant  gauche  et  symetrique  borde  se  reduit  k  un  determinant  gauche  et  syme- 
^qiue  ordinaire,  de  plus  le  Pfaffien  a/81234  se  reduit  k  z^ro,  et  les  equations  deviennent : 

al23  I  al23  =  (al23)«, 
al234  I  al234  =  0 ; 

savoir,  quand  Tordre  est  pair,  le  determinant  se  reduit  au  carre  d'un  Pfaffien,  et  quand 
lottlre  est  impair,  le  determinant  s'evanouit ;  ce  qui  est  en  effet  la  propriety  fonda- 
n^^txtale  des  determinants  gauches  et  symetriques. 

2  Stone  Buildings,  Londres,  le  16  Nov.  1857.  ^ 
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238. 


NOTE    SUE    LES    NORMALES    D'UNE    CONIQUE 


[From  the  Journal  fur  die  reine  und  angewatidte  Matheniatik,  (Crelle),  torn.  LVi.  (185 

pp.  182—185.] 

Ox  connatt  les  recherches  tr^  ^Idgantes  de  M.  Joachimsthal  sur  les  normales  d'l 
conique  [voir  le  Mdmoire  "Ueber  die  Normalen   der  Ellipse  und  des  Ellipsoids,"  Crt 
t.  XXVI.  (1843)  pp.  172—180] ;  en  particulier  Tauteur  a  obtenu  le  th^rfeme  suivant : 
supposant  que  1,  2,  3,  4  soient  des  points  d'une  conique  tels  que  les  quatre  normales 
rencontrent  dans  un  mSme  point,  on  prend  le  p61e  de  la  droite  (1,  2)  par  rapport  k 
conique  et  on  m^ne  par  ce  pdle  des  perpendiculaires  aux  diam^tres  de  la  conique;   c 
^tant,   en  prenant  sur  chaque  diam^tre  dans  le  sens  oppos^  un  point  dont  la  distance 
centre  est   ^gale  k  la  distance   du   pied   de  la  perpendiculaire  sur  ce  m^me  diam^tre, 
droite  men^e  par  ces  deux  points  passe  par  les  deux  points  3  et  4.     Mais  cette  propri 
pent   s'dnoncer   dWe  manifere   beaucoup    plus    simple ;    la   droite    dont   il   s'agit    est 
polaire  (ou  autrement   dit  rharmonicale) — par    rapport   au   triangle   form^  par   les    d< 
diam^tres  et  la  droite  situ^e  k  Tinfini — du   pdle  de   la  droite  (1,   2)  par  rapport   k 
conique.     Or  on  sait  que  Tid^  de   la  perpendiculaire   peut  6tre  g^n^ralis^.     Savoir 
prenant   une    conique    quelconque    que    nous    appelons   la   conique    absoltie,  deux    droi 
harmoniques    par    rapport   k   cette    conique    peuvent    ^tre    appel^es   perpendiculaires 
de    mSme    deux    points    harmoniques    par    rapport    k    la    conique    absolue    peuvent   I 
appel^  perpendiculaires).     Cela  pos^,   on    peut    parler    dans    un    sens    plus   gdndral 
normales,   etc.   d'une   courbe   quelconqua     En  effet,  que  Ton  s'imagine  comme  auparavi 
(outre   la  conique   absolue)  une   conique  donn^e  quelconque  et  quatre  points  1,  2,  3  e 
de   cette  conique  tels  que  les  normales   se   rencontrent   dans   un   meme   point.     Au   1 
du   triangle   ci-dessus  mentionn^  on  a  le   triangle   form^   par   les   trois  axes  harmoniq 
(ou  autrement  dit,  conjugvj6s)  communs  aux  deux  coniques,  et  le  th^orfeme  peut  s'^non 
comme   suit :   En   prenant   le   p61e   de   la  droite   (1,2)  par   rapport  k  la  conique  don: 
et  puis   la   polaire   (rharmonicale)   de   ce    pole    par   rapport   aux    axes    conjugu&    de 
conique    donnde    et    de    la    conique    absolue,    cette    polaire    passe    par    les    deux    poi 
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3  et  4.  Ou  (ce  qui  revient  k  la  mfime  chose)  on  peut  considdrer  les  points  1,  2,  3,  4 
comme  les  angles  d'un  quadrilat^re  inscrit  dans  la  conique  donn^e»  les  quatre  tangentes 
k  cette  conique  aux  points  dont  il  s'agit  seront  les  c6t^s  d\m  quadrilat^re  circonscrit 
k  la  conique  donn^e;  cela  ^tant,  les  six  c6t&  du  quadrilatere  inscrit  seront  les  polaires 
(les  harmonicales) — ^par  rapport  aux  trois  axes  conjugu^  de  la  conique  donn^  et  de  la 
conique  absolue — des  six  sommets  du  quadrilatere  circonscrit. 

Pour    d^montrer    cela,  je    fais    observer    qu'il    est  permis   de    rapporter    la    conique 
absolue  et  la  conique  donnfe  aux  trois  axes  conjugu^s  communs,  c'est-i,-dire  de  prendre 

a;3+  ys^.   ^s  =  0, 
pour  ^uation  de  la  conique  absolue,  et 

pour  ^nation  de  la  conique  donnde:  cela  pos^  (et  en  observant  que,  d'apr^  la 
definition,  deux  droites  Ax  +  By +  00  =  0,  A'x  +  ffy-^-C'z^O  seront  perpendiculaires  si 
^A'i- BR +  0(7  =  0)  on  obtient  sans  peine 


a?i 


^1 


poor  ^uation  de  la  normale  au  point  1,  en  d^ignant  par  (xi,  yi,  Zi)  les  coordonn^es 
de  ce  point.  On  a  de  m^me,  en  d^gnant  par  (x^,  y^,  z^  et  (a?„  y,,  z^  les  coordonn^ 
points  2  et  3, 

y2  ^2 


Xn 


a?,  y,  -^  ' 


Zs 


pour    les  ^nations  des  normales  aux  points   2   et  3 ;  et   la  condition  qui   exprime  que 
ces  trois  normales  se  rencontrent  dans  un  mSme  point  sera  ^videmment 


1 

1 

x^ 

1 


1^ 
1 

1 

ys 


1^ 
1 

^2 
1 


=  0. 


Mais  les  coordonndes  (xi,  yj,  Zi)  etc.   satisfont  k  I'^quation  a«"  +  6y^+ c«*  =  0,  on  a  done 


aussi 


^%  9     ya  >     ^2 


X, 


8    ) 


yi 


=  0 
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et  de  ces  deux  equations  ou  d6duit  la  suivante 

^,    yu    -^O 


^^j»   y«>    ^«> 


=  0 


en  d^ignant  par  le  symbole  qui  forme  le  premier  membre  la  fonction 

soiy%z% + a:^y%Zi + ^ya^i  +  oo%yiZt + x^yiz^ + x^y%zi . 

Cest  ce  qui  rdsulte  de  Tidentit^ 


'^,  yu  -^r 

^>   y%>    z^ 


a?l, 

yi» 

-e^i 

a?2, 

y«» 

-8^9 

=s 

^*, 

y«» 

-2^8 

^  >   y%>   Zf 

S0%\      y^y       Z^ 


+  "i^yiz^x^y^z^x^y^z^ 


1 

1 

1 

^' 

y»' 

■?i 

1 

1 

1 

y.' 

^ 

1 

1 

1 

«i' 

y*' 

«» 

car  le  determinant  qui  forme  le  second  facteur  du  premier  membre  de  T^uation 
ne  s'^vanouissant  pas,  c'est  Tautre  facteur  qui  devra  s'^vanouir  en  vertu  des  deux 
relations  donn^ea 

L'^quation  de  la  droite  (1,  2)  sera 


X  ,    y ,    z 
^a,    yu    Zi 

^>    ytt   z^ 


=  0 


les  coordonn^es  du  p&le  de  cette  droite  par  rapport  k  la  conique  donn^e  cue"  +  6y*  +  c^*  =  0, 
seront 

-  (yi^s  -  y^i)  '  J  (^i^a  -  z^)  :  -  (^2  -  x^^) ; 

mais    les    deux    Equations    ax^  +  hy^^  +  cV  =  0,    aoc^  +  hy^  +  cz^^O    donnent    a  :  6  :  c 
=  yW  -  yjV  •  z^x^  -  ^a'iCi*  :  x^i  -  x^y^ ;    par   suite   de   cela   les   coordonne&   du    pdle 

deviennent 

1  1  1 

_^___^.___^__   • ^__^___^_  •  ___^^__^^^__^_  • 

y\Zf\-y^x  '  Zix^  +  z^  '  x^t-^-x^i* 

done   r^quation  de  la  polaire  (rharmonicale)   de  ce  p61e  par  rapport  aux  trois    droites 
(a?  =  0,  y  =  0,  ^  =  0)  sera 

x(yiZ2  +  y^j)-^y(zia^  +  z^)-\'z(Xiyi+x^j)=^o, 

laquelle  pent  etre  representee  comme  suit 

(  ^  f    y ,    z    " 

^,   yu   zi    [^=0, 
^2>   y^f    z^ 
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ADDITION  A  LA  NOTE  SUE  LA  COMPOSITION  DU  NOMBRE 
47  PAR  RAPPORT  AUX  VINGT-TROISIEMES  RACINES  DE 
L'UNITE. 


[From  the  Journal  fur  die  reine  und  angewandte  Mathematik,  (Crelle),  torn.  LVI.  (1859), 

pp.  186—187:    Sequel  to  236.] 

M.  KuMMER  a  bien  voulu  m*6crire  une  lettre  oil  il  remarque  que  le  cube  du 
tacieuT  complexe  du  nombre  47,  mvltiplii  par  VunUi  complexe  convenaMe,  peut  efiective- 
ment  se  decomposer  en  deux  fSeKsteurs  r6ciproques;  c'est-Jl-dire  qu'il  existe  une  unit6 
complexe  E(a)  telle  que 

E{a)  (a^»  +  a"  +  a«  +  a»  +  o^  +  a")»  =  ^(a)  ^(a-^). 
Pour  F{a)  M.  Kummer  a  trouv6  la  valeur 

J?'(a)=  a*+ a»  +  a«+ a"  + a"- a»  +  a", 

fonction    qui    par    consequent    est    Tun    des    22    fshcteurs    complexes    de   47*.    Dans   un 
postscriptum  M.  Eronecker  m'a  communique  Fexpression  suivante  de  cette  unite  complexe 

r./^x  ^  a'  +  tt" 

^  ^     (a»  +  a")  ((f  +  a")  (a^<»  +  a")*  (a"  +  a") 

equivalente  k  Fexpression  en  fonction  enti^re: 

f-  23a   +  2a«  -  20flt»  -  21a»  -  3a«  -  17o^  -  4a8  -  14at»  -  8a"  -  12a>» 
V  23a«  +  2a"  -  20a»  -  21a"  -  3a"  -  I7a"  -  4a"  -  14ai*  -  8a"  -  12a". 

En  supposant  que  cette  valeur  de  E{a)  soit  connue,  on  trouve  sans  peine  une  condition 
k  laquelle  F{a)  doit  satisfaire.     La  valeur  que  j'ai  donnee  pour  (a"  +  a"  +  a«+a"  +  a'  +  a")» 
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contient  le  terme  constant  +  6  ;  en  y  ajoutant  la  quantity  ^vanouissante  —  6  (1  +  a  +  ...  +  rt") 

elle  se  r^duit  h 

a   +a«  -3a»  +3a»  +10a'  +9a»  +3a»  +12a»+  3tf^ 


{. 


rt»  +  a»  -  3a»  +  3a»  +  lOa^'  +  9tf » +  3a"  +  12a"  +  3a^» 


et  en    multipliant    cette    valeur  par  E(a),  le    terme   constant  sera   +808;    done  en  y 
ajoutant  la  quantity  6vanouissante  —  808(1  +  a  +  ...  +  a**)  on  obtient 


-{: 


^(a)  (a}^  +  a»3  +  a«  +  a»  +  a'  +  a^«)» 
-5a    -8ce  -7a»-7a*  -4a»  -3a»  -7a'  -80^  -7rt»  -7tf«-5a» 
-  5rt»  -  8a«»  -  7ct»  -  7a»  -  4a"  -  Sa^'  -  7a"  -  8a^»  -  7a"  -  7a"  -  5a". 

En  repr&sentant  cette  expression  par  5'a  +  Ca*+  ...  +  JT'a*",  j'^cris 

Fa  +  C^a^  +  .-.  +  ir'a'" 
=  (a  +  6a+...+A»«)(a+6rt»+...+ia)-(a^  +  6«  +  ...+A;*)(l  +a+...+ct"), 
^uation  qui  subsiste  pour  a  =  1.     On  a  done 

5' +  (7'+. ..+ Jr'  =  (a  +  6-f-. ..+*)»- 23  (a«  +  6»4-...+A»), 
<>u,    d'apr^  les  valeurs  de  R,  C',...K\ 

-  136  =(a  +  6  + ... +A:)»- 23  (a«  + fc«  + ...  +  A;*), 
^   qxii  donne 

(a  +  6  +  ...  +  fc)»  =  - 136     (mod.  23). 

On  peut  ajouter  k  {a  +  ba+  ...+kc^)  un  multiple  quelconque  de  (l  +  ia-h  ...  +  a")  et 
chaix^er  le  signe ;  il  est  done  permis  de  prendre  (a4-6+ ... +A:)  positif  et  plus  petit 
que     ^,     Qela  6tant  la  congruence  donne 

a  +b  +  ...  +k  =5 
et  013  obtient  alors 

a*  +  6»+...  +A»  =  7. 

^^     moyen  de  cette  valeur  T^quation  k  laquelle  il  faut  satisfaire  devient 

7  +  2a  -a»   4-  3a»  +  4a«  - a»  +  2a^i 

+  2a«  -  a"  +  3a"  +  4tf '  -  a"  +  2a" 

=  (a  +  6a ...  +  *:a^) (a  +  6a** ...  +  A;a). 

^  cause  des  coefficients  num^riques  n^gatifs,  les  coefficients  cherch^  a,  6,  ...£  ne 
FUvent  pas  6tre  tous  k  la  fois  positifs;  et  cela  6tant  il  n'y  a  qu*une  seule  mani^re 
de  8atis&ire  aux  deux  conditions  ci-dessus  Writes,  savoir  il  faut  donner  k  sept  des 
e^^flBcients  a,  b,...k  les  valeurs  1,  1,  1,  1,  1,  1,  —1,  et  aux  autres  coefficients  la  valeur 
^**o ;  Vexpression 

^(a)  =  a^  +  a*  +  a»  +  a"+  a"-  a«  +  a«» 

sa^corde  en  effet  avec  cette  conclusion. 
londres,  le  6  Octobre,  1858. 
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240. 


NOTE  ON  A  THEOREM  IN   SPHERICAL  TRIGONOMETRY. 

[From  the  Philosophical  Magazine,  vol.  xvii.  (1859),  p.  151.] 

I    AM    not    aware    that    the    following    theorem    has    been    noticed:    viz.,   in    any 
spherical   triangle,  if  as  usual   a,  b,  c  are  the  sides,  and  A,  B,  C  the  opposite   angles, 

then 

sin  b  sin  c  +  cos  b  cos  c  cos  -4  =  sin  jB  sin  C  —  cos  B  cos  C  cos  a, 

sin  c  sin  a  +  cos  c  cos  a  cos  B  =sm  C  sin  A  —  cos  C  cos  A  cos  6, 

sin  a  sin  6  +  cos  a  cos  b  cos  C  =  sin  il  sin  £  —  cos  A  cos  jB  cos  c. 

The  demonstration  is  very  simple;   in  fact  we  have 

sin  b  sin  c  +  cos  b  cos  c  cos  A 

=  sin  6  sin  c  (sin^  il  +  cos'  -4 )  +  cos  6  cos  c  cos  il 

=  sin  &  sin  c  sin*  A  +  cos  -4  (cos  6  cos  c  +  sin  6  sin  c  cos  A) 

=  sin  jB  sin  C  sin'  a  +  cos  -4  cos  a 

=  sin  -B  sin  C  (1  —  cos'  a)  +  cos  A  cos  a 

=  sin  jB  sin  (7  +  cos  a  (cos  il  —  sin  jB  sin  C  cos  a) 

=  sin  -B  sin  C  —  cos  -B  cos  C  cos  a, 

which  proves  the  theorem. 

2,  /S^OTie  Buildings,  W.C.,  January  5,  1859. 


A  geometrical  proof  and  interpretation  are  given,  G.  B.  Airy,  *'Bemark8  on  Bir  Cayley's  Trigonometrical 
Theorem,  etc."  Phil,  Mag.  same  volume,  p.  176.  I  transfer  to  this  place  the  concluding  sentence  of  the 
suhsequent  paper  243.  '*!  take  the  opportunity  of  noticing  that  the  theorem  in  spherical  trigonometry,  which  I 
gave  in  the  February  Number,  is  not  new,  but,  as  pointed  out  by  Prof.  Chauvenet  in  the  Mathematical  Monthly 
(Cambridge,  U.S.),  is  to  be  found  in  Cagnoli's  'Trigonometry*  (1808).*' 
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241. 


ON  POINSOrS  FOUR  NEW   REGULAR  SOLIDS. 


[From  the  Philosophical  Magazine,  vol.  xvii.  (1859),  pp.  123 — 128.] 

It   is   shown    by    Poinsot,   in   the   "Mdmoire   sur    les   Polygones  et  les    PolyMres," 

JouT^  Ecole  Polyt,  vol.  iv.  pp.  16  to  48  (1810),  that,  besides  the  regular  polyhedrons  of 

ordinary  geometry,  there  are   (of  course   in   an   extended   signification   of  the  term)  four 

i^ew    regular  polyhedrons,   viz.   an  icosahedron,   which   I   will  call   the    great   icosahedron 

(No.     33    of    the    Memoir),    and    three    dodecahedrons,    which    I    will    call    the    great 

dodecahedron    (No.    37),    the    great    stellated    dodecahedron    (No.    38),   and    the    small 

stellated    dodecahedron   (No.   39).     The   nature    of   Poinsot's  generalization  will   be   best 

understood   by  conceiving,  as   he   does,  that  the   polyhedron  is  projected  on  a  concentric 

spliere,  so  that   the   fewes  become  spherical  polygona     Then  for  the  ordinary  polyhedrons 

^f   geometry,  the    sum    of    the    angles   at    a    vertex    =4    right    angles;    but    it    may, 

*«^rding  to  the   more  general   notion,  be   =e   times   4   right   angles.     In   like   manner 

for    the    ordinary   polyhedrons,   the  sides    of   a   face   subtend    at    the   centre    angles   the 

^Dci    of  which  is  =4  right  angles;   but  according  to  the  more  general  notion,  this  sum 

°^y  be  (viz.   if  the   polygons   are   stellated)  =  e'  times   four  right   angles.     And   finally, 

the    sum  of  the  spherical   polygons  is   ordinarily  equal   to   the   entire   spherical   surface; 

tut  according  to   the  more  general   notion,  it   may  be   =2)   times  the  spherical  surface. 

(«  is  Poinsot's  e ;  e'  does  not  occur  in   Poinsot ;    and,   for  a  reason  which   ^vill   appear, 

1  bave  written  D  for  Poinsot's  E,) 

The  new  polyhedra  are  constructed  as  follows: 

1.  The  grea^t  Icosahedron. — Each  face  is  made  up  of  seven  faces,  or  rather  four 
fwes  and  six  half  faces  of  the  ordinary  icosahedron,  in  the  manner  shown  by  fig.  1. 
"There  are,  as  in  the  ordinary  icosahedron,  five  angles  at  each  vertex;  but  these  make 
^P  together,  not   four,   but   eight  right   angles,   or  e=2;  but,  as  iu    the   ordinary  poly- 
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hedra,  e'  =  1 ;    and  the    sum    of   all    the    faces    is    obviously  seven    times    the    spherical 
surface,  or  D  =  7.    (Also  E  =  7.) 

Fig.  1. 


2.     The  great  Dodecahedron. — Each   face   is  made   up  of  five  faces  of  the  ordinary 

icosahedron    in    the    manner    shown  by  the    figure   2.      There  are   five   angles  at    each 

vertex,  and   these   make   up  together  eight   right  angles,   or  e  =  2 ;  but,  as   in  ordinary 

polyhedra,  e^  =  1 ;    and   the  sum  of   all   the    &ces  is   obviously   12  x  ^,   that  is    three 
times  the  spherical  surface,  or  i)  =  3.     (Also  E  =  3.) 

Fig.  2. 


3.     The  great  stellated  Dodecahedron, — Each  fieu^e  is  formed  by  stellating  a  face  of 
the  great  dodecahedron  in  the  manner  shown  by  fig.  3.     There  are,  as  in  the  ordinary 

Fig.  8. 


241]  ON  poinsot's  four  new  regular  solids.  83 

dodecahedron,  three  angles  at  each  vertex,  and  the  sum  of  these  is  simply  four  right 
angles,  or  e  =  l.  On  account  of  the  stellation,  e'  =  2.  Each  of  the  projecting  parts  of 
the  face  is  equal  ^  of  the  face  of  the  ordinary  icosahedron;  and  if  we  reckon  the 
area  of  the  stellated  pentagon  to  be  that  of  the  interior  pentagon  pltia  the  projecting 
parts,  the  area  of  the  face  will  be  5  +  f ,  or  ^  of  the  face  of  the  ordinary  icosahedron ; 
and  the  sum  of  the  faces  will  be  four  times  the  spherical  surface,  and  accordingly 
Poinsot  writes  J?  =4.  If,  however,  what  seems  preferable,  we  reckon  the  area  of  the 
stellated  pentagon  as  five  times  the  triangle  having  for  its  vertex  the  centre  of  the 
fiEu^e  and  standing  upon  a  side  (or  what  is  the  same  thing,  reckon  the  stellated 
pentagon  as  ttuice  the  interior  pentagon  plus  the  projecting  parts),  then  the  area  of 
the  face  will  be  10  +  f  or  ^  of  the  face  of  the  ordinary  icosahedron,  and  the  sum 
of  the  fsLces  will  be  seven  times  the  spherical  surface,  or  D  =  7. 

4.  The  smaU  stellated  Dodecahedron, — Each  face  is  formed  by  stellating  a  fieu^e  of 
the  ordinary  dodecahedron,  as  shown  by  fig.  4.  There  are  five  angles  at  each  vertex; 
and  the  sum  of  these  is  four  right  angles,  or  e=l.  On  account  of  the  stellation, 
i-%  The  area  of  each  of  the  projecting  parts  is  ^  of  the  interior  pentagon  or  fiBwe 
of  the  ordinary  dodecahedron;    and,  according  to  the  first  mode  of   measurement,  the 

Fig.  4. 


*rea  of  the  stellated  face  is  twice  that  of  the  face  of  the  ordinary  dodecahedron,  and 
the  sum  of  the  feces  is  twice  the  spherical  surface,  and  accordingly  Poinsot  writes 
^=2.  But  according  to  the  second  mode  of  measurement,  the  area  of  the  stellated 
Peatagon  is  three  times  that  of  the  fece  of  the  ordinary  dodecahedron,  and  the  sum  of 
^^  feces  is  three  times  the  spherical  surface,  or  we  have  D  =  3. 

I  form   now  the  foUoiving  Table,  comprising  as   well   the    ordinary  five    figures  as 
tke  new  ones  of  Poinsot,  and  where  we  have 

H,  the  number  of  faces. 
S,  the  number  of  vertices. 
A,  the  number  of  edges, 
fi,  the  number  of  sides  to  a  face, 
n',  the  number  of  sides  (angles)  at  a  vertex. 

e,  viz.  the  angles  at  a  vertex  make  together  e  times  four  right  angles. 
^,  viz.   the   angles  which   the  sides  of   a   face  subtend   at   the   centre    of   the   face 
niake  together  (f  times  four  right  angles. 
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E,  viz.  the  £eu;es  make  together  E  times  the  spherical  surfcu^,  the  area  of  a 
stellated  face  being  reckoned  (as  by  Poinsot),  each  portion  being  taken  once  only. 

D,  viz.  the  &ces  make  together  D  times  the  spherical  surface,  the  area  of  a 
stellated  face  being  reckoned  as  the  sum  of  the  triangles  having  their  vertices  at  the 
centre  of  the  face  and  standing  on  the  sides. 

The  Table  is 


Designation. 

4 

6 

8 

12 

20 

12 
20 
12 
12 

4 
8 
6 

20 
12 

20 
12 
12 
12 

A, 

6 

12 

12 

30 

30 

30 
30 
30 
30 

It. 

3 
4 
3 
5 
3 

5 
3 
5 
5 

n'. 

3 
3 
4 
3 
5 

3 
5 
5 
5 

1 
1 
1 
1 
1 

1 
2 

1 
2 

e'. 

D. 

4 
7 
2 
3 

Tetrahedron  

1 
1 
1 
1 
1 

2 

1 
2 
1 

7 
7 
3 
3 

a 

r  Hexahedron 

Octahedron    

" 

'Dodecahedron  

Jeosahedron  

■< 

["Great  stellated  dodecahedron  ... 

^reat  icosahedron 

1 

^Small  stellated  dodecahedron  . . . 

Great  dodecahedron 

where   the  figures   which   are   polar  reciprocals   of  each   other  are  written   in  pairs:   viz. 
as  is   well  known,  the   tetrahedron  is   its  own  reciprocal,  the  hexahedron  and  octahedron 
are  reciprocals,   and   the    dodecahedron    and    icosahedron    are    reciprocals;    moreover  th^ 
great   stellated   dodecahedron  and   the   great   icosahedron   are   reciprocals,  and   the   smalls 
stellated   dodecahedron  and   the  great  dodecahedron  are  reciprocals.     The  number  whiclM. 
I   have   called  D  is  reciprocal   to  itself;    this    is   not   the   case   for   Poinsot's   E\  and   Ml 
have    not    been    able    to    define   E  in   such   a  manner    as   to   enable    me    to    form    th^ 
definition   of  a  reciprocal   number  E' :   this  may  be   possible,  but   in   the   mean  time   i* 
seems  better  to  discard  E  altogether,  and  use  instead  of  it  the  number  D. 

Euler's  well-known  relation  applying  to  ordinary  polyhedra  is 

Poinsot  in  his  memoir  has  (by  an  extension  of  Legendre's   demonstration  of  Euler's 
theorem)  obtained  the  more  general  relation, 

eS-\-H  =  A  +  2E, 
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which,  however,  does  not  apply  to  the  two  stellated  figures   where  e'  is  different  from 
unity;  the  general  form  is 

which  applies  to  all  the  nine  figures.  This  applies  to  all  polyhedra,  regular  or  not, 
which  are  such  that  e  has  the  same  value  for  each  vertex,  and  e  the  same  value 
for  each  face.  To  prove  it,  we  have  only  to  further  extend  Legendre's  demonstration. 
If  for  any  face,  stellated  or  not,  the  sum  of  the  angles  is  s,  and  the  number  of  sides 
n,  then,  according  to  the  foregoing  mode  of  reckoning,  the  area  of  the  face  (measured 
in  right  angles)  is 

«  +  4«'  —  2n. 

Now  the  sum  of  all  the  faces  is  D  times  the  spherical  surface,  =  82).  But  the  sum 
of  the  term  s  is  equal  to  the  sum  of  the  angles  about  each  vertex,  =  4se8 ;  the  sum 
of  the  term  4e'  is  =4fe'H,  the  sum  of  the  term  2n  is  four  times  the  number  of 
edges,  =  4A.    Hence  4efif  +  i^e'H  -  4il  =  82),  or  eS  +  ^H^  22). 

I  remark  that  the  small  stellated  dodecahedron  and  the  great  dodecahedron  are 
descriptively  the  same  figures,  and  that,  if  we  represent  the  vertices  by  a,  6,  c,  d,  e, 
/  fff  K  ip  j,  jp,  ?,  and  the  faces  hy  A,  B,  C,  2),  E,  F,  G,  H,  I,  J,  P,  Q,  then  the 
relations  of  the  vertices  and  faces  is  shown  by  either  of  the  following  Tables : 


a  b  c  d  e  =Py 
p  b  i  h  e  =  A, 
p  e  j  t  a  =  B, 
pdf  j  h  =  C, 
p  e  g  f  0  =  1), 
p  a  h  g  d  =  E, 
j  c  d  g  q  =  F, 
f  d  e  h  q  =  0, 
g  e  a  i  q  =  H, 
ha  b  j  q  =  I, 
%  b  c  f  q  =  J, 
/  g  h  i  j  =  Q, 


A  C  E  B  D=p, 
P  I  E  B  H  =  a, 
P  J  A  C  I  =b, 
P  F  B  D  J=c, 
P  G  C  E  F  =d, 
P  H  D  A  (?  =  e, 
J  D  QC  0=f. 
F  E  Q  D  H=g, 
G  A  Q  E  I  =h, 
H  B  Q  A  J  =%, 
I  C  Q  B  F=j, 
F  H  J  G  I  =q, 


where  it  is    to    be    noticed    that    in    either    Table    each    non-consecutive    duad  of   any 

pentad  occurs  once,  and  only  once,  as  a  non-consecutive  duad  of  another  pentad.     The 

restriction  that   a    non-consecutive    duad  of   any  multiplet  is  not  to  occur  as  a  duad, 

consecutive    or    non-consecutive,    of   any    other    multiplet    (see    my   note    appended    to 

Mr  Kirkman's  paper  "  On  Autopolar  Polyhedra,"  Phil.  Tram.  1857,  p.  183  [259]),  applies 

only  to  ordinary  polyhedra,  and  not  to  the  class  here  considered. 


2,  Stone  Buildings,  W.C.,  January  13,  1869. 
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SECOND    NOTE    ON    POINSOT'S    FOUR   NEW    REGULAR 

POLYHEDRA. 

[From  the  Philosophical  Magazine,  vol.  xvii.  (1859),  pp.  209 — 210.] 

The  Note  on  Poinsot's  four  new  regular  Polyhedra  (February  Number,  p.  123), 
[241],  was  written  without  my  being  acquainted  with  Cauch/s  first  memoir,  "  Recherches 
sur  les  Polyfedres"  (Jour.  Polyt  vol.  ix.  pp.  68 — 86,  1813),  the  former  part  of  which 
(pp.  68 — 76)  relates  to  Poinsot's  polyhedra.  Cauchy  considers  the  polyhedra,  not  as 
projected  on  the  sphere,  but  in  solido;  and  he  shows,  very  elegantly,  that  all  such 
polyhedra  rnvM  be  derived  from  the  ordinary  regular  polyhedra  by  producing  their 
sides  or  faces.  The  reciprocal  method  would  be  to  produce  the  sides  or  join  the 
vertices;  and,  adopting  this  reciprocal  method,  and  projecting  the  figure  on  the  sphei-e, 
we  have  the  method  employed  by  Poinsot,  and  explained  and  developed  in  my  former 
Note.  Cauchy  does  not  at  all  consider  Poinsot's  generalized  equation,  e8  +  I{=A  +  2E, 
nor  of  course  my  further  generalization,  eS+e'H  =  A  +  2D;  but  the  latter  part  of  the 
memoir  relates  to  a  generalization,  in  a  diflferent  direction,  of  Euler's  original  formula, 
S-\-H  —  A  +  2:  viz.  Cauch/s  theorem  is — "If  a  polyhedron  is  partitioned  into  any 
nimiber  of  polyhedra  by  taking  at  pleasure,  in  the  interior  of  it,  any  number  of  new 
vertices,  and  if  P  be  the  total  number  of  polyhedra  thus  formed,  S  the  total  number 
of  vertices  (including  those  of  the  original  polyhedron),  and  A  the  total  number  of 
edges,  then  8-\'H  =  A+P-\'l;  that  is,  the  sum  of  the  number  of  vertices  and  the 
number  of  faces  exceeds  by  unity  the  sum  of  the  number  of  edges  and  of  the  number 
of  polyhedra." 

For  P=l,  we  have  Euler's  equation  /S-hir=-4  +  2;  and  for  P  =  0,  we  have  a 
theorem  relating  to  the  partition  of  a  polygon;  viz.  if  the  polygon  is  divided  into  H 
polygons,  and  if  /S  be  the  number  of  vertices,  and  A  the  number  of  sides,  then 
/S  +  ir  =  -4  +  l;    from  which  it  is   easy  to  pass  to   Euler's  equation,   /S  +  -ff«=-4 +2,  for 
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polyhedra.     I   remark   that,  in   the   equation   S  +  H  =  A  +1,  H  should,  in  analogy   with 
Cauchy's  notation  for  polyhedra,  be  replaced  by  P ;  so  that  we  have  for  a  single  polygon, 

and  for  the  partitions  of  a  polygon, 

^=S  +  P-1: 
corresponding  respectively  to  Euler's  theorem  for  a  single  polyhedron,  viz. 

/8f+ir=il  +  2; 
and  to  Cauchy's  theorem  for  the  partitions  of  a  polyhedron,  viz. 

/8f  +  J5r=^  +  2  +  (P-l). 

Cauchy's  second  memoir  (pp.  87 — 98)  contains  a  very  beautiful  demonstration  of 
the  theorem  implied  in  the  ninth  definition  of  the  eleventh  book  of  Euclid,  viz.  that 
two  convex  polyhedra  are  equal  when  they  are  bounded  by  the  same  number  of  faces 
eqa&l  each  to  each. 

2,  Stone  Buildings,  W,C.,  February  1,  1859. 
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ON    THE    THEORY    OF    GROUPS    AS    DEPENDING    ON    THE 

SYMBOLIC    EQUATION    ^=1.    Third  Part. 

[From  the  Philosophical  Magazine,  vol.  xviii.  (1859),  pp.  34 — 37 :  Sequel  to  126  and  12i 

The  following  is,  I  believe,  a  complete   enumeration  of  the  groups  of  8 : 

I.  1,  a,  a?,  o»,  o«,  a»,    a«,     a'    (a«=l). 

II.  1.  o,  o»,  rf,  /3,  /So,  0a\  /9a»  (a*  =  l,  ^  =  1  ,  a0  =  ^a). 
ni.     1,  a,  a!>,  rf,  A  /3o.  /9a>,  /9o»  (a«=l,  /3«=  1  ,  a/3  =  /9a'). 

IV.  1,  a,  a»,  a»,  A  iSo,  /So?,  i8a»  (a'  =  l,  /3»  =  a»,  a/9  = /So'). 

V.  1,  a,  /S,  /3a,  7,  7a,  7/8,  7/9a(a«  =  l,  ^  =  1  ,    7»  =  1,  ai8  =  /9a,  07  =  70,  /97  =  7/S) 

That  the  groups  are  really  distinct  is  perhaps  most  readily  seen  by  writing  dov 
the  indices  of  the  different  terms  of  each  group ;  these  are 

I.  1,  8,  4,  8,  2,  8,  4,  8. 

II.  1,  4,  2,  4,  2,  4,  2,  4. 

III.  1,  4,  2,  4,  2,  2,  2,  2. 

IV.  1,  4,  2,  4,  4,  4,  4,  4. 

V.  1,  2,  2,  2,  2,  2,  2,  2. 

It  will  be  presently  seen  why  there  is  no  group  where  the  symbols  o,  /9  are  8U( 
that  o*  =  l,  /8'=1,  «?/8  =  /9o'.    A  group  which  presents  itself  for  consideration  is 

1,  o,  0=,  a*,  A  00,  00?,  /3a»(o*  =  l,  /3'  =  a«,  o/9  =  /9a); 
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tut  the  indices  of  the  different  terms  of  this  group  are 

1,  4,  2,  4,  2,  4,  2,  4, 

and  if  we    write    fia  =  y,  then    we    find  7'  =  ^a^o  =  ^^oa  =  a*  =  1,   ay  =  al3a  =  fiaa  =  ya; 
and  the  group  is 

1,  o,  a«,  o»,  7,  70,  7a«,  70*  (a*  =  1,  r*  =  l,  a7  =  7«)» 
which  is  the   group  II. 

The    group    IV    is  a  remarkable   one ;    it  appears   to   arise   from    the   circumstance 

tliat  the   factors  2  and  4  of  the  number  8  are  not  prime  to  each  other;  this  can  only 

happen  when    the   number   which   denotes   the    order    of    the    group    contains   a   square 

factor.    But  the  nature  of  the  group  in  question  will  be  better  understood  by  presenting 

it    under    a    different    form.     In    fact,    if   we    write    ^a'  =  7,   a'  =  )8'=&,   then    we   find 

a»  =  aa,  j8tf  =  ^/g,  fia  =  ^7,  and  the  group  will  be 

1,  a,  )8,  7,  ^,  ^«,  ^A  ^, 
where  the   laws   of  combination   are 

^=1,    a2  =  ^  =  yi  =  ^, 

^87  =  0,  yoL  =  $,  ai8  =  7, 

7^=:aa  =  ^a,     afY^^=^l3,    )8a  =  7a  =  ^7. 

Observe  that  ^  is  a  symbol  of  operation  such  that  ^=1,  and  that  &  is  con- 
vertible with  each  of  the  other  sjnnbols  a,  fi,  7.  It  will  be  not  so  much  a  restrictive 
f-^s^xnption  in  regard  to  ^,  as  a  definition  of  —1  considered  as  a  symbol  of  operation 
^  "^c  write  &  =  —  1 ;    the  group  thus  becomes 

1,  a,  /8,  7,  -1,  -a,  -iS,  -7, 

a=^7  =  -7/3,     i8  =  7a  =  a7,    7  =  a^  =  ^a. 

Hence  o,  /3,  7  combine  according  to  the   laws  of  the   quaternion  symbols  i,  ;,  k;    and 
>^  is  only  the  point   of  view   from  which   the  question  is  here   considered  which  obliges 
^   to  consider  the  symbols  as  belonging  to  a  group  of  8,   instead  of  (as  in  the  theory 
ot  quaternions)  a  group  of  4. 

Suppose  in  general  that  the  symbols  a,  /3  are  such  that 

then  we  find 

C.  IV.  12 
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and  therefore  if  v  =  n,  a'*  =  a'^  or  o'*^~^^=l,  whence  w(«*  — 1)  =  0(mo<Lm);  or  since  u 
is  arbitrary,  «*  —  1  =  0  (mod.  m),  an  equation  which,  if  m,  n  are  given,  determines  the 
admissible  values  of  8 ;    thus,   for  example,  if  n  =  2,  and  m   is  a  prime  number,  then 

8  —  1  or  «  =  m— 1.  The  equation  a^^  =  ^a^  shows  that  any  combination  whatever  of 
the  sjnmbols  a,  fi  can  be  expressed  in  the  form  ^ofi  (or,  if  we  please,  in  the  form 
a^fi^).  It  is  proper  to  show  that  the  assumed  law  is  consistent  with  the  associative 
law,   viz.  that  the  expression 

can  be  transformed   in   one  way  only  into  the  form  fi^ofi.     We  in   fiwit  have 

and  multiplying  this  by  the  remaining  factor  /8V,   we  have 

which   is  equal   to 
or  finally   to 

and  the  result  would  have  been  precisely  the  same  if,  instead  of  thus  combining 
together  the  first  and  second  £Gu;tors  and  the  product  with  the  third  £su;tor,  we  had 
combined  the  first  &ctor  with  the  product  of  the  second  and  third  factors,  so  that 
the  associative   law   is  satisfied. 

It  is  now  easy  to  see  that  if,  as  before, 

conditions  which  it  has  been  shown  imply  «^  =  1  (mod.  m),  then  the  symbols  ^ofi  (or, 
if  we  please,  a^/9^),  where  p  has  the  values  0,  1,  2,...,  m  — 1,  and  q  the  values 
0,  1,  2, ... ,  n  —  l,  form  a  group  of  mn  terms.  In  particular,  as  akeady  noticed,  if  n  =  2 
and  m  is  prime,  then  «  =  1  or  «  =  m  —  1;  the  two  groups  so  obtained  are  essentially 
distinct  from  each  other.  If  n  =  2,  but  m  is  not  prime,  then  8  has  in  general  more 
than  two  values:  thus  for  m  =  12,  «» =  1  (mod.  12),  which  is  satisfied  by  «  =  1,  5,  7 
and  11;  the  group  corresponding  to  «=1  is  distinct  from  that  for  any  other  value 
of  8y  but  I  have  not  ascertained  whether  the  values  other  than  unity  do,  or  do  not, 
give  groups  distinct  from  each  other. 

For  the  sake  of  an  observation  to  which  it  gives  rise,  I  write  down   an  example 

of  a  group  corresponding  to  n  =  2,  «  =  m  — 1,  say  ?7i  =  5,  and  therefore  «  =  4,  so  that 
we  have 

a»=l,    ^  =  1,  a/3  =  /3a*, 

and  the  group  is 

1,  a,  a\  a\  a*,  ^,  ^a,  ^a^  fio?,  ^o*. 
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the  indices  of  the  several  terms  being 

1,    5,    5,   5,    5.    2,    2,    2,    2,    2. 

The  group  is  here  expressed  by  means  of  the  symbols  a,  ^,  having  the  indices 
5  and  2  respectively,  but  it  may  be  expressed  by  means  of  two  sjnnbols  having  each 
of  them  the  index  2.  Thus  putting  fia  =  y,  we  find  )8'  =  1,  7^  =  1,  (JSyY^l,  which  is 
equivalent  to  (y/Sy^l,  and  the  group  may  be  represented  in  the  form 

1,  0.  %  fir  tA  /37/3,  7/3%  ^87^87,  7^87^8,  /37i87i8  =  7/87)87, 

the  equality  of  the  last  two  symbols  being  an  obvious  consequence  of  the  equation 
(fiif=l.  It  is  clear  that  for  any  even  number  2p  whatever,  there  is  always  a  group 
which  can  be  expressed  in  this  form. 

2,  Stone  Buildings,   W.C.,  June  9,    1859. 
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ON  AN  ANALYTICAL  THEOREM  RELATING  TO  THE  DISTRIBUTIC 
OF  ELECTRICITY   UPON  SPHERICAL  SURFACES. 


[From  the  Philosophical  Magazine,  vol  xviii.  (1859),  pp.  119 — 127.] 

There  is  contained  in   Fiona's  "  M^moire   sur  la  distribution   de   T^lectricit^   k 
surfisLce  de  deux  spheres  conductrices  compl^tement  isol^s  "  (MSm.  de  Turin,  voL  viL  184 
an   identical  relation   which   is  remarkable,  as   well    in   itself   as    because    by  means 
it   the   author  corrects  an   error  into  which   Poisson   had   fallen  in  his  researches  on  t 
same  subject.     The  development  of  a  certain   definite  integral   is  obtained  in   the   fo 
(equation  165) 


rt   ^  Mih  .  . ,  ^     3.4.5  Mih  .  ^ ,  y,     « 
y  =  -2.3  -^sm^^g+    ^    ^     -^sm'^e  +  &c. 


Poisson  had  in  effect  shown  that  Mi  =  0;  and  he  thence  inferred  that,  0  being  smi 
the  function  in  question  oc  sin*  J5,  or  what  is  the  same  thing,  x  (1  —  cos  6y.  In  t 
former  part  of  the  memoir.  Plana  shows  that  this  is  not  the  true  form  of  the  devel< 
ment ;  the  foregoing  development  must  therefore  be  illusory ;  and  Plana  in  feet  sho^ 
by  a  laborious  induction  carried  as  far  as  JIf,,  that  all  the  coefficients  M  van: 
identically.  The  identical  equation  Mi  =  0,  where  i  is  any  positive  integer  whatev 
constitutes  the  analytical  theorem  above  referred  to.  Plana's  expression  for  the  functi 
Mi  is  as  follows: 

Bi,  JBs,  jBfl,  &c.  denote  Bernoulli's  numbers  as  given  by  the  equation 

(-Bi  =  ^,  Bz  =  ^,  Bi  =  -^,  Bj^-^,  &c.  I  have,  in  conformity  with  the  usual  practi 
written   the  equations  so  as  to   make  these   numbers   all  positive ;   with   Plana  they  s 


244]  ON    AN   ANALYTICAL    THEOREM   RELATING    TO    &C.  93 

alternately  positive   and  negative).     And   in    the  equation   162,   writing    for  k  its   value 
.-  -,  ,  we  have,  X  being  any  positive  integer, 

X.X-1.X-2.X-3  p  (1  +  6)* 
1.2.3.4  '   X-3 

X.X-1.X-2.X-3.X-4.X-5  ^  (l+6)» 
"^  1.2.3.4.5.6  '  X-5  ' 

±  &C., 

whox^  the  series  is  continued  for  so  long  as  the  &etor  in  the  denominator  is  positive. 
It  should  be  observed  that  this  fector  really  divides  out,  and  that  the  rule  just 
mexxtioned  amounts  to  this,  viz.  that  when  X  is  odd,  the  finite  series  on  the  right- 
harxd  side  is  to  be  continued  to  its  last  term ;  but  when  X  is  even,  the  series  is  to 
be    continued  only  to  the  last  term  but  one.    And  Ox  being  thus  defined,  the  expression 

for   JIfi  (see  equation  164,  in  which  I  have  written  for  k  its  value  r — r)   is 

1  +  0 

if, = (1  +  i)"  {o,  +  (,•  +  2)  1  i-i^  G,„  +  «  +  3)  j-ij  (1±^)'  O^ 

where  on  the  right-hand  side  the  finite  series  is  continued  up  to  its  last  term,  the 
value  of  which  is  obviously 

(1  +  2t  + 1)  j^  (i±^j     G^^, ,  that  is.  2  (i+-"j     Q^^,. 
But  the  form  of  this  equation  may  be  somewhat  simplified.     We  in  fact  have 

wmctk    is  at  once  changed  into 
(1+   l>)Mi^ 

i:jrr|i-i^-(i+*)+-B.^-2-(i  +  ft)'-5, — 12.ZA — (1+^)  +&C- 
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-^Hr-^nr^^"^^>-^^^    1.2    <^+^)'--^' — 17273:4 — (i+«^)*+&^-} 

i     If-      1  i  +  3.,  .  ,v  .  D  i  +  3.i+2,-      ,^      p  t  +  3.t  +  2.t+l.t^,   ,  i^u  ^  ji.A 
+  r.26ir"*    i-(l-ffe)  +  ^i       12       (l  +  6y-^3 5727374 (l+6)*  +  &c.} 

+  &c. ; 
or  multiplying  by  t  +  1,  and  then  putting  i  — 1  in  the  place  of  i,  we  have 

i(i+6)if,-,  =  e,+J  ^e,^,+^?^-  i *,+, + &C.  =  0, 

where 

In  this  last  equation  the  finite  series  on  the  right-hand  side  is,  when  %  is  even,  to  be 
continued  up  to  its  last  term,  but  when  i  is  odd,  then  only  up  to  the  last  term  but 
one.     The  equation  to  be  proved  is 

«  1  %  %  -^  1  1 

where  on  the  right-hand  side  the  finite  series  is  to  be  continued  up  to  its  last  term : 
and  the  equation  holds  for  any  integer  value  of  i  which  is  >  2.  This  is  the  simplest 
form  of  Plana's  theorem. 

We   have 

/y 

or  writing  this  equation  under  the  form  ^i  =  i(l +b)-T^ ,  and  comparing  with  Plana's 
developed  expressions  for  j^  (which  are  continued  by  him  as  far  as  (?„),  we  find 

6,  =  —    6, 

e.=  -  J6«-  26*-^  b*. 

e,  =  - ib-     J«-|6»+|6«-u     i»+ i  6*, 

e,o=  -  |6»-126'-376«-546»-376'-126'-  f  6", 

&C., 
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which  are  of  course  the  results  obtained  by  developing  the  foregoing  expression  for 
0f,  in  powers  of  6,  and  collecting  the  terms.  The  formulae  put  in  evidence  a  remarkable 
symmetry  which  does  not  exist  in  the  original  expression  in  powers  of  1+6. 

It  would    be    now   easy    to    verify,   for    moderately   small   values    of   the   suffix,  the 
equations 

&c. 

This  is,  in  &ct,  Plana's  process,  which,  however,  as  the  suffixes  increase,  becomes  a 
veiy  laborious  one,  and  the  law  of  the  terms  which  destroy  each  other  is  not  in 
anywise  exhibited   thereby. 

I  have  succeeded  in  obtaining  a  complete  demonstration,  founded  on  Herschel's 
theorem  for  the  development  of  a  function  of  c',  and  the  expression  thereby  given  for 
Bernoulli's  numbers.  The  theorem  in  question  [See  Hei'schers  Collection  of  Exa/mples 
tn  the  Calculus  of  Finite  Differences,  Cambridge,  1820,  p.  70,  where  the  theorem  is 
given  in  the  form  /  {(1  +  A)**}  0*  =  n*./(l  +  A)  0*]  is,  that  for  any  function  of  e*  which 
admit**  of  development  in  positive  integer  powers  of  t, 

where  the  right-hand  side  denotes  the  series  the  general  term  whereof  is 

and  /(I  +  A)   is  of   course   to   be   developed  in   powers   of    A,   and   the   different   terms 

4  A«,  A»  &C.,  applied   to    the   symbol   0"  (viz.   AO**  =  !»*  -  0«,   AH)**  =  2**  -  2 . 1'*  +  0^  &c.). 

This  gives 

*     _log(l  +  A)    ^, 

e^-1  A         ^   ' 

^^d  compaiing  the  development  of  the  right-hand  side  with  the  development 

»eiind 

log(l  +  A)       _ 

!sg(^ o«-.  =  0.  (X >  1). 
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It  is   now   easy   to   obtain   the   equation 

e, = !£«  (^t^)  {(1  +  0  (1  +  6))'  -  (-  0  (1  +  b)yi 

In  fact,  the  first  two  terms  of  the  development  of  the  expression  on  the  right-hand 
side  agree  with  those  of  the  foregoing  expression  for  8,-.  For  any  even  power  2x 
(except,  when  i  is  even,  the  power  2a?  =  i)  the  term  is 

which  agrees ;  and  when  i  is  even,  then  for  the  power  2a:  =  t  there  are  two  equal  and 
opposite  terms  which  destroy  each  other,  and  the  whole  term  in  ©»•  is,  as  it  ought  to 
be,  zero.  For  any  odd  power  2a?  — 1,  (a:  >  1),  (including,  when  i  is  odd,  the  power 
2a?  —  1  =  i),  the  term  vanishes  as  containing  an  evanescent  factor.  The  expression  for 
%i  is  thus  shown  to  be  true. 

I  write  for  shortness, 

where 

Z  =  l  +  0(H-6), 

F=    -0(1  +  6). 
Forming  the  expression  for  i(l  +b)Mi^u 

this  is 


% 
and  we  have 

and   therefore 


,,,,>....!2.(-LA)|(.-(.4)y.(r(.4))^ 


(• 


X      =(l  +  0)(l  +  6)-6, 


'+?     =(1.0)'-f» 

x\v   n  +  6\< 


X  (i  +  ^) )'  =  (i±-*)'  ^(1  +  0)  {(1  +  0)  (1 + 6)  -  biy. 


=  -0(1  +  6), 


l+^=l_ol+^  =  -J{0(l  +  6)-i}. 
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yfe  see  that  the  expression  for  |X  [1  +  y))   is  deduced  from  that  of  (j^(l  +  x)) 
by  -writing  therein  1  +  0  in  the  place  of  0 ;    we  have  therefore 

(x(>4))'-a..,(r(.4))' 

and    consequently 

(z(..f))'-(r(.4))'..(r(x.>-))  =  (lf>(«,oa.»,-.|)n 

whence  also 

i(l  +6)ilf<-i  =  (^JlogO  +  A)(0{0  (1  +  6)-  6})\ 

We    have   by   the  general   theorem, 

t  =  log  e^  =  log  (1  +  A)  e*-^ ; 

and    consequently  whenever  w  -"t  2, 

log(l+ A)0«  =  0. 

But  i  <  2,  and   the   function  (0  {0  (1  +  6)  —  6})*   contains    only   0*    and    the    superior 
F^^rs;  it   is  therefore  reduced   to  zero  by   the  operation  log(l+A),  and  we  have 

i(l  +6)ilfi-x  =  e,+  J  i  e,^,  +'^:^  i  e,+,  +  &c.  =0  ; 

^d  the  theorem  in  question  is  thus  proved.  The  foregoing  expressions  for  ©a,  ©j*  &c. 
show  that  these  functions  all  divide  by  6,  and  moreover  that  when  i  is  even  and 
greater  than  2,  then  that  ©i  divides  by  6*.     The  equation 

e<  =  ^""^  ^Y  ^^(1  +  0  (1 + b)Y  -  (-  0  (1 + 6))'} 

gives  generally  for  the  term  in  ©»•  involving  6*,  the  expression 

^.6.l5i<^){(l+0)-0.-(-0)'}; 

^^d  it  is  to  be  shown,  first,  that  the  coefficient  vanishes  for  a  =  0;  and  next,  that 
^^^rx  i  is  even  and  >  2,  the  coefficient  also  vanishes  for  a=l.  Putting  a  =  0,  the 
^aa^ient  is 


whi 


^la  is  equal  to 


or  V) 


l??i^>{(i+oy-(-oyi. 
log  (1  +  A)  0*  +  ji  -  i-y  1}  ^"^^^"^^^  o*. 


C.    IV. 
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where,  since  i  ^I  2,  the  former  term  vanishes,  as  above  remarked ;  and  the  latter  term, 
when  i  is  even,  vanishes  on  account  of  the  &ctor  1  —  (— )*  1 ;  and  when  i  is  odd,  on 
account  of  the  other  &ctor.     Hence  the  coefficient  vanishes  for  a  =  0. 

Next,  if  i  is  even,  and  a  =  1,  the  coefficient  becomes 

!«K(^){(l  +  0)^'0-0-l, 
which,  writing  (1  +  0)  -  1  for  0,  becomes 

which,  since  (1  +  0)<  -  0*  =  AO',  (l  +  0)*->  =  (l  +  A)0*-',  is  equal  to 

or  since  the   first  term   vanishes,   to 

^  (l  +  A)log(l  +  A)  ^, 
A  "    • 

But  this   function  is  to  a  numerical   factor  pris  the   coefficient  of  t^^  in   -*     -,   > 

or  (what  is  the  same  thing)  in  _-— :< ;  and  if  in  the  expression  for  -^ — -  we  write  --t  in 
the  place  of  t^  we  find 

-  rrp?= 1  +  i«  +  ^' 172  - -^'Tr/sT*  +  **"' 

so  that,  i  being  even  and  greater  than  2,  the  function  in  question  vanishes.  Hence 
in  the   case   under  consideration   the   coefficient  vanishes  for  a  =  l. 

Writing  fi  for  i  —  a,  or  assuming  a  +  /?  =  t,  the  symmetry  of  the  foregoing  expressions 
for  02>  Q»>  &c-  shows  that  we  ought  to  have 

logJi+A)  {(1  +  o)-(y  -  (-  or^j  =  ±  M^)  {(1  +  oy  0.  -  (-  o^^}, 

where  the  upper  or  under  sign  is  to  be  taken  according  as  a +  ^  is  even  or  odd.  Or 
separating  the  two  cases,  we  find 

^-^^^^-^  {{l+OyV^{l+OyO-}  =0,    a  +  /8even. 


and 

logd+A) 


{(l  +  0)*0^+(l  +  0y»0*  +  2.0*+^}=0,    a  +  ^odd. 


I  have  not  attempted  to  verify  d  posteriori  these  elegant  formulae. 
2,  Stone  Buildings,  W.C,  June  18,  1859. 
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245. 


ON  AN  ANALYTICAL  THEOREM  CONNECTED  WITH  THE  DIS- 
TRIBUTION OF  ELECTRICITY  ON  SPHERICAL  SURFACES. 
Second  Part. 

[From  the  Philosophical  Magazine,  vol.  xviii.  (1859),  pp.  193 — 202 :  continuation  of  244.] 

The  theorem  is  certainly  true ;  but  its  existence  gives  rise  to  a  difficulty  to  which 
I  shall  advert  in  the  sequel.  I  propose,  in  the  first  instance,  to  give  a  demonstration 
which  starts  from  the  expression  for  fx  given  by  Plana's  equation  (115),  instead  of 
the  deduced  equation  which  was  the  basis  of  my  former  proof.  It  will  be  proper  to 
explain  the  origin  and  meaning  of  the  formulae.  We  have  two  conducting  spherical 
sur&ces,  radii  1  and  6,  in  contact  with  each  other  (so  that  the  distance  between  the 
centres  is  1  +  6):  and  then,  if  a;  is  the  distance  from  the  centre  of  the  sphere,  radius 
1>  of  an  exterior  point,  and  /i(=cosd)  the  cosine  of  the  inclination  of  this  distance  to 
^he  line  from  the  centre  to  the  centre  of  the  other  sphere,  the  potential  ^(/i,  x)  of 
*"e  sphere,  radius  1,  at  the  point  whose  coordinates  are  (a?,  fi)  is  deduced  from  the 
potential  ^  of  a  point  in  the  axis ;    that  is,  if 

fx=  Aq     •{- AiX     •\'A^a?     +  &c., 
then 

4>  {fi,  x)  =  AoPo  +  AiP^x.-h  A^P^a^  +  &c., 

where  Po»  Pi»  Pa»  &c.  are  Legendre's  functions,  viz.  the  functions  of  /a  which  are  the 
^fl&cients  of  the  successive  powers  of  x  in  the  development  of  (1  —  2/xir  +  a?)~^  in 
^^uding  powers  of  x.  And  the  electrical  thickness  y  at  any  point  of  the  surface 
^f  the  sphere,  radius   1,  is  given  by   the   formula 

d<^(/i,  a:)  ,  o,  .        V 
y  =  ^       ^     ^  +  2<^(/i,  x) 

where^  after  the  differentiation,  a?  =  1. 
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The  problem  consequently  depends  on   the   determination    of    the   potential  fx    for 
a  point  on  the  axis;  and  this  is  determined  by  the  functional  equation 

^ h  -  /       1+6-a;       \     l  _       6^ 

J^    l  +  26~(l+6)a?-^  Vl+26-(l+6) W~        1+6-a? 

(Plana's  equation  (G),  in  which  I  have  written   for  /9,  7,  H  their  values,  and  substituted 
also  for  g  its  value  =  Ky,    The  solution  of  this  equation  is  (equation  (H),  writing  therein 

PI  1 


1-a;  "•6  +  n(l+6)-n(l  +  6)aj  ««(w  +  l)(l +6)--(l  +  w(l +6))a?' 

where  P  is  an  arbitrary  constant  quoad  the  functional  equation,  viz.  it  is  any  function 
whatever   which    has    the    property   of   remaining    unaltered   when    x    is    changed    into 

-= — 2w — 7^ — rr— .  Poisson,  and  Plana  after  him,  arrive  at  the  conclusion  that  in  the 
1+  26  -  (1  +  6)  a:  ' 

physical  problem   P  =  0.     It    appears  to   me   that   there   is  ground  for  holding  that  this 

P 

is  only  true  sub  modo,   and  that  ^  _  ^  for  x  =  l   (which,  if  P  were  retained,  would 

be  a  term  occurring  in  the  expression  for  the  thickness  at  the  point  of  contact)  is 
not  of  necessity  zero.  But  the  term,  if  it  exists,  can  be  replaced  at  the  conclusion; 
and  I  write  therefore 

fx  =  &AS^j  +  ^(i^5)_^(n_5)a;  ""  **^«o(n  +  l)(l+6)-(l+n(l  +  6))a;" 

According  to  the  process  by  which  the  solution  of  the  functional  equation  was 
obtained,  this  is  the  true  form  of  the  solution ;  for  although  the  series  are  non-convergent, 
and  the  two  sums  are  in  fact  each  of  them  infinite,  there  is  nothing  to  show  a  relation 
between  the  number  of  terms  which  must  be  taken  in  each  seriea  However,  nothing 
immediately  turns  upon  this,  as  the  expression  is  only  used  for  obtaining  an  expression 
for  fx  in  the  form  of  a  definite  integral,  viz.,  equation  (36), 

or,  equation  (39), 


,  bh    ndt(t   i+t-l)<Q+ft)(i-») 

-'''    (l  +  6)(l-a;)J,  1-t  ' 


the  latter  of  which  gives  (equation  (115),  in  which  I  have  written  for  a  its  value  -^ — -.) 

•^^ "  (H-fc)(l-«)  r  ((1  +  6) (1  - w))  ~ ^ (l  +  6-J} ' 
where  Z'  (jp)  is  Legendre's  function  -r-  log  Tp,  which  is  developable  in  the  form 

where  jBj,  B^,  &c.  are  Bernoulli's  numbers. 
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This    is    the    starting-point    of   the    present    investigation;    and    attending    to    the 
equations 

'iS<I±^)o.    -J, 


A 


^~  ^        — •*^a»— 1» 


we  see  that  the  development  of  Z'p  becomes 

which,  observing  that 

(^  be  expressed  under  the  more  simple   form 
*^e  deduce  hence 

or  vt^t  is  the  same  thing, 

^'^  i\:^^(X^)^^^^  {log(l  +6-^  +  (l  -  x)(l  +6)0)-log(6  +  (l  -^)(l  +6)0)}. 

whicli  may  be  converted  into 

h^  _w  logq  +  A)/^       a, 

1  +  6         A        j,6  +  <(l-aj) 

.^log(l+A)^fj-' * f  <^  ]. 

"^  A  "y.l-«  +  6  +  (l-a:)(l  +  6)«0     j,  6  +  (l -«)(! +  6)<0)  ' 

Of  "w^liat  is  the  same  thing, 

&^  J6   log(l  +  A)  p       <ft 

1  +  6         A        ;.6  +  <-te 


/.6  log  (1  +  A)     f  f» ^ P di 

A  y,(l  +  6)(l  +  «0)-a!(l+(l+6)«0)     j.6+(l+6)«0-a:(l  +  6) 


<0  ' 
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the  object  of  the  transformation  being  to  express  fx  so   that  x  may  only  enter  under 

the  form rr  •     The  factor  --^^ which  multiplies  the  first  of  the  three  definite 

integrals,   might  be  reduced  to    unity,  but    it    is    more    convenient    not   to    make    this 
change. 

Now  if    a  firaction   -^ p-  be   operated  upon    by  expanding  in    ascending    powers 

of  X,  and  multiplying  the   successive  terms  of  the  development  by  Po,  Pi,  Pj,  &c.,  it  is 
converted  into 

1 

(A* -- 2ABfix  +  JPa^y 

Hence  from  the    foregoing  expression   for  fx  we    pass    at    once    to    the    expression    for 
^  (/I,  x) ;  that  is,  we   have 


.,        x_     hb    log(l  +  A).     p     dt 

«(M,  ^)-  fipj         ^  0    j^  (4.»2il5/x^  +  5v)f 


A61og(l-hA)      [P  dt p dt ]. 

■*■  A  ( j  0  {A'^  -  tA'B^,ia>  +  B^a?)^     J  o  (A"^-  2A"F'fjLX  +  fi'V)^f ' 

where  for  shortness, 

A  =  b  +  t,    il'  =  (l  +  6)(l+<0),    il"  =  6  +  (H-6)eO, 
B=        t,     R  =  l+(l+b)tO,       £"=        (l  +  6)eO; 

and  it  may  be  remarked  that 
We  thence  obtain 

AMog(l  +  A)^|p  (il'«-fi'V)(fo  p  {A"*  -  R'*a?)  dt 


V  0  (A'*  -  iA'Bux  +  R*a^)*     J  o 


^  [J  0  (A'*  -  2A'Ffix  +  5'»^)»     J  0  (il">  -  2il "ir'/is:  +  ^V)»J 

and  writing  ;r  =  1, 


_    hb    log  (1  +  A)  p       (il*-.B')(ft 


mog(l  +  A)  Q  I  f '  _(^'* - 5'»)d<    _  _  p         (il"' - ^0 d<        I 


the  integrals  in  the  foregoing  expression  are  of  the  form 

f'      (G  +  Hi)  dt 
h  (X  +  iMt  +  NP)i ' 
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the  value  of  the  indefinite  integral  is 

J^ iNG-MH)t+MG-LH 

from  which  the  value  of  the  definite  integral  can  be  at  once  found.  It  is  easy,  by 
means  of  the  values  to  be  presently  given,  to  verify  that,  in  each  of  the  three  definite 
integrals,  NO  —  MH  =  0 ;  and  the  expression  for  the  definite  integral  is  therefore 


-LH  f  1 J.) 


MQ-LH 
LN 


In  the   first  integral   we  have 

ir  =  26,      if  =  6(l-/*), 
iV  =  2(l-M). 

W1I6IIC6 

LN-M^      =6»(1 -/*)(!  +  /*),  MO-LH^-h^il  +  ii), 

Z  +  2Jf  +  iV=6»+2(l-^)(l  +  6),  L=¥; 

and  the  integral  is 

1 11 

V6'"+2(l-/t)(l  +  6)     hy 


-b 


For  the  second  integral  we  have 

(?=&•  + 26,  Z  =6>+2  (1-m)(1  +  6), 

if  =26  (1  +  6)0,    Jlf=(l-/t)(2  +  6)(l+6)0, 

J\r  =  2(l-/t)(l  +  6)»0»; 
and  thence 

ii\r-ilf»  =  (l-/*)(l+^)6»(l+6)«0»,  MO-LH  =  -(l+fit)l/(l  +  b)0, 

i  +  2if+iV=6»+2(l-/»)(l  +  6){(H-0)»  +  6(0  +  0»)};     i  =  6»+2(l-/t)(l  +  6); 

and  the  value  of  the  integral  is 

^. f 1  1  1 

(1  +  6)  (1  -  ^)  0  1^6*  +  2  (1  -it)  (1  +6)  ((1  +  0)»  +  6  (0  +  0»))     ^6*  +  2  (1  -  ^)  (1  +  6)1 

For  the  third  integral, 

0=b',  L  =  b', 

ir  =  26(l  +  6)0,    M=    (1-^)6(1  +  6)0, 

N=2{l~f»,)    (l+6>'0», 
aod  thence 

LJV  -  if*  =  (l-/*)(l  +  /t)  6' (l+6)«0»,  if^-Zff  =  -(l  +  /t)6»(l  +  6)0, 

i  +  23f+JV  =  6»  +  2(l-/*)(l  +  6)  (0»  +  6(0  +  0')),  i  =  6«; 
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and   the   value  of  the  integral  is 


-b 


w+ 


(l  +  6)(l-/t)0  IV6»  +  2 (1  - /*) (1  +  6) (0»  +  6 (0  +  0»))     6j 
Hence  the  expression   for  y  is 


y 


-hb'         log(H-A)  f 


(1-m)(1+6) 


f  1  11 

IV6»  +  2  (1  + ^)  (1  +  6)     by 


hb'  log(l+A) 


(1-m)(1  +  6)         a 

[  1 1  1 

IVft*  +  2 (1  - m) (1  +  6) ((1  +  6)^  +  6(0  +  0»))     V6>  +  2 (1  - /*)  (1  +  6)1 ' 


A6» 


(l-^)(l+6) 


2(1-m)(1  + 
log  (I  +  A) 


V6»  +  2  (1  -  /t)  (1  +  6)  (0«  +  6  (0  +  (^)) 


1 

6 


]■' 


the  top  line  is  destroyed  by  the  second  terms  of  the  other  two  lines,  and  we  have 

_         -hb'         log(l  +  A) 
y-(l -/*)(! +  6)        A 


|v'6»  + 2(1 -/*)(!  + 6)  ((i +0/  + 6(0  + 


O*))     V6»  +  2(l-/*)(l  +  6)(0» 


+  6)(0»+6(0  +  0'))J' 


This  expression  admits  of  expansion  in  positive  integer  powers  of  1  —  /* ;   and  when 

so  expanded  the  result  ought,  according  to  Plana's  theorem,  to  be  identically  equal  to 

zero.     And    I    proceed    to    show    that    this   is    in  &ct    the    case.    The    coefficient    of 
(1  —  /*)"*"*  is  to  a  &ctor  pris  of  the  form 

log(^+A)  j^^j  ^  Q),  _  J  (Q  +  o*))-  -  (0»  +  6  (0  +  O*))-}, 
which  is  the  sum  of  a  series  of  terms  each  of  the  form 


this  is  equal  to 


log(l  +  A)  j^j  ^  Qy„,^  _  Q,„_„j  ^Q  ^  ^y, . 


hsO:^A)  {(1  +  Of—"  0»  - 0«^  (1  +  O)-}, 


which   is  of  the  form 


log(i  t.^)  {(1 + o)«  V  -  (1+ oy  0-}, 
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where  a  +  /8  =  2m  is  even,  or  what  is  the  same  thing,  a  —  /9  is  even ;  and,  as  remarked 
in  the  first  part  of  the  present  paper,  such  expression  is  in  fact  equal  to  zero.  The 
demonstration,  which  is  very  simple,  will  be  given  in  a  note ;  but  assuming  for  the 
moment  the  truth  of  the  proposition,  the  coeflScient  of  (1  —  fi)"^^  is  the  sum  of  a 
finite  number  of  evanescent  terms,  and  it  is  therefore  identically  equal  to  zero. 

I  consider  this  demonstration  as  identical  in  principle  with  that  given  by  Plana; 
the  same  function  is,  by  two  processes,  dififerent  indeed  from  each  other,  but  which 
cannot  but  lead  to  the  same  result,  developed  in  an  infinite  series  of  positive  integer 
powers  of  1  —  fi]  and  it  is  shown  that  the  coeflScient  of  each  power  of  1  —  /a  is 
equal  to  zero.  But  the  diflSculty  I  find  is  that  the  investigation  proves  too  much,  viz. 
it  appears  to  prove   that  y  is   actually  equal   to   zero.     There   are   undoubtedly  functions 

such  as  the   function  e  **  (noticed   by   Cauchy    and   Sir   W.  R   Hamilton),   which  in   a 

mise  have    the    property  in    question,   viz.   that    if   we   attempt    to    develope    them    in 

positive    integer   powers  of  a?,   the  coeflScients  are   found   to  be  all  of  them  zero ;  and 

it  would    appear    that    y  is,    in    regard    to    1  —  /a,    a    function    of  this    nature.     But    it 

_i 

cannot  be  asserted  simpliciter  that  e  ^  and  its  diflferential  coeflScients  do  in  fact 
vanish  for  x  =  0 ;  they  only  vanish  for  x  =  0  considered  as  the  limit  of  an  indefinitely 
small  recU  positive   or  negative   quantity.     (This   is   quite   consistent   with    a  remarkable 

theorem   of    Cauchy's,  by   which   it  appears  d   priori  that   e  **  cannot  be   expanded  in 
positive  integer  powers  of  x,  because  it   is  discontinuous  for  the  modulus  zero.)    And  if, 

instead  of  a  direct  application  of  Maclaurin's  theorem,  we  first  expand  e  *",  say  in 
positive  powers  of  1  —  a?,  and  then  develope  the  several  terms  in  powers  of  a?,  we  obtain 
for  the  coeflScient  of  af*,  or  any  other  power  of  x,  an  infinite  series,  which  I  apprehend 
^  not  convergent,  and  which   can  only  be  equal   to  zero  in  the  same  conventional  sense 

in  which  e  '^  ia  equal  to  zero  for  a?  =  0.  This  appears  to  be  something  very  diflferent 
^m  finding  for  the  coeflScient  of  a^,  or  of  any  other  power  of  a?,  an  expression  com- 
P^^^sod  of  a  finite  number  of  finite  terms  the  sum  whereof  is  identically  equal  to  zero. 

Plana  has  given  for  the  calculation  of  y  when  fi  is  nearly  equal  to  1,  an  expression 
v^Uation  (127))  which  is  deduced  from  the  same  development  of  Z'p  which  is  here 
^^e  use  of;  but  it  appears  to  me  that  this  expression  is,  for  the  following  reason, 
^P^ii    to  objection.     The   expression   referred   to   contains   explicitly  positive  and   integer 

Powers  of  fi,  and  also  powers  of  the  radical  v^6'  -h  2  (1  —  /it)  (1  +  6)  :  it  would  be,  for  any- 
thing  that    appears    to    the    contrary,   allowable    to    develope    as   well   the  positive   and 
^teger  powers  of    /i  as  also    the    powers    of   the    radical   in    question,   in   a    series    of 
P^tive   and    integer   powers    of   1  —  a*  ;    but   if  this  were   done,  we   should    obtain    as 
^  naere  transformation   of  Plana's  expression   (127),   an  expression  for  y  developed   in   a 
series    of    positive    integer    powers    of    1  —  /tt ;    and    for    consistency    with    the    before- 
^^utioned   result,  the   coeflScients  of  the   diflferent  powers   of  1  — /i  must  be  each  equal 
^  zero.     But  if  this  be   so,  it  does  not  appear  how  the   original   expression   (127)   can 
^    anything   else  than   zero.     The  diflSculty  is,  I   think,  a  real   one;  and  I  do   not   see 
c.  IV.  14 
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how  it  is  to  be  got  over:  it  seems  to  render  necessary  a  more  careful  study  of  the 
effect  of  the  multiplication  of  the  successive  terms  of  the  development  of  a  function 
fx  by  Legendre's  functions  Po,  Pi,  Pa,  &c,  so  as  to  pass  from  fx  to  the  function  of 
two  variables  ^(/i,  a;),  as  well  generally  as  when  this  transformation  is  performed  upon 
the  as  yet  imperfectly  studied  transcendental  function  Z. 

I  remark  that  the  original  expression  for  fx  \&  of  the  form 

fx^hh^l^-^ A6S*-^^; 

and  this  gives  (Plana's  equation  (131)) 

the  values  of  p,  9,  p\  q*  being 

p  =  6  +  n(l  +  6),    |)'  =  (n  +  l)(l  +  6), 

g=         n(l+6),    9'=H-w(H-6); 
so   that 

p-gf  =  6=p'-g',  and  /  +  g'=  2  +  6  +  2n(l  +6)=p  +  9H-2. 
Hence,  putting  /it  =  1,  we  find 


which  is  inconsistent  with   the  expression  y  =  0,  deduced  from  the  definite  integral.    If, 

P 

however,  it  is  assumed  that  fx  contains  the  term ,   then   the  corresponding  term 

1.  ^~  X 

of  y  will  be 

P(l-a^) 

(1  -  2/LW?  +  iC")*  ' 

P  (1  +  a;) 
which,   when  fi=l,   becomes    -r^  _   J ;    and  if   P   be  put    equal    to    zero,  then   it    i& 

P  P(l  +  x) 

conceivable   that,  for  a:  =  l, may  be  equal   to  zero,  but    —7 rr^,  or  what  will  be 

1  —a?  (1  -^xy 

2P 

the  same  thing,  .    ^    ^  may  be  finite  or  even  infinite.     This  is  perhaps  the  explanation 

of  the  apparent  contradiction. 
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Note  on  tfie  demonstration  of  the  Theorem 
i^^^^tA)  {o- (1  +  Oy^  - 0^ (1  +  O)*}  =  0,     a-/8even. 
Consider  the  function 

which,  it  is  clear,  admits  of  expansion  in  positive  integer  powers  of  t  and  z.    Changing 
the  signs  of  t,  z,  we   have 

e-'i-t^z)     ^ 

OT,  what  is  the   same  thing, 
and  thence 

m 

^  that  the  development  in  positive  integer  powers  of  t,  Zy  of  the  function  on  the 
nght-hand  side  does  not  contain  any  term  i^sfi  for  which  o  — /8  is  even.  Writing  the 
fiinction  under  the  form 

^{t-^z)     e'jt  +  z) 

and   oonsidering  the   two  parts  separately,  then  by  Herschel's  theorem  extended  to  two 
variables,  the  coeflScient  of  i^z^   in  the   first  term  is 

(1  +  A.)  log  {(1  +  A.)  (1  +  A.)} 

(1 -f  A,)  (1  +  A,)  - 1         "'  "'^' 
whicli  is  equal   to 

logKl  +  AO(l  +  A.)} 
(1  +  A0(1  +  A,)-1  ^^  +  **'>  ^^' 

or,  what  is  the  same   thing, 

iog(r+A)  ^j  ^  ^^.  ^ . 

and  fonning  in   like   manner  the    expression   for   the    coeflBcient   of  t^z^  in    the  second 
*€nn,  this  is 

the  difference   of  the  two  expressions  therefore  vanishes  when  o  — /8  is  even,  which  is 
tne  above-mentioned  theorem.     It  would  be  easy  to  obtain  a  variety  of  similar  theorems. 

2,  SUme  Buildings,  W.C.,  June  29,  1859. 
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ON    CONTOUR    AND    SLOPE    LINES. 


[From  the  Philosophical  Magazine,  vol.  xviil.  (1859),  pp.  264 — 268.] 

It  is,  I  think,  interesting  as  a  question  of  topogi'aphy,  to  consider  the  general  con- 
figuration of  a  system  of  contour  lines  and  steepest  or  slope  lines  (lignes  de  niveau 
and  lignes  de  la  plus  grande  pente).  Imagine,  to  fix  the  ideas,  a  mountainous  island, 
the  exterior  or  sea-level  contour  line  being  consequently  a  closed  curve ;  the  case  where 
any  contour  line  is  a  curve  cutting  itself  is  an  important  one,  which  will  be  considered ; 
but  disregarding  it  for  the  moment,  and  excluding  (as  I  do  throughout)  a  curve  which 
cuts  itself  from  the  notion  of  a  closed  curve,  the  entire  contour  line  corresponding  to 
a  given  elevation  will  be  either  a  single  closed  curve,  or  it  will  consist  of  two  or 
more  separate  closed  curves,  in  the  latter  case  each  of  these  may  be  considered  as 
being  by  itself  a  contour  line,  and  we  may  therefore  say  that  the  contour  line  is  in 
general  a  closed  curve.  It  may  happen  that  the  elevation  of  a  given  contour  line  is 
a  maximum  or  minimum ;  in  other  words,  that  the  consecutive  curve  without  the 
given  contour  line  and  that  within  it  are  each  of  them  higher  or  each  of  them  lower 
than  the  given  contour  line;  but  this  is  a  speciality  which  need  not  be  particularly 
attended  to;  in  general  the  consecutive  curve  without  the  given  contour  line  will  be 
lower,  and  that  within  it  higher  than  the  given  contour  line,  in  which  case  the  tract 
bounded  hy  the  contour  line  is  an  elevation  (hill,  table-land,  or  mountain,  as  the  case 
may  be);  or  else  the  consecutive  curve  without  the  given  contour  line  is  higher,  and 
that  within  it  lower  than  the  given  contour  line;  in  which  case  the  tract  bounded  by 
the  contour  line  is  a  depression.  But  there  may  be  within  the  contour  line  bounding 
an  elevation,  spaces  lower  than  the  bounding  line,  and  within  the  contour  line  bounding 
a  depression,  spaces  higher  than  the  bounding  line.  A  depression  usually  contains 
water,  and  indeed  is  filled  so  as  to  overflow,  in  which  case  there  is  a  lake  with  an 
outlet;  if  the  depression  is  not  filled  to  overflowing,  the  lake  will  have  no  outlet.  The 
contour  line  bounding  an  elevation  may  become  indefinitely  small  and  ultimately  reduce 
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itself  to  a  point,  which   is  a  summit;   the   contour   line   bounding  a  depression   may  in 
like   manner   become  indefinitely   small,   and   ultimately   reduce   itself  to  a   point,   which 
is  what    I    call    an    immit,     A    summit    is    a  point   of    maximum    elevation   (though   of 
course   there   may  be   summits,  or  even   immits,  which   are  higher);  an  immit  is  a  point 
of  minimum   elevation.     But  there  are  besides,  as  at  the  heads  of  passes,  points  where 
the    surfieice    is    horizontal,    but    where    the    elevation    is    neither    a    maximum    nor    a 
minimum ;  you   descend   backwards  and   forwards,  but  ascend   right  and   left :   I  will  for 
the  present  purpose  call   this  kind  of  point  a  knot    And  this  leads  to  the  consideration 
of  a  contour  line  which   cuts   itself:    the   point   where   this  happens   is  in   fact  a  knot, 
or  geometrically  the   knot  is  a  node   or  double   point  on   the   contour  line.     It  may  be 
assumed   that  the   contour  line   through   a  knot  does  not  pass  through  any  other  knot; 
for  although  there  may  be  neighbouring  passes  of  precisely  the  same  elevation,  yet  the 
general  configuration   of  the   country   will   not  be   altered   by  giving  a  slight  difiference 
of  elevation  to  such  passes :    the  effect  of  this  alteration  is   to  distribute  among  contour 
lines  of  slightly  different   elevations  (one   to   each   line)  the   different  knots  which  would 
otherwise   occur  upon   one   and    the    same    contour    line.     The    contour   line    through    a 
taiot  cuts   itself  therefore   at   this  point   only:    such   contour  line  is   either  a  figure   of 
eight,  or  as   I  will   term   it,  an   ouUoop  curve;  or  else   it   is   the  figure   formed   by  the 
union  (so   as   to   give  rise   to  a  node   or    double    point)   of    two    closed   curves,   one    of 
which  lies   within   the   other  of  them ;   this  I   call  an   inloap  curve.     An   outloop   curve 
consists  of  two  loops;    the  spaces  within  these    may  also  be  spoken  of   as  the  loops. 
An  inloop  curve   consists   of  an  outer  and  an  inner   loop;   the   space  within   the  inner 
loop  may  be    spoken   of   as  the  inner  loop,   that  between   the  two  loops  as  the  lune. 
It  usually  happens,  and  to  fix  the  ideas  I  will  assume,  that   for  an  outloop   curve  each 
of  the  loops  is  an  elevation:   this  is  the   case   of  two  mountain   summits  connected  by 
a  ridge  or  col,   the   lowest    point  whereof,  or  head    of   the   pass,  is   the    knot   on    the 
outloop  contour   line   through   this  point.     And  in  like  manner,  that  for  an  inloop  curve 
the  lune  is  an   elevation,  the   inner   loop  a  depression ;  and   that   the   outer   loop,   con- 
sidered as  a  portion  of  the  contour  line,  is  higher  than  the  consecutive  exterior  contour 
line.    This  is  the  case   of  a  lake   having  an  outlet ;  if  the   lake   were  dry,  the  passage 
up  stream   into  the   bed   of  it  would   be   over  a  ridge,  col,  or  barrier,  the   lowest  point 
whereof,  or  point,  of  outlet  for  the  water  of  the  lake,  is  the  knot  on  the  inloop  con- 
tour line  passing  through   this  point,  the  shore  of  the   lake  being  of  course   the  inner 
loop  of  this  contour  line,  and  the  waters  being  retained  by  means  of  the  raised  ground 
^thin  the  lune  between  the  two  loops  of  the  contour  line. 

The  slope  lines  cut  at  right  angles  the  contour  lines;  and  this  property  applies 
^  to  the  projections  of  the  two  systems  of  lines;  so  that  the  two  systems  of  lines 
delmeated  in  piano  intersect  at  right  angles.  Consider  the  contour  lines  which  are 
closed  curves  surrounding  a  given  summit  or  immit;  the  exterior  contour  line  is  inter- 
^ted  at  each  of  its  points  by  a  slope  line;  and  all  these  slope  lines  must,  it  is 
clew,  intersect  all  the  interior  contour  lines,  and  ultimately  unite  at  the  interior  summit 
or  immit.  In  order  to  see  more  distinctly  the  form  of  the  system  of  slope  lines,  it 
^  to  be  noticed  that,  if  (as  is  in  general  the  case)  the  indicatrix  at  the  summit  or 
unmit  be  an   ellipse,  the  contour  lines   in  the  immediate  neighbourhood  thereof  will  be 
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a  system  of  similar  and  similarly  situated  concentric  ellipses,  the  major  and  minor  axes 
whereof  correspond  respectively  with  the  directions  of  least  and  greatest  curvature ;  the 
equation  of  any  orthogonal  trajectory  of  the  ellipses,  if  a,  b  are  the  semi-axes,  major 
and  minor,  of  any  one  of  them,  is  y^  =  Caf^* ;  and  unless  C  =  00 ,  the  curve  represented 
by  this  equation  touches  the  axis  of  x,  which  is  the  direction  of  least  curvature;  if 
however  (7  =  00 ,  then  the  equation  becomes  ar  =  0,  and  the  curve  touches  the  axis  of  y, 
which  is  the  direction  of  greatest  curvature.  Hence  in  general  at  a  summit  or  immit 
the  slope  curves  all,  except  one  (which  is  a  limiting  case)  touch  the  line  which  is 
the  direction  of  least  curvature.  The  only  exception  is  when  the  summit  or  immit  is 
an  umbilicus — the  indicatrix  is  then  a  circle ;  the  contour  lines  in  the  immediate 
neighbourhood  of  this  point  are  concentric  circles,  and  the  slope  lines  pass  in  all 
directions  through  the  summit  or  immit. 

The  indicatrix  at  a  knot  is  in  general  a  hyperbola,  and  consequently  the  contour 
lines  in  the  neighbourhood  of  a  knot  are  similar  and  similarly  situated  concentric 
hyperbolas;  and  if  a,  b  are  the  semi-axes  of  one  of  these  hyperbolas,  the  equation  of 
an  orthogonal  trajectory  is  af^y^  =  C:  and  when  this  passes  through  the  knot,  C  =  0; 
and  therefore  either  a?=0  or  else  y  =  0;  there  are  consequently  through  the  knot  only 
two  slope  lines,  which  bisect  the  angles  made  by  the  two  branches  of  the  contour 
line  and  intersect  each  other  at  right  angles.  The  slope  lines  through  a  knot  may  be 
termed  ridge  and  course  lines :  and  for  one  of  these — the  ridge  line — the  knot  is  a 
point  of  minimum  elevation;  for  the  other  of  them — the  course  line — the  knot  is  a 
point  of  maximum  elevation.  But  this  requires  some  further  development.  To  fix  the 
ideas,  consider  the  case  where  the  contour  line  is  an  outloop  curve,  the  loops  being 
each  of  them  elevations.  The  slope  line  through  the  knot,  and  which  lies  within  the 
two  loops,  would  be,  according  to  the  definition,  a  ridge  line.  Suppose  that  the 
contour  lines  within  one  of  the  loops  are  closed  curves  surrounding  a  summit,  the  ridge 
line  will,  it  is  clear,  cut  all  these  curves  and  ultimately  arrive  at  the  summit.  But 
if  the  contour  lines  within  the  loop  are  not  all  of  them  closed  curves;  if,  for  instance, 
they  are  first  closed  curves,  then  an  outloop  curve,  and  within  each  of  the  loops  of 
this,  closed  curves  surrounding  a  summit,  then  it  may  happen  that  the  above-mentioned 
ridge  line  will  pass  through  the  knot  of  the  inner  outloop  curve:  and  with  respect  to 
this  knot,  it  will  be,  not  a  ridge  line,  but  a  course  line ;  so  that  the  slope  line  in 
question  cannot  be  spoken  of  mnplidter  either  as  a  ridge  line  or  as  a  course  line, 
but  it  is  the  one  or  the  other  quoad  the  knot  in  reference  to  which  it  is  considered; 
and,  considered  by  itself,  it  can  only  be  spoken  of  as  a  ridge-or-course  line.  The  case 
just  referred  to  is,  however,  an  exceptional  one ;  in  general  the  slope  line  in  question 
would  not  pass  through  the  knot  of  the  inner  outloop  curve,  but  would  cut  one  of 
the  loops  of  this  curve,  and  then  cutting  all  the  contour  lines  within  such  loop,  arrive 
at  last  at  the  summit  within  such  loop.  And  when  the  ridge  line  has  once  arrived 
at  a  summit,  there  is  little  meaning  in  continuing  it  further,  and  it  may  be  con- 
sidered as  ending  there ;  in  fact  there  are  through  the  summit  an  infinity  of  slope 
lines,  all  of  them  (except  in  the  case  where  the  summit  is  an  umbilicus)  coincident 
in  direction  with  the  ridge  line,  and  consequently  the  ridge  line  may,  without  graphical 
discontinuity,  be    considered    as   proceeding  along  any   one   of  these    lines  indifferently ; 
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and  although,  when  the  surface  is  a  geometrical  one  capable  of  being  represented  by 

an    equation,  there  would  be   geometrically  one    of  these   slope   lines    which    could    be 

identified  as  the  continuation  of  the  ridge  line,  there  would  be  no  advantage  in  making 

this  identification.     Hence  it  may  be  considered    that  in   general   a   ridge    line   passes 

from    summit    to    summit,    through    a    single    intervening '  knot    which    is    a    point    of 

minimum  elevation  on  the  ridge  line;    and  in   like  manner,  that  in   general  a  course 

line   passes   from  immit   to   immit   through   a  single  intervening  knot  which  is   a  point 

of  mcurimum   elevation  on  the  course   line;   it  need  not  be  considered  as  an  exception 

when,  as  is  firequently  the  case,  the    course   line  arrives  at  the  sea-level  contour  line 

without   previously  reaching   an  immit.     It   is  to    be    noticed    that    a   ridge    line    or   a 

course  line  may  commence  and  terminate  at  one  and  the  same  summit  or  immit,  and 

±hu8  form  a  closed  curve. 

The  ridge  lines,  as  above  defined,  determine   the   watershed.     In    the    case    of   an 

isolated  conical  or  dome-shaped  mountain,  and  in  general   when   the  contour  lines  are 

fiAl  of  them  closed  curves,  there  is  no  definable  watershed;  but  in  the  case  of  a  chain 

of  mountain  summits,  the  watershed  runs   fi*om   summit   to  summit   through   the   heads 

of  the  passes  over  the  connecting  cols,  i.e.   it  is  made   up  of  a  series  of   ridge   lines 

each  extending  from  a  summit  to  a  summit   through  an  intervening  knot.    And   the 

course  lines  are,  as  nearly  as  may  be,   the  beds  of  the  streams  which  fiow  fix>m  the 

heads  of   the  passes  down   the    lateral    valle3rs.     The    ridge   line    and    the    course    line 

respectively  are,  I  believe,  the  so-called  ligne  de  faite  and  ligne  de  thalweg. 

2,  Stone  Buildings,  W.C.,  July  20,  1859. 
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ON    THE    ANALYTICAL    FORMS    CALLED    TREES.     Second    Pakt. 


[From  the  Philosophical  Magazine,  vol.  xviii.  (1859),  pp.  374 — 378.     Continuation  of  203.] 


The  following  class  of  "trees"  presented  itself  to  me  in  some  researches  relating 
to  functional  symbols :  viz.,  attending  only  to  the  terminal  knots,  the  trees  with  one 
knot,  two  knots,  three  knots,  and  four  knots  respectively  are  shown  in  the  figures 
1,  2,   3  and  4: 

Fig.  4. 


Fig.  1        Fig.  2. 


•  A 


Fig.  3. 


and  similarly   for   any   number  of    knots.     The   trees   with   four  knots   are    formed   first 
from   those   of    one   knot    by   attaching    thereto    in   every  possible   way  (one   way   only) 
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four  knotted  branches;  secondly,  from  those  with  two  knots  by  attaching  thereto  in 
e\ery  possible  way  (three  different  ways)  four  knotted  branches;  and  thirdly,  from 
those  with  three  knots  by  attaching  thereto  in  every  possible  way  (three  different  ways) 
four  knotted  branches, — the  original  knots  of  the  trees  of  one  knot  and  two  and  three 
biots,  being  no  longer  terminal  knots,  are  disregarded.  The  total  numbers  of  trees 
with  one  knot  and  with  two  and  three  knots  being  respectively  1,  1,  3 ;  the  total 
number  of  trees  with  four  knots  is  1 . 1  +  3 . 1  +  3 . 3  ==  13.  And  in  general,  if  the 
number  of  trees  with   m  knots  is   ^m,  then   it  is   easy  to  see   that   we  have 

A          jn      w~l  .o  .  ^-- 1  •^  — 2  .^  m  — 1   ./         -. 

^  =  <^1+  -^— <^2  + ^-^ <^3...+     ^—4>{m-l)\ 

or  what  is  the  same  thing, 


Hence  if 


2^  =  <^H-— —  <^2+ T-g <^3...+ — r — <^(m-l)+0m. 

t£  =  <^l  +  j<^2  +  ^02  +  .... 


we  obtam 


e*. 

w  = 

*1 

+ 

X 

(<^1  +  <^2) 

+ 

l.S 

j  (<^1  +  2^2  +  ^3) 

+ 

&c. 

= 

2<^1-1 

+ 

a?, 

.2<^2 

-1- . 

a? 

2^a 

1.2-^' 

&c. ; 


that  is, 
and  thence 


e*t^=2w-l, 
1 


w  = 


2-e*' 

which  gives  for  ^m  the  expression 


^  =  1 .  2  .  3  ...  (m  - 1)  coeff.  aS^^  in  STT^ » 


Mid  the  value   of    ^m   might   easily  be   obtained  in   an  explicit    form   in  terms   of  the 
differences  of  the  powers  of  zero.     The  values  of  ^m  are,  for 


m  =  l,     2,     3,       4,       5,         6,  7,  8,  &c. 

<^  =  1,     1,    3,    13,    75,    641,    4683,    47293. 
C.  IV. 
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In  the  foregoing  problem,  the  number  of  branches  descending  firom  a  non-terminal 
knot  is  one,  two,  or  more.  But  assume  that  the  number  of  branches  descending  from 
a  non-terminal  knot  is  always  two;  so  that  attending,  as  before,  only  to  the  terminal 
knots,  the  trees  with  two  knots,  three  knots,  four  knots  respectively  are  shown  in  the 
figures,  5,  6,  and  7. 


Fig.  6. 


A 


Fig.  6. 


Fig.  7. 


This  corresponds  to  the  following  problem  in  the  theory  of  symbols;  viz.  if 
A,  B,  C,  D,  &C.  are  symbols  capable  of  successive  binary  combinations,  but  do  not 
satisfy  the  associative  law,  what  is  the  number  of  the  different  significations  of  the 
ambiguous  expressions  ABC,  ABCD,  ABODE,  &c.  respectively  ?  For  instance,  AB  has 
only  one  meaning ;  ABC  may  mean  either  A .  BC  or  AB .  C,  In  like  manner  ABCD 
may  mean  A(B.CD),  or  AB,CD,  or  (AB.C)D,  or  {A.BC)D,  or  A(BC.D);  the 
numbers,  1,  2,  5  being  those  of  the  trees  in  the  last  three  figures  respectively;  and 
similarly  for  any  greater  number  of  symbols. 

Let  ^m  be  the  required  value  corresponding  to  the  number  m;  then  we  may  in 
any  manner  whatever  separate  the  number  m  into  two  p€ui»  m^  m",  and  then  com- 
bining inter  se  the  m'  knots  (or  symbols)  and  the  rnf'  knots  (or  symbols)  respectively, 
ultimately  combine  the  two  combinations;  hence  a  part  of  ^m  is  ^na'.^fm".  The 
assumed  definition  of  ^m  does  not  apply  to  the  case  m  =  l;  but  if  we  write  ^1  =  1, 
then  the  foregoing  consideration  shows  that  we  have 

0m  =      010  (m  —  1) 
+  020  (m  -  2) 


-h0(m-l)01; 


from  which  it  is  easy  to  calculate 


01  =  1,  </>2=l,  03  =  2,  04-5,  05  =  14,  06  =  42,  07=132,  &c. 
But  to  obtain  the  law,  consider  the  generating  function 


u  =  01+        a:02  + 


a^03  +  &c. ; 


we  have 


u«  =  01  01  +  a;(01  02  +  02  01)  +a;«  (01  03  +  02  02+03  01)  +  &c., 


which   is 


=  02  +       a?03  + 


a:«04  +  &c  ; 
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and  we  have  therefore 

am*  =s  w  —  1, 
and  consequently 

l-Vl-4a? 

^  = 2^— • 

But 

=  l-ac-ar»-4a;»-10ic*  +  &c., 
and  therefore 

1  —  Vl    —  AtfT 

zx 

the  series  of  coefficients  1,  1,  2,  5,  &c.  agreeing  with  the   values  already   found.     The 
expression  for  the  general  term  is  at  once  seen  to  be 

-         1.3.5...  2m  —  3  rt«.  t 
^  1 .2.3  ...  m 

which   is  a  remarkably  simple   form. 

2,  iSfoww  Buildings,  W.C.,  June  9,  1859. 
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SKETCH    OF    A    PROOF    OF    THE    THEOREM    THAT    EVERY 

ALGEBRAIC    EQUATION    HAS    A    ROOT. 

[From  the  Philosophical  Magazine,  vol.  xvni.  (1859),  pp.  436 — 439.] 

I  HAVE  referred  to  the  theorem  as  usually  stated;  for  it  is  an  easy  consequence 
of  the  existence  of  a  single  root  of  an  equation  of  any  order,  that  for  an  equation  of 
the  nth  order  there  are  n  roots :  the  proof  here  proposed  goes,  however,  to  show 
directly  the  existence  of  the  n  roots:  it  is  in  form  a  geometrical  one,  and  was 
suggested  to  me  some  months  ago  by  a  letter  from  Prof.  De  Morgan,  containing  the 
remark  made  in  his  memoir,  "A  Proof  of  the  Existence  of  a  Root  in  every  Algebraic 
Equation,"  &c.  (Camb.  Phil.  Trans,  vol  X.  1858),  viz.  "that  the  curves  P  =  0,  Q=0, 
the  intersections  whereof  determine  the  root-points,  are  such  that  two  branches,  one 
of  each  curve,  cannot  enclose  a  space."  The  proof  which  occurred  to  me  was  in 
character  somewhat  similar  to  that  given  by  the  Astronomer  Royal  in  the  paper, 
"Suggestion  of  a  Proof  of  the  Theorem  that  every  Algebraic  Equation  has  a  Root" 
(Camb.  PhU.  Trans,  vol.  x.  1858),  and  which  was  suggested  to  him  by  Prof  De  Morgan's 
memoir.  I  have  since  varied  my  proof  by  considering  therein  cones  in  the  place  of 
plane  curves.  It  will  be  obvious,  upon  reading  it,  that  the  proof  is  closely  connected 
with  Cauch/s  well-known  theorem  for  the  number  of  roots  within  a  given  circuit; 
the  circuit  being  in  this  case  infinity,  and  the  number  of  roots  included  within  it 
consequently  equal  to  the  order  of  the  equation. 

The  curve  represented  by  an  equation  of  the  nth  degree  between  the  coordinates 
(ao,  y)  is  by  definition  a  curve  of  the  nth  order ;  and  a  cone  standing  on  any  such 
curve  (taking  the  vertex  for  origin)  is  represented  by  a  homogeneous  equation  of  the 
nth  degree  between  the  coordinates  (a?,  y,  z\  and  is  by  definition  a  cone  of  the  nth 
order.  It  is  very  easy  to  show  that  an  equation  of  the  nth  degree  cannot  have  more 
than  n  roots;  and  we   have  thence   the  geometrical   theorems,  that  a  curve  of  the  nth 
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where  ^  is  a  rational  and  integral  function  of  u  with  (in  general)  imaginary  coefficients, 
and  write 

^(a?+yV^  =  P  +  0\^^ri, 

P,  Q  being  real  functions  of  (x,  y),  each  of  them  of  the  degree  n;  if  (a?,  y)  are 
rectangular  coordinates,  then  P^O,  Q  =  0  are  real  curves  each  of  the  order  n.  And 
to  each  point  of  intersection  of  the  two  curves  there  corresponds  a  root  of  the 
equation.  The  two  curves  do  not  intersect  in  more  than  n  points  (for  if  they  did, 
the  equation  ^  =  0  would  have  more  than  n  roots);  hence  if  it  be  shown  that  the 
two  curves  intersect  in  at  least  n  points,  they  will  intersect  in  precisely  n  points,  and 
the  equation  will  have  n  roots.  Take  any  point  as  the  common  vertex  of  two  cones 
standing  upon  the  curves  P  =  0,  Q  » 0  respectively ;  each  point  of  intersection  of  the 
two  curves  corresponds  to  a  line  of  intersection  of  the  two  cones,  and  it  is  only 
necessary  to  show  that  the  two  cones  intersect  in  at  least  n  lines  Take  for  the 
vertex  a  point  in  the  perpendicular  at  the  origin  of  (x,  y)  to  the  plane  of  the  two 
curves,  and  at  a  distance  unity  from  such  origin,  viz.  a  point  such  that,  treating  it 
as  the  origin  of  the  coordinates  {x,  y,  z),  the  coordinates  in  respect  thereto  of  the  origin 
(Xf   y)  are  ^  =  0,  y  =  0,   z^\.     The  equations  of  the  cones  are  at   once  deduced   from 

those  of  the  curves  by  writing  therein  f-,  ^\  in  the  place  of  (a?,   y)  and,  to  render 

the  equation  integral,  multiplying  by  z^\  or  if  P'  =  0,  Q'  =  0  are  the  equations  of  the 
cones,  we  have 


^»(^+y/-^)=F+<yv-ri. 


Cionsider  the  section  by  the  plane  through  the  vertex  parallel  to  the  plane  of  the 
two  curves :    the  equation  of  this  plane   is  ^  =  0 ;    and  it  is  clear  that,  to  obtain  the 

) 

to  disregard  all  the  terms  after  the  first.    Suppose  that 

^u  =  (a  +  6  V^l)  i/*»  +  &c. ; 
then  putting 

(a  +  6V^)(a?  +  yV^)«  =  Po'  +  Qo'^^■^, 

the    equations  Po'  =  0,  Qo'  =  0  determine  the  intersections  of   the  plane  ^  =  0   with  the 
cones  P  =  0,  Q  =  0  respectively.     But  writing 

a  +  ftV  —  l=-4  (cos  a  +  V  —  1  sin  a), 

X  +y  V  -1  =  r  (cos  5  +  V  -  1  sin  0), 

we  have 

At^  {cos  {n0  +  a)  +  V^^  sin  (n0  +  «)}  =  Po  +  Qo  ^^"^ , 
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SO  that 

Po'  =  Ar^  cos  {nd  +  a),     Qo'  =  Ar^  sin  {nd  +  a), 

or  the   intersections    with   the  cone   P  =  0  are   the   n  lines  given    in  direction    by  the 
equation 

nd  +  a  =  (m  +  i)  TT, 

and  the  intersections  with  the  cone   Q  =  0  are  the  n  lines  given   in   direction  by  the 

equation 

nd  +  a  =  mir ; 

in  each   of   which  equations   m  \a  any  integer  number   from    0    to    n  —  1.     Hence  the 
plane  ^=0  meets  the  cones  in  two  sets  of  lines  succeeding  each  other  alternately,  as 

i^uired  by  the  lemma,  and  the  two  cones  intersect  in  at    least   n    linea    And  it  is 

thus  shown  that  the  given  equation  of  the  nth  degree  has  n  roots. 

2,  Stme  Buildings,  W.C,  September  26,  1859. 
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NOTE    ON    CONES    OF    THE    THIRD    ORDER. 


[From  the  Philosophical  Magazine,  vol.  xviii.  (1859),  pp.  439 — 442.] 

The  distinction  adverted  to  in  the  preceding  paper  between  the  twin-pair  sheets  and 
single  sheets  of  an  algebraic  cone  is  made  (with  respect  to  spherical  curves,  which  is  the 
same  thing)  by  Mobius,  in  the  interesting  Memoir  '*  Ueber  die  Grundformen  der  Linien 
der  dritten  Ordnung,"  Abh.  der  K.  Sachs,  Ges.  zu  Leipzig,  voL  i.  (1849)  [and  Werke, 
vol.  II.  pp.  86 — 176].  Consider  the  generating  line  POP'  of  a  cone,  vertex  0,  and  let 
pOp'  be  any  position  of  this  line,  the  points  P,  P',  and  in  like  manner  the  points  p,  p\ 
being  on  opposite  sides  of  the  vertex ;  then  if  OP  originally  coincides  with  Op  (and 
therefore  OP  with  Op'\  and  if,  in  the  course  of  the  generation  of  the  surface,  OP 
(without  having  first  come  to  coincide  with  Op)  comes  to  coincide  with  Op,  at  the  same 
time  OP*  (without  having  first  come  to  coincide  with  Op)  will  come  to  coincide  with  Op\ 
and  we  have  a  twin-pair  sheet,  viz.  one  twin-sheet  generated  by  OP,  and  the  other  twin- 
sheet  generated  by  OP*.  This  is  the  ordinary  case  of  a  cone  of  the  second  order,  and 
requires  no  further  explanation.  It  is  proper  to  remark  that,  for  cones  of  superior  orders, 
the  conical  angle  of  each  twin-sheet  is  not  (as  for  a  cone  of  the  second  order)  necessarily 
less  than  360°.  But  suppose  that  OP,  starting  from  the  position  Op,  and  before  it 
again  comes  to  coincide  therewith,  comes  to  coincide  with  Op\  then  at  the  same  time 
OP"  (without  having  first  come  again  to  coincide  with  Op)  will  come  to  coincide  with 
Op]  the  generation  is  here  complete,  and  we  have  a  single  sheet,  which,  if  the  motion 
were  continued  until  OP  came  to  coincide  with  Op,  would  only  be  generated  over 
again.  The  conical  angle  of  a  single  sheet  is  necessarily  greater  than  360° ;  for  OP 
in  coming  to  coincide  with  Op*  must  describe  an  angle  greater  than  180°,  and  OP 
describing  an  equal  angle,  the  entire  angle  is  therefore  greater  than  360° ;  in  the 
limiting  case,  where  the  entire  angle  is  precisely  360°,  the  conical  surface  is  a  plane. 
It  is  easy  to  cut  out  in  paper  and  join  together  two  sectors  of  a  circle  so  as  to  form 
therewith  a   sector  the   angle  whereof  exceeds   360°;  such   a  sector  can  then,  by  joining 


122  NOTE  ON   00NE8   OF  THE   THIRD   ORDER.  [249 

where  there  is  a  nodal  line,  there  is  but  one  line  of  inflexion ;  and  in  the  form  (5), 

where   there   is   a   cuspidal    line,   there    is   not    any   line    of   inflexion :    the   equivalent 

theorem  for  the  spherical  curves  is  given  by  Mobius(*).     It  was  remarked  long  ago  by 

Sir  I.   Newton,  that  all   curves  of  the   third  order  could  be  generated  as  the  shadows 

of  the  five  cubical    parabolas;    these  are,  in   fact,  sections  in  a  particular    manner    of 

the  above-mentioned    five    forms   of   cones   of   the   third    order:    the   existence    of    five 

essentially  distinct  forms  of  cones  of  the  third  order  is  noticed  by  M.   Chasles  in  the 

Aperfu  Historique,   1837.     The   analytical   distinction    between   the    forms   (1)    and  (2) 

64<S^ 
depends  on  the  sign  of  the   function   1  — =^ ,  where  S,  T  are  the  quartinvariant  and 

sextinvariant  of  the  cubic  form.  I  annex  stereoscopic  representations  of  the  cones  of 
the  third  order  of  the  general  form  (1),  and  of  the  form  with  a  nodal  line  (3).  The 
generating  lines  are  finite  lines  of  equal  length,  and  the  curved  contours  shown  in  the 
figures  are  consequently  the  spherical  curves  which  are  the  intersections  of  the  cones 
by  concentric  spheres  The  figures  are  intended  to  be  looked  at  with  the  glasses  of 
a  Reeves's  book  stereoscope. 

1  It  is  hardly  neoessary  to  mention  that,  according  to  the  general  theory  of  cones  of  the  third  order, 
there  are  always  nine  lines  of  inflexion, — ^three  real  and  six  imaginary.  Six  of  the  lines  of  inflexion  disappear 
when  there  is  a  doable  line,  vis.,  in  the  case  of  a  nodal  line,  two  real  and  foor  imaginary  lines  of  inflexion ; 
but  in  the  case  of  an  isolated  line,  the  six  imaginary  lines  of  inflexion.  When  there  is  a  cuspidal  line, 
eight  lines  of  inflexion,  viz.  two  real  lines  and  the  six  imaginary  lines,  disappear. 

2,  Stone  Buildings,  W.C,  September  26,  1859. 
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sun  LA  SURFACE  QUI  EST  UENVELOPPE  DES  PLANS  CON- 
DUITS PAR  LES  POINTS  D'UN  ELLIPSOIDE  PERPENDICU- 
LAIREMENT    AUX    RAYONS    MENES    PAR    LE    CENTRE. 


[From  the  AnncUi  di  Matematica  pura  ed  appliccUa  (Tortolini),  torn.  il.  (1859), 

pp.  3—14.] 

liA    consideration  de  la    surface    dont  il  s'agit  me    fut    sugg^r^,  il  y  a  quelques 

ann^es  par  le  Prof.   Stokes,   mais  il   convient  de   remarquer    que    la    courbe    enveloppe 

des    droites  menses  par  les  points  d'une    ellipse    perpendiculaires    aux    rayons    conduits 

par     le   centre,   est   mentionn^e    en    passant    dans   le    m^moire    de    M.   Tortolini   "SuUe 

relazioni   ec."  AnnaM,  tom.    vi.    pp.   433 — 446,   1856    (voir   p.    461),  oh   il    trouve    que 

I'^uation  de  la  courbe  est 

[4(a*  +  6*  -  a«6«)  -  3(a«a;"  +  6y)? 

=  [9a«  (26«  -  a«)  aj«  +  96«  (2a«  -  fc«)  y»  -  4  (a«  +  6«)  (2a»  -  6«)  (26«  -  a«)]», 

^uation  qui  ^tait  trouv^e  en  ^galant  k  z4to  le  discriminant  d'une  fonction  quadratique. 
I'Wteur  remarque  que  cette  Ajuation  fut  trouv^e  par  lui  en  1846  dans  la  Raccolta 
^^ntifica  di  Roma,  et  il  remarque  que  la  courbe  est  connue  sous  le  nom  de  la 
courbe  de  Talbot. 

Selon  ma  m^thode  T^uation  de  la  courbe  est  trouv^e  en  ^galant  k  ziro  le 
QJscriminant  d'une  fonction  cubique,  et  T^quation  de  la  surface  est  trouv^e  en  ^galant 
*  z^ro  le  discriminant  d'une  fonction  biquadratique.  Comme  on  a  besoin  de  la  courbe 
P^^^  la  discussion  de  la  surface,  je  commence  par  la  consideration  de  la  courbe. 

On  voit  sans  peine  qu'en  s'imaginant  un  cercle  pajssant  par  le  centre  de  Tellipse 
et  touchant  Tellipse  k  Tun  quelconque  de  ses  points,  le  point  correspondant  de  la  courbe 
^  situ^  k  Textremite  du   diam^tre  du   cercle,  lequel   diamfetre  passe  par  le  centre  de 

16—2 
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Tellipse,  ou  ce  qui  est  la  mSme  chose  (prenant  pour  origine  le  centre  de  Tellipse)  les 
coordonn^es  du  point  de  la  courbe  sont  respectivement  les  doubles  des  coordonn^  da 
centre  du  cercle.  Prenez  X,  Y  pour  les  coordonn^es  du  point  de  Tellipse,  et  x,  y 
pour  celles  du  point  de  la  courbe,  T^uation  de  Tellipse  sera 

et,  de  la  construction  g^om^trique  dont  je  viens  de  parler,  on  obtient  sans  peine 


X 


=  X(2-^,(Z'+F»)),       y=F(2-i(Jf»+P)) 


lesquelles  sont  les  expressions  de  x,  y  en  X,  Y. 


Ces  expressions  font  voir  que   les  points  selon  lesquels  Tellipse  est  coup^   par  le 
e  JT*  +  y*  =  2a*  (c'est-Jrdire  les  points 


cercle 

(6«-a«)Z«  =  a*(6>-2a«),        (6« - a»)  y*  =  a«6», 

courbe  des  points  doubles 
meme    les    points    selon 
'est-ii-dire   les  points 

(a»-6«)Z»  =  a»fe«,        (a*-.fe«)P  =  6«(a»-2fe«), 

qui  sont  des  points  r^ls  de  Tellipse  en  supposant  a'>2&')  donnent  pour  la  courbe 
des  points  doubles  sur  Taxe  des  X.  Les  coordonn^  de  ces  points  doubles  sont  don- 
n^  par  a*a^  =  46*  (a*  —  6"),  y*  =  0,  et  elles  sont  ainsi  relies,  soit  pour  a"  <  26*,  soit  pour 
a^  >  26*,  mais  dans  le  premier  cas  les  points  doubles  sont  des  points  conjugu^ 

En  formant  les  ^nations 

dx==(2-^^ (3Z»  +  P))  dX  -  ^^^^=  ^' 

dy^  -^d^+(2-^(Z»  +  3F»))dF=0, 

et  en  ^liminant  dX,  c2F,  on  obtient  T^quation 

(2  -^,(3X»+  F'))(2  -^.(X'  +  3F'))-^  =  0. 
laquelle  au  moyen  de  T^uation  de  Tellipse  se  rdduit  k 


-2(Z'+P)(l+^)  +  3(Z.+  F.).-^  =  0. 
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en  dedans  de  Tellipse  (ce  point  est  Tintersection  de  deux  branches  de  la  courbe,  et 
ainsi  un  point  double),  et  enfin  la  courbe  arrive  k  rextrdmit^  de  Taxe  mineur  oh  elle 
se  r^unit  avec  la  branche  situ^  de  Tautre  cdtd  de  Taxe  mineur;  la  construction 
g^m^trique  par  points  donne  le  moyen  de  tracer  la  courbe  avec  exactitude;  et  dans 
le  cas  a*  >  26*  on  pourrait  aussi  par  les  valeurs  ci-devant  donn^  pour  les  coordonnees 
construire  les  points  doubles,  et  les  points  de  rebroussement.  Pour  trouver  T^uation 
de  la  courbe  il  faut  ^iminer  X,  Y  entre  T^uation  de  Tellipse,  et  les  ^nations  trouv^ 
pour  Xy  y ;  pour  fidre  cela  j'Aais  X*  +  F*  =  d,  on  a 


.-X(2-?).        ,-F(2-g, 


et  r&iuation  X*  +  P  =  ^  et  I'&iuation  de  Tellipse  donnent  alors 

^_        g*  y*  -_  a^  y* 

entre  lesquelles  il  &ut  ^liminer  d\  en  multipliant  la  premiere  ^nation  par  2,  et  la 
seconde  ^nation  par  —  0  et  en  ajoutant,  on  trouve 

a*  6* 

et  la  seconde  Equation  est  T&juation  d^riv^e  de  celle-ci  par  rapport  k  0]  c'est-ir-dire 
r^uation  de  la  courbe  sera  trouvde  en  ^liminant  0  entre  cette  Ajuation  et  sa  d&iv^ 
par  rapport  k  0:  en  ^cartant  les  d^nominateurs,  T^uation  devient 

et  le  discriminant  de  cette  fonction  cubique  de  0,  ^gal6  k  z<^ro  donne  T^uation  de 
la  courbe. 

Je  repr^sente  la  fonction  cubique  par 

(il.  B,  C.  DJtd,  \f, 
de  mani^  que 

^  =  1, 

i)  =  -2a»6»(a^  +  j^). 

En  repr&entant  le  discriminant  par  D,  dans  le  cas  actuel  oil  -4=1,  il  sera  convenable 
de  se  servir  de  la  forme 

il'D  =  4  (ilC  -  5*)» -  (3il5C  -  il'D  -  2£»)»  =  0  ; 
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Von  a 

ilD  -  5(7  =  I  [(a»  -  86»)  a^ar' +  (6=  -  8a')  6»y«  +  4  (a^  +  6")  a*], 

BD-CP  ==-.i[aV  +  2a«6«a^y»  +  6y-4(a«  +  36»)a*;»»-4(i»  +  3a*)a%*+16a*6*], 

et  de  14 

SABC  -  A^D -  25»  =  25  (AC^  B')-A  (AD  - 5C) 

=  - 1^  [9  (a«  -  26«)  a«ar»  +  9  (fe«  -  2a«)  6"y»  -  8a«  +  12a^6»  +  12a^b'  -  8i«], 

et  r^uation  de  la  courbe  est  ainsi  trouvee  sous  la  forme 

(3a2ar' +  36y -.  4a*  +  4a'fr' -  46*)» 

+  [9  (a»  -  2fr')  a'ar' +  9  (&•  -  2a»)  6y  -  8a«  +  12a*6"  +  12a'6*  -  86«]«  =  0 

laquelle  est  en  eflfet  la  forme  ci-devant  mentionn^e;  j'ajoute  que  Ton  trouverait  les 
expressions  dijk  donn^es  pour  les  coordonn^es  des  points  de  rebroussement  en  ^galant 
k  z^ro  les  deux  fonctions  quadratiques  qui  entrent  dans  T^uation. 

Je  considfere  k  present  la  surface  qui  est  I'enveloppe  des  plans  men^  par  les  points 

d'un     ellipsoide  perpendiculairement  aux  rayons  conduits   par  le   centre.     En  s'imaginant 

une    sphere  qui  passe   par  le  centre  de  TellipsoXde  et  touche  Tellipsoide  dans  Tun  quel- 

conque  de   ses   points,   le    point    correspondant    de    la    surface    sera   k    Textr^mitd    d'un 

dianafetre  de  la  sphere,  lequel  diamfetre  passe  par   le  centre  de  rellipsoi'de :   ou   ce  qui 

est   la  mdme  chose   (prenant  le  centre   de  I'ellipsoide   pour  origine)  les  coordonn^es  du 

point  de  la  surface  sont    respectivement   les  doubles   des    coordonn^es  du  centre  de   la 

sTP^ifere.    Prenez  X,  F,  Z  pour  les  coordonn^s  du  point  de  rellipsoide,  et  x,  y,  z  pour 

les  Goordonn^  du  point  de  la  surface,  T^quation  de  rellipso'ide  sera 

a»  ■*■  6»  ■*■  c«  "   ' 
et  la  construction  qui  vient  d'etre  mentionn^e  donne 

^=-yr2-i(Z>+P  +  ^)l,    y=Fr2-J(Z«+P  +  Z«)l,     ^  =  ^[2- J(Z»+ P  +  ^)l , 

pour  les  expressions  de  x,  y,  z  en  fonction  de  X,  Y,  Z. 

La  discussion  de  la  sur&ce  pent  Stre  effectude  au  moyen  de  ces  expressions.  II 
y  ^  un  assez  grand  nombre  de  diflP^rentes  formes  de  la  surface ;  mais  le  seul  cas  que 
je  vais  consid^rer  (lequel  apparemment  est  celui  qui  prdsente  le  plus  grand  nombre 
des  smgularitds  r^elles)  est  le  cas  oil  a'  >  26*,  6*  >  2c* ;  en  eflfet  dans  ce  cas,  les  courbes 
dtt  sixifeme  ordre,  ou  sextiques,  correspondantes  aux  sections  principales  de  rellipsoi'de 
ont  chacune  des  points  doubles  et  des  points  de  rebroussement. 
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Les  courbes  selon  lesquelles  rellipsoide  est  coup^  par  lea  sphferes  concentriques 
Z«+P  +  Z*  =  2a»,        Z*+P  +  Z*=2fr',        Z«+P  +  Z«  =  c«, 

donnent  lieu  dans  la  surface  k  des  courbes  noddies  (courbes  doubles)  dans  les  plans 
yz,  zx,  ooy  respectivement.  La  premifere  de  ces  courbes  d'intersection,  et  la  courbe 
nodale  dans  le  plan  de  zy  qui  y  correspond,  sonb  Tune  et  Tautre  imaginaires :  les  deux 
autres  courbes  d'intersection,  et  les  courbes  nodales  dans  les  plans  de  zx  et  xy  qui  y 
correspondent,  sont  relies;  la  courbe  selon  laquelle  rellipsoide  est  coup^  par  la  sphere 

Z»+P  +  2:^  =  26«, 

laquelle  courbe  est  une  esp^ce  d'ovale  autour  de  Textr^mitd  de  I'axe  le  plus  grand 
de  Tellipsoide  (il  va  sans  dire  que  les  ovales  dont  je  parle  sont  des  courbes  k  double 
courbure),  cette  courbe  d'intersection,  je  dis,  donne  lieu  k  une  courbe  nodale  hyperbolique 
sur  le^plan  de  ZX,     Pour  en  trouver  Tdquation  on  a 

^  Y^      "F«      Z* 


.=  2Z(l-^,).         y  =  0,        .  =  2Z(l-5). 


et  de  Ik,  en  ^liminant  X,  Y,  Z,  on  trouve 


4*«(a«-6«)     4fe«(6»-c«) 


=  1 


pour  r^uation  de  la  courbe  nodale  hyperbolique  dans  le  plan  de  .^or;  on  s'assure  sans 
peine  que  cette  courbe  passe  par  les  points  doubles  de  la  courbe  sextique  dans  le 
plan  de  xy. 

De  mfime  la  courbe  selon  laquelle  rellipsoide  est  coup^  par  le  sphere 

laquelle   courbe   est    une    espfece    d'ovale    autour  de    Textr^mitd    de    Taxe   le   plus   petit, 

donne  lieu  k  une   courbe   nodale  elliptique   dans  le  plan   de  ocy,  et  Ton  a  d'une  mani^re 

semblable 

a'a^  fry       _ 


+ 


4c»(a«-c»)     4c»(i»-c») 

pour  r&juation  de  cette  courbe  nodale  elliptique  dans  le  plan  de  xy\  cette  courbe 
passe  par  les  points  doubles  des  courbes  sextiques  dans  les  plans  de  yz  et  zy  respec- 
tivement. La  section  de  la  surface  par  un  plan  principal  de  rellipsoide  est  compost 
de  la  courbe  sextique  donn^e  par  la  section  principale  de  Tellipsoide  et  de  la  courbe 
nodale  (ellipse  hyperbole,  ou  conique  imaginaire)  consid^ree  comme  deux  coniques  coin- 
cidentes;  les  sections  principales  de  la  surface  sont  ainsi  des  courbes  de  Tordre  10,  et 
(ce  qui  sera  montr^  plus  complfetement  dans  la  suite)  la  surface  elle-m^me  est  de 
Tordre  10. 
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A  pr^nt  je   vais    chercher  la  courbe    sur    Tellipsoide    laquelle  donne    lieu   k  une 

courbe    cuspidale  (courbe    de    rebroussement)   sur    la  surface.      Pour  cela   je    forme    les 
^uations: 

=  I2 -  \{ZX^  +  P+ 2r4 dX                            -  —JdY  -  ^lldZ^O, 

[a*                          J                                            a*  a« 


dor 


dy  =  -^-^dZ+|2-^,(X=  +  3P+^) 


dF  -  ^^dZ=0, 


et    en  dliminant  dX,  dF,  dZ  et   reduisant  au   moyen    de    I'dquation    de    rellipsoide   on 
trouve 

laquelle  est   r^uation  d'une  surface   du   quatrifeme   ordre   qui   coupe    Tellipsoide  suivant 

une     courbe    qui    donne    lieu  h»  une    courbe    cuspidale    sur    la   surface.     La    courbe   sur 

Vellipsoide  rencontre  chacune  des  sections   principales  dans  les  points  qui  donnent  lieu  k 

\a  courbe  sextique  qui    correspond   k    la    section    principale,   et    dans    les    points    selon 

lesquels  la  section   principale   est  couple   par  la  courbe   qui   donne    lieu    k   une    courbe 

nodale:  ainsi   les  points  d'intersection  de   la  sur&ce  du  quatri^me  ordre  avec  la  section 

principale 

sont  les  points  d'intersection  de  cette  ellipse  avec  les  courbes 

X»  +  J2r«=§(a«+c'')  et  X^^-^^Wy 
lesqueb  points  sont  r^ls;  les  points  d'intersection  avec  la  section  principale 

sont  les  points  d'intersection  de  cette  ellipse  avec  le  cercle 

P  +  2:^  =  f(6«  +  c»), 
leaquels  points  sont  r^ls,  et  avec  le  cercle 

P  +  2:^  =  2a«, 

lesquels  points  sont  imaginaires ;   les  points  d'intersection  avec  la  section  principale 

1  +  ^  =  1' ^=0' 

8oot  les  points  d'intersection  de  cette  ellipse  avec  le  cercle 

Z»  +  F' =  f(a' +  6«), 


C.  IV. 
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lesquels  points  sont  r^ls,  et  avec  le  cercle 

leequels  points  sont  imaginaires.  La  courbe  sur  rellipsoi'de  qui  donne  lieu  k  la  courbe 
cuspidale  rencontre  les  courbes  sur  rellipso'ide  qui  donnent  lieu  aux  courbes  nodales, 
seulement  dans  les  points  oil  ces  demi^res  courbes  sont  rencontr^  par  les  sections 
principales  respectivement ;  et  les  points  oil  cela  arrive  sont  des  points  de  contact  des 
courbes  dont  il  s'agit;  les  seuls  points  r^els  de  contact  sont  les  points  od  la  section 
principale 

est  coup^  par  le  cercle  Z*  +  ^  =  26".  Pour  fixer  les  id^  je  suppose  a?  +  6"  >  36",  on  a 
alors  26"  <  J  (a* +  6")  et  les  points  dont  je  viens  de  parler  sont  situ^  plus  prfes  des 
extremitds  de  I'axe  le  plus  petit  que  ne  sont  les  points  oh.  cette  mSme  ellipse  es( 
couple  par  le  cercle 

Z"  +  2:^  =  J(a"  +  c«). 

La  courbe  sur  rellipsoide  que  donne  lieu  k  la  courbe  cuspidale  est  compos^e  de  deux 
paires  d'ovales:  les  ovales  de  Tune  de  ces  paires  sont  situ&  autour  des  extr^mit^s 
de  I'axe  le  plus  petit,  et  les  ovales  de  Tautre  paire  autour  des  extr^mit^  de  Taxe 
le  plus  grand;  et  par  la  remarque  d4jk  faite,  les  ovales  de  la  premiere  paire  touchent  la 
courbe  sur  Tellipsoide  qui  donnent  lieu  a  la  courbe  hyperbolique  nodale,  les  coordonn^ 
des  points  de  contact  ^tant  donn^  par 

Z«     Z* 

^  +  ^  =  1,  X"+F"  =  26«,  F=0, 

les  coordonndes  des  points  correspondants  sur  la  surface  sont  donn^es  par 

4  (o"  -  6")  (26"  -  c")  ,_4(6"-c")(a"--26") 

^^         a»(a»-c")         •  ^  "        d'ia^^d') 

Nous  avons  jusqu'ici  parl^  de  la  courbe  nodale  hjrperbolique  comme  ^tant  une 
hyperbole  complfete,  mais  il  convient  de  remarquer  que  la  courbe  r^Ue  entifere  sur 
rellipsoi'de  ne  donne  lieu  qu'li.  des  parties  finies  de  cette  hyperbole,  savoir  les  parties 
finies  comprises  entre  les  points  dont  je  viens  de  donner  les  coordonnfes,  et  que  pour  ces 
parties  de  Thj^perbole  la  courbe  nodale  est  une  courbe  nodale  proprement  dite,  savoir 
il  y  a  pour  ces  parties  deux  nappes  r^elles,  mais  pour  les  autres  parties  de  Thyperbole 
il  n'y  a  aucune  nappe  r^elle  de  la  surface,  ou  autrement  dit,  la  courbe  nodale  est 
une  courbe  conjugu^ :  les  points  dont  il  s'agit  (lesquels  pour  plus  de  commodity  je 
vais  appeler  les  points  Gritiqties^)  seront  ^videmment  des  points  cuspidaux  sur  la  courbe 
nodale  (c'est-li.-dire  des  points  oil  les  deux  plans  tangents  deviennent  identiques). 
Mais  ces    points  sont  ici  des  points    d'une  singularity   plus  ^lev^e,  savoir  ils   sont  des 

1  Dans  le  m^moire  anglais  j'ai  dit  "points  of  cesser"  oe  qni  ^tait  un  terme  pins  expressif.    A.  C. 
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points  de  rebroussement  sur  la  courbe  cuspidale,  et  de  plus  la  courbe  nodale  hyper- 
bolique,  la  courbe  cuspidate,  et  la  courbe  sextique  dans  le  plan  zx  ont  k  chacun  de 
ces  points  une  tangente  commune.  Car,  comme  je  Tai  auparavant  mentionnd,  les 
courbes  sur  rellipsoi'de  qui  donnent  lieu  k  la  courbe  nodale  hyperbolique  et  la  courbe 
cuspidale  respectivement,  se  touchent  Tune  Tautre  aux  points  qui  donnent  lieu  aux 
points  critiques;  de  Ik  il  suit  que  la  courbe  nodale  hyperbolique  et  la  courbe  cuspidale 
se  touchent  Tune  Fautre  aux  points  critiques,  et  par  cela  seulement  que  la  tangente 
de  la  courbe  cuspidale  est,  k  Tun  quelconque  des  points  critiques,  dans  le  plan  de  zx, 
(puisque  la  courbe  cuspidale  est  symdtrique  par  rapport  k  ce  plan)  on  voit  que  le 
point;  critique  sera  un  point  de  rebroussement  sur  la  courbe  cuspidale.  II  ne  reste 
qu'^  montrer  que  la  courbe  nodale  hyperbolique  et  la  courbe  sextique  ont  une 
tangente  commune  au  point  critique.  La  tangente  de  la  courbe  nodale  hyperbolique 
est     <3onn^   par   Tdquation 

a^x  dx     (fz  dz  _^ 

oh 


et 


a 


c'est-k-dire  que  Ton  a 


^=?<«'-^')'     ^=-^(^-'^) 


^t    I'Ajuation  devient  ainsi  Xdx  +  Zdz  =  0,  ce  qui  fait  voir  que  la  tangente  est  perpen- 

diculaire    au    rayon    men^    par    le    centre    de    rellipsoi'de    au    point  qui    donne   lieu   au 

point   critique,    et    ainsi    la    tangente    de    la   courbe    nodale   hyperbolique   coincide   avec 

celle  de  la  coiirbe  sextique  dans  le   plan  de  zx,      Et   Ton    pent    k    present    expliquer 

plus   particuli^rement  la    forme   de   la   courbe   cuspidale  (le  cas  dont   il   s'agit   est  celui 

<^^    Ton  a  non    seulement  a'>26',  b^>2(^    mais    aussi    a'  +  c'>36')  en    effet    la   courbe 

cuspidale    est    composde     en     premier    lieu    de    deux    ovales    en    forme    d'oeil    situ^s 

^yni^triquement  de   chaque   cotd   du  plan   de  a^y,  et   qui  passent  par  les  points  critiques, 

^t    les  points  de  rebroussement   de   la  courbe  sextique   dans  le  plan   de   yz,  et  en  second 

lieu   de  deux   ovales   ordinaires  situ^s   symdtriquement   de   chaque    cdt^  du   plan   de   yz, 

et   qui  passent  par   les  points  de   rebroussement   des   courbes    sextiques   dans  les    plans 

de    xy  et  zx  respectivement:    tons   les  ovales  dont  il   s'agit  ^tant,   il   va  sans  dire,  des 

courbes  k  double  courbure.     Les  relations   des  diffi^rentes   coiirbes  sur  Fellipsoide  seront 

mieux  comprises  au   moyen   de   la    figure   1*,  oil   les  sections  principales   de    lellipsoide 

sont  trac^es,  non  pas  en   perspective,  mais  ddvelopp^es  sur  le  plan  de   la  figure ;    et   les 

coTirbes  qui   donnent   lieu   aux   courbes  nodales   et   cuspidales  respectivement  sont  seule- 

iJ^ent  marquees    par    des    courbes    menses    par   les    points    dans   les    sections  principales 

P^  lesquels    points    passent    respectivement    les    courbes  dont   il   s'agit.      On    aura    une 

idfe  de  la  forme  de   la  surface  au    moyen    de    la   figure    2*  (laquelle  est    dessinde   en 

perspective  orthogonale  au   moyen  de   la  premifere   figure)  et   qui  fait   voir   la  forme  des 

17—2 
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sections  principales  de  la  surface  (y  compris  les  courbes  nodales)  et  la  forme  de  la 
courbe  cuspidale.  Les  num6ros  et  lettres  dans  les  deux  figures  font  voir  quels  points 
des  diif(£rentes  courbes  sur  rellipsoi'de  donnent  lieu  respectivement  aux  points  des 
dii£^rentes  courbes  sur  la  surfieice.  En  particulier  il  convient  de  remarquer  que  dans 
la  figure  1*  le  point  4  qui  donne  lieu  k  un  point  critique  est  situ^  entre  les  points 
3  et  5  qui  donnent  lieu  respectivement  au  point  double  et  au  point  de  rebrousse- 
ment  de  la  courbe  sextique  dans  le  plan  de  zx,  et  cela  fait  voir  tr^  ^videmment 
dans  quelle  partie  de  la  courbe  sextique  est  situ^  le  point  critique,  oi!i  cette  courbe 
est  touchy  par  la  courbe  nodale  hyperbolique.  Je  n'ai  pas  cherchd  k  dessiner  d'autres 
sectioDs  de  la  sur£EM;e,  cela  donnerait  trop  de  complication  k  la  figure,  et  il  serait 
encore  plus  diflScile  d'apercevoir  la  forme  de  la  sxirtiBuce,  laquelle  peut  k  peine  ^tre 
repr^nt^e  sinon  par  un  module  ou  au  moins  une  stdr^graphie.  On  peut  trouver 
Tequation  de  la  surfieu^  de  la  mSme  mani^re  que  celle  de  la  courbe  sextique,  k  savoir 
il  faut  ^liminer  X,  F,  Z  entre  I'dquation 


a 
et  les  Equations 


2  "*■  Aa  ■'"  /J  —  ^» 


a:  =  Zr2-^,(Z»+F«  +  ^»)],  y=Fr2-^(Z«  +  F«  +  Z«)l,  ^  =  Z  [2- i(Z»+ F»  +  Z»)l , 

qui  donnent  les  points  de  la  surface. 

En  dcrivant  0  =  X^+Y^  +  Z^  on  trouve 

e ^  +     y\    +     '* 


(-S)'  {-^y  (-D" 


1=     ^     .     ^ 


«.(.-!)■  .(,-•;  .(.-!/• 


et  en  multipliant  la  seconde  ^nation   par  2,   et  la  premifere   ^nation    par  —  ^  et   en 
ajoutant  on  trouve 


e^ 


a?  %f  s^ 


2--^  2-?  2-- 

d?  ^  & 


laquelle    a   pour  ddrivde    par   rapport   k    6  \^    seconde    t^quation.      Cette    Ajuation    peut 
s'^crire 

+  ^[-2(a«  +  6^  +  c«)] 

+  ^  [4  (52c«  +  c«a«  +  a«6»)  +  a»ar»  +  6y  +  c»^3] 

+      4a2&*c*  {^-^f-^  2')  =  0, 


2502 


l'enveloppe  des  plans  &c.  133 


et    I'^uation  de   la  surface    sera  trouv^   en    ^galant   k  z^ro    le    discriminant    de    cette 
fbiiot>ion  de  0.     En  repr^sentant  T^uation  par 


on    ^LiireL 


jB  =  -    3(a»  +  52  +  c^), 

C  =       4  (5»c»  +  c^a«  +  a%«)  +  aV  +  b'j/^  +  c^z', 

i)  =  -  12a*6»c»-  3  (i'^  +  C*) a^a;*  -  3  (c^  +  a»)  i'y'  -  3  (a^  +  6')(^^^ 

JS?  =     24a«52c«  (a;^  +  y'  +  -^'), 

et  I'dquation  de  la  surface  sera 

(ilJS?-4i?i)  +  3(>)»-27(ilC^+25CZ)-42)^-5*^-(?)»  =  0. 

II  convient  de  remarquer  que  (7*,  qui  serait  du  douzi^me  ordre  en  x,  y,  z  n'entre  pas 
dans  r^uation,  et  que  tous  les  autres  termes  sont  au  plus  de  Tordre  10,  la  surfece 
€st  done  (comme  j'ai  d^ji  remarqu^)  de  Tordre  10.  II  ne  m'a  pas  paru  n^essaire  de 
<J^7eIopper  plus  complfetement  r^quation(*). 

'    Mi  da  ledto  di  riohiamare  qui  per  an'  istante  in  Begoito  alia  bella  ed  elegante  Memoria  dell'  illastre 

(^tnetra,  come  pit   volte   qaesta   superficie  di   deoimo  ordine   derivata  dall*  ellissoide  sia  stato  fin  da  molti 

anni   per  me  il   aoggetto  di   ricerohe   relativo   al  calcolo   integrale   per  cid  che  rignarda   speoialmente   la   sua 

qaadratura  dipendente  da  trascendenti  ellittici  di  prima  e  seoonda  specie;    cos!  in  an  breve  articolo  inserito 

nella   lUieeoUa   Sdentifiea   di   Boma   Anno  2^  No.    9  in   data  del  2   Aprile    1846    ritrovai   le   coordinate   della 

nnova    aaperfide   in  fanzione   delle   coordinate  corrispondenti  dell*  ellissoide,  e  determinai  ancora    V  integrale 

defiiuto   daplicato  di  forma   razionale  per  la   quadratura    della  stessa  superficie:    pit   estesamente  mi  occupai 

^<^o  Btesao  argomento   in   ana   Memoria    inserita  nel   tom.  '64?  del    Sig.   Crelle  in  data  15  Aprile  1846:    piCk 

eotnpletamente   poi   risolvei  la   stessa   questione   in    altro    articolo  pabblicato   nella   citata  RcLccoUa  Scientifica 

d^^  stesso  Anno  2**  No.  21  con  la  data  del  23  Ottobre  1846.    Infine  ripresi  a  risolvere  lo  stesso  problema 

co^  ^tri  metodi  in  ana   Memoria  SuUa   riduzione  di  alcuni   integrali  definiti  ai  tnucendeiiti  eUittici  inserita 

^  mese  di  Agosto  e  Settembre  1848  nel  giomale  arcadico  di  Boma,  e  preoisamente  nel  No.  18  e  segaenti. 

S^y^^te  ancora  nei   privati    miei   stadii    tentai    di   giangere    all'   equazione    algebrica   della  snperficie,  il   che 

^pendeva  da  on'  eliminazione,  ma  proponendomi  la  qaestione  sotto  an'  aspetto  complicato,  mi  trovava  arrestato 

dfllU  Iqnghezza  dei  calooli.    n  maraviglioso  ripiego  analitico  ritrovato  dal  Sig.  Gi^ley  riduce  qaest'  eliminazione 

^  ong  simplioitjl  inaspettata,  e  rende  inutile  qualunque  altra  riceroa,  che  si  volesse  intraprendere  suUo  stesso 

0<)ggetto.    Termino  questa  breve  nota  col  fare  i  miei  distinti  ringraziamenti  al  chiarissimo  Autore,  che  si  d 

compiaeiato  dietro  un  mio  suggerimento  comunicatogli  dal  Sig.  D.  Hirst  fare  la  tradnzione  della  Memoria  per 

essere  inserita  negli  Airnali, — B,  T. 


(a)  Qiniratrkt  de  la  coarba  nodaU  ellipU<faa  dant  It  plan  t/f  Jry 

(b)  Oin^mlrict  tPuni  partit  de  la  eourbe  eaipidalt 

(c)  Qin^ratrica  dt  la  eourbe  nodale  Ayparbalique  dan*  U  plan  de  t. 
(rf)  O^n^ratriee  fCant  pattie  de  la  eojirhe  auptdah 
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SUR    QUELQUES    FORMULES    POUR   LA    DIFFERENTIATION. 


l^Fi-om  the  Annali  di  Maiematica  pura  ed  appliccUa  (Tortolini)  torn.  IL  (1859), 
pp.  214 — 230.  Traduction  par  I'auteur  d'un  m^moire  pr^nt^  h  la  Soci^t^  Royale 
de  Londres  le  26  Novembre,  1857.] 

En  cherchant  une   fonnule  dans   la  th^orie  des  int^grales  ddfinies  multiples  je  fiis 
corkduit  il   y  a  plusieurs   aun^es    k   chercher    les    coefficients    diiferentiels    successifs   de 

I'expression  ( Va?  +  X  —  Va?  + /a)**,  et  les  i-^sultats  que  j'ai  trouv^s  sont  donn^  dans  le 
M^moire  "On  certain  formulae  for  differentiation  with  applications  to  the  evaluation  of 
<lefiiiite  integrals,"  Carnh,  and  Dublin  Mathematical  Journal,  tom.  iL  pp.  122 — 128  (1847), 
[41].    J'ai  depuis  cherchd  les  coefficients  diiferentiels  successifs  de  I'expression  plus  gdn^rale 

[(«?-fX)(a:  +  /A)]**(Va?+ X  — Va?  +  ^)«*,  mais  Finvestigation  n'^tait  pas  achev^.  Mon  atten- 
tion fut  rappel^e  i  ce  sujet  par  deux  identity  remarquables  trouv^es  par  le  Prof. 
Donkin  dans  son  M^moire  "  On  the  equation  of  Laplace's  functions  etc."  Phil,  Trans. 
^>3fi.  CXLVII.  (1857),  pp.  43 — 57,  au  moyen  de  la  comparaison  de  ses  r&ultats  avec  ceux 
^^  Prof  Boole;  identit^s  qui  appartenaient,  je  raper9us,  k  la  classe  des  formules 
Q-deasus  mentionn^es:  la  premifere  de  ces  deux  identity  se  d^uit  en  effet  assez 
fecilenient  d'une  fonnule  exposde  dans  mon  m^moire;  la  demonstration  de  la  seconde 
identity  est  beaucoup  plus  difficile,  et  je  n'ai  rdussi  k  Tdtablir  qu'en  la  faisant  ddpendre 
^^  r^tablissement  de  I'dgalit^  des  coefficients  numdriques  de  deux  expressions  de  la 
^eme  forme.  Je  suis  depuis  revenu  aux  investigations  incompletes  dont  j*ai  parl^ 
^"dessus  et  les  r^sultats  que  j*ai  trouv^s  sont.  donn^  dans  le  pr^ent  mdmoire.  Je 
'^laarque  qu'en  ^crivant  pour  abr^ger 

P  =  2a?  +  X  +  f6,     Q  =  V(a?  +  X)  (a?  + /a),     ii  =  ( V^Tx  -  V^-*-"^)^, 

^^  sujet  auquel  appartiennent  tons    les    resultats   est   la    differentiation    de    Texpi-ession 
^^Rt :  Texpression  ci-dessus   mentionn^e  [{x  +  X)  (a:  +  m)]**  {^Jsc  +  X  —  V^  +  ft)^*  est   de   la 
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forme    dont    il   s'agit,   et   la  question   qui   s'y   rapporte   est   celle   d'obtenir   le   d^veloppe- 
ment  de  D^P^Q^Ry,  oil  a  =  0. 

La  question  suggdr^e  par  la  seconde  identity  du  Prof.  Donkin  est  celle  d'obtenir 
le  d^veloppement  de  (P-'^Q^DxY P^Ry,  oil  a=y  —  /3,  Comme  la  demonstration  de  ces 
identit^s  est  Tun  des  objets  de  ce  M^moire,  j'ai  donn^  dans  la  premie  section  la 
reduction  des  identity  k  la  forme  sous  laquelle  je  les  ai  depuis  consid^r^.  La 
seconde  section  se  rapporte  au  d^veloppement  de  Texpression  D^P^Q^By,  oil  a  =  0 ;  la 
troisifeme  section  k  celui  de  Texpression  (P-'^Q^DxY  P^Q^By,  oil  0  =  7  —  ^:  enfin  la 
quatri^me  section  contient  Tapplication  des  deux  identity,  et  quelques  autres  appli- 
cations des  formules. 


1.     La  premifere  des  deux  identit^s  du  Prof.  Donkin  est 

(sin  0Db  sin  tf)»  (tang  ^0^  =  1 . 3  .  5  . . .  (2ii  -  1)  (sin  0y^ 
laquelle  est  I'dquation  (27)  article  No.  14,  de  son  Meraoire(0. 

En  ^crivant  cot0  =  t,  TAjuation  devient 

/_^»  7) » (vn^-o»  _  lA-  5  ^(2«  - 1) 

et  en  posant  comme  k  Tordinaire  i  =  V  —  1  on  obtient 

vTT?  -  e = -  i  ( VfTi  -  Vf  -  iy. 

et  en  dcrivant  aussi 

1 .  3 .  5  ...  (2n  - 1)=  2'* .  i .  f .  f  ...  (n  -  i)  =  2»  [n - i]^ 

la  formule  devient 

'      vr+e«      "(i+f»r+»' 

Ceci  est  un  cas  particulier  de 

,  (V^ X  ~  V^4^)^  ^  (-r  (R  -  ^r  [n  -  JY 
'      ^(x^\){x  +  fi)  [(^  +  X)  (^  +  M)r^*     ' 

ou,  en  ^rivant  comme  auparavant 

P  =  2a?  +  X  +  M,     Q^'^ix-^  X)  (x  +  m),     jR  =  [Va?  +  X- Vfl?  +  Mp, 

la  formule  est 

Dj'Qr'R'  =  (-)"  (X  -  ^r  [n  -  i]  Q-^^ 

1  Yedi  la  nota  in  fine.    [This  Note  by  the  Editor,  Professor  Tortolini,  relating  merely  to  the  transformation 
(sintfD^sintf)"=(8intf)-'(sin*tfD^)"sintf,  is  not  here  reprodnoed.] 
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2,(*)    La  companubon  mentionn^e  article  No.  5  du  M^moire  du  Prof.  Donkin  donne 


(sin  <?)-(8m(?D.8in^)«|/[«^-> tang i^  +  i'(^^^)]| 


Vl  -  u'' 


...(i>.i)"{o..,.,./(ifj^V-) 

+(-).(^-^.).*'(r^^>-)}. 


oik  fA  =  co6d,  et  apor^  lea  di£f(^rentiatioDS  fi=co8  0.  Les  parties  qui  contiennent  les 
fonctions  ind^tennin^  f  et  F  doivent  ^tre  ^gales,  chacune  prise  k  part  de  I'autre. 
Les  parties  qui  contiennent  /  seront  ^gales,  si  cette  dgalit^  subsiste  pour  fa^af,  oil  8 
est  un  indice  quelconque;  c'est-&-dire  I'^galit^  subsistera  si 

(sin  ^-»  (sin  ^  Z)#  sin  d)»  (tang  ^0y 


ou  enfin  en  ^crivant  /a,  au  lieu  de  fi\  si 

(sin  0)-^  (sin  0  D.  sin  0Y  (tang  i^)*  =  m**"*  (1  -  ti^f"  (d^  -J  m"+'  (1  +  f^T^, 

oil   /4  =  coed;   c'est  en  effet   la  seconde  des  deux  identity  du   Prof.  Donkin.     L'^galit^ 
des  parties  qui  contiennent  F  depend  de  la  m^me  mani^re  de  T^uation 

(sin  0)-^  (sin  ^  D,  sin  0)^  (tang  ^0y  =  (-)»  (1  -  m')**  (d^  -X  fJ^""^'  (1  -  m)""*. 

laquelle  so  d^uit  de  Tautre  &iuation  en  y  ^crivant  180''  —  0  au  lieu  de  0. 
3.     La  seoonde  identity  (voir  article  No.  16)  est 

{emey^(da0  D^^0)^{tAng^0y  =  fjL^  (1  -^  ^^)y 

oil   comme  auparavant  /a  » cos  0.     En  t^crivant  cot  0=^t,  et   en   faisant    attention   que   le 
cdt^  gauche  de  I'^quation  pent  s'^rire  sous  la  forme 

(sin  0)-^^  (sin»  0  De)''  sin  0  (tang  i^)^ 
et  que  Ton  a 

sin^  =  -==-,    tangi^  =  Vl+7^-e,    sin^^D*  =  -!)«, 

1  Le  leetenr  pooxrait  omettre  oet  article,  qui  ne  fait  qae  montrer  qu*ane  oertaine  formule   da  Professear 
Idn  M  r^doit  i  son  identity  seoonde. 


IX>]ikui 

C.    IV. 


18 
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le  c6t^  gauche  devient 

(-)*  (1  +  <»)*<«+«  A*  ^^^  +  ^'  •"  ^^ . 

Le  c6t^  droit  peut  s'dcrire  sous  la  fonne 
et  en  observant  que 


t  1  ^     q+f')'  J. 

fl—      y ^,  -i^^=  i A. 


le  cdt^  droit  devient 


t^-^^      /(I  +  <»)»  ^  Y <*-*^^ . 

en  comparant  les  deux  expressions  on  obtient 

et  de  Ut,  en  ^criTant  comme  auparavant  t «  V  —  1,  et 

la  formule  devient 

/(l+^n\" (2f )»+«-' - (!_+  <')*""  n « ('Jt  +  'i - •Jt^if 

\    it    ^')  (1  +  «•)•-* (VrR - V«^-)~-«    "(2e)»-+>    *        vr+ip 

laquelle  est  un  cas  particulier  de 


[     2a;  +  X  +  /[t         *J    [(a!+X)(aj  +  /i)]»-*(Va;  +  \-Vaj  + 


m)*^ 


^  [(a?  +  X)  (a? + m)]*+'  n  «  (^a?  +  >■  -  ^Jx+jif 
(ac  +  X  +  /*)»-+'     '      V(^Tx)(i"+7i) 
c'est-Jl-dire  de 


4.     En  dcrivant  comme  auparavant 

P=2a?  +  X  +  /A,     Q  =  V(a?  +  X) (a?  + /ia),    i2  =  (Va?  +  X)  -  \/^T^)«, 
on  a  iJ  =  P  -  2Q,  et  en  Airivant  pour  abrdger  (X  —  /a)*  =  A, 
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on  obtient  aussi 

A  =  P«-4(?,      ^  =  P+2Q; 

on  trouve  de  plus 

5.  Lea  demi^res  fonnules  donnent 

D^  P-Q^i2r  =  J  ^P*+i  Q^-^  ijy  -  yP*  Q^-i  ijy  +  2aP— 1 Q^  ^y, 

fonaule  dont  on  pourrait  se  servir  pour  chercher  DjP^Q^By ;   on  a  par  exemple 

i),«  P*Q^iJr  =  J/8  (^  -  2)  P*+«  Q^^  iJr  -  i7  (2^  -  1)  P*+i  Q^-^  iJr 

+  [5(2a  +  l)  +  y]P*Q^-^iJy-4a7P«-iQ^-ii2r  +  4(a-l)7P*-»Q^iiy, 

et  ^^insi  de  suite.     Et  de  m^me 

et  de  ]k 

(r^^Q^D^Y  P-CyRy  =  iiS  08  +  2)  P«  <2^+*  Ry--i  (2/3  +  3)  7  P*-^  Q^+»  Ry 

+  [2a  08  +  2)  +  7»]P«"-«Q^-H»  iJr  -  2(2a-l)7P*-«  Q^+'  i^ 
+  4a(a-2)P«^Q^+«iJr, 

et  sund  de  suite.  Mais  il  serait  difficile  d'obtenir  de  cette  mani^re  Texpression  de  la 
r-ifexne  rdp^tition  de  reparation  D^,  ou  P^^Q^Dx,  sur  P'^Q^Ry  et  je  ne  poursuis  pas  la 
question. 

6.  Je  vais  k  present  chercher  le  d^veloppement  de  i)/P*Q^iJv(a  =  0)  ou  ce   qui 
est    la  mdme  chose  D/  Q^Ry,    On  a 

D^  CyRv  =  ^/SPQf'-^  Ry  -  70^-^  Ry, 

ou  en  substituant  pour  P  la  valeur 

on  a 

i),  Q^iJy  -  -  (/8  +  7)  (2^-»  JJ»  -  J/8  AQ»-»  JJr->. 

La  r^p^tition  de  I'op^tion  Dx  donne  ^videmment  une  expression  de  la  forme 

Dj(^Ry=      i-y       Lr     A'Q"-'    Ry 


ii,.^.A-Q^-»  Br-r, 


18—2 
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et  on  obtient  pour  Z^, «  rAjuation  aux  diflKrences 

laquelle,  avec  les  conditions  particuli^res 

Lr,  -1  =  0,      Lr^  r+i  =  0,      io,  o  =  1> 

suffit  pour  determiner  les  coefficients  Zr,#  de  la  formula 

7.  Avant  d'aller  plus  loin,  je  vais  consid^rer  le  cas  particulier  ^^0.     L'^uation 
aux  difii^rences  est  ici 

et   Ton  satis&it  a  cette  Equation  en  posant 

J  _(-y[r-hg-ir[7-g-ir-^^ 

ou,  ce  qui  est  la  mSme  chose, 

En   effet  on  d^uit  de  la  premiere  expression 
Jlir+i,  •+!  -  (7  -  ^  -  2^  -  2)  ir,  •+! 

x[(r  +  ^+l)(7-r)-(7-r-2^-2)(r-^-l)], 
et  le  facteur  en  [  ]  est  2(^  +  1)  (7  — ^— 1),  de  mani^re  que  Texpression  devient 

ce  qui  est 

L'^uation  aux  differences  est  done  satisfEute ;  les  conditions  pour  les  limites  sent  aussi 
satisfSaites,  et  la  valeur  qui  vient  d'etre  donn^e  est  done  celle  de  Z^,  #  dans  le  cas 
particulier  dont  il  s'agit  oil  /8  =  0. 

8.  II  sera  convenable  d'^rire 

(-)•,      _^[r  +  g--l]^[7-g^l]>-^'_[g-|y[r  +  g-ir-^^[7"g"l]^^^_r. 

et  alors  en  observant  que  iy,«,  ou  iV,  •  se  r^uit  k  ziro  pour  ^  =  r,  on  obtient 
7 
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9.  Cela  est  en  effet  sous  une  forme  un  peu  modifi^e  la  fonnule  fondamentale  de 
mon  m^moire  dans  le  Camb.  and  Dub.  Math.  Journal;  la  valeur  qu'on  y  trouve  du 
coefficient  Kr^$  (en  mettant  7  au  lieu  de  i  est) 

„     _r(r-^-g)r(2r--l--g)r(7--r-g-l) 

•'"  r(i)r(^+i)r(2r~i-2^)r(7-r+i)  ' 

et  le  coefficient  Zr,#(^  =  0)  du  pr^nt  m^moire  est  lid  avec  Kr^s  par  I'^uation 


2*7 


-tr,  $^  Lr,9^  -^r,  r-l-«« 


La     Taleur  de  L'r,r^i  est  [r  — f]*^^  et  pour  r  =  7H-l   le   coefficient  devient  [7  — J]^  et 
tons  les  autres  coefficients  se  r^uisent  k  z4to:  la  fonnule  devient  done  tout  simplement 

^^^^  2)«y+^  iJr  =  [7  -  i]y  Ay  Q-^K 

10.  Dans  le  cas  r>7  +  l  il  convient  de  modifier  la  forme  de  I'Ajuation.  J'^ris 
»*=«y+l  +  5,  puis  en  fietisant  attention  que  les  coefficients  i'y+i+,,#  se  r^uisent  k  z4ro 
poixr  0<y,  on  peut  &rire  7  +  ^  au  lieu  de  0,  et  dans  la  fonnule  nouvelle  dtendre  0 
depnis  0=0  jusqu'i  0=^8.     On  a  ainsi 

et  dans  cette  ^nation  le  cdtd  gauche  peut  s'exprimer  sous  la  forme 
Oa   obtient  ainsi 


1— » 


+  L",, ,  A*  Q-^^-—  Br« 

^^   -i"#,«  =  (— )*-£'y+i+#,y+«-"-t'y+i,yi  ct  cu  substituaut  pour  les  coefficients  i'  leurs  valeurs, 

et  en  fcisant  attention  que  [-0-  1]^  =  (-)*-«  [«]*-•, 
t 

on  trouve 

_(-)»  [27 +  g+gl'r+'«[g]«-«_(-)«[y+g-^y  [ay +  <  +  g]»-«  [<]«-« 

'••~      2«»[27]»»[7+^]»      ~  [s-ey-* 

^  formule   qui    vient  d'etre   trouv^  eat   donn^  sous  une   forme  difft^rente  dans  mon 
m^noire  d6jk  citd 
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11.  Je  r^ame  I'^uation  g^n^rale 

les  conditions  aux  limites  ^tant  comme  auparavant 

^r,  -1  =  0,      ir,  r+l  =  0,      Zq,  o  =  1* 

On  a  en  particulier 

ir+i.o-(/S  +  7-r       )Lr,o  =0, 

ir+i.r+1 -08-2r       )Z^.,  =  0. 

De    1^  on  voit  tout  de  suite  que  les  valeurs  de  Lr,Of  Lrir  sont 

oh  dans  la  demi^re  Equation  la  notation  au  c6t^  droit  denote  une  fistctorielle  k  diffe- 
rence  —  2. 

12.  Les  autres  coefficients  Z|.,i,  X^.,  „  etc.  peuvent  s'obtenir  successivement  par  une 
integration  directe  des  Equations;  et  quoiqu'on  ne  les  obtienne  pas  de  cette  mani^re 
sous  la  forme  la  plus  commode,  cependant  il  convient  de  donner  I'investigation.  Four 
Lr  1  on  pent  ^crire 

r^quation  pour  Mr^i  sera 

u        _Af        (^-r)[l3+yr  (/3-r)(/3+7)(/3  +  Y-l) 

laquelle  peat  ausd  s'^crire 

.   ,  ,-i(r+2)(r+l)(Y-2)     (r+l)r(Y-l)     -ir(r-l)7 

Cette  Equation  a  une  solution 
cela  donne  en  effet 


Mr^,^,-^Mr,^^i-^^-^i  o+^rr  ^^  + 


et  Ton  doit  ainsi  avoir 

il.+i  =  -i(^  +  2)(r+l)(7-2),     i?,+,-il,=(r  +  l)r(7-l),     -i?,= -^(r-l)7, 

Equations  qui  sont  satisfaites  par 

ilr=-4(r  +  l)r(7-2),    B,  =  ir(r-1)7. 

Les  conditions  aux  limites  sont  aussi  satisfEutes,  et  en  formant   lexpression  de  Lr+i  on 
obtient 
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13.    La  valeur  de  Zr,  s  peut  s'obtenir  par  un  proc^d  semblable,  et  Ton  a 

oii 

Ar^     :^(r+l)r((r»  +  5r-6)7»  +  (-llr»-31r  +  42)7+(24r»+48r~72)). 

Sr  =  -A^(^-l)((^+3r-2)7»  +  (-7r»-13r  +  6)7  +  8r»+16r), 
Cr=     A(^-l)(^-2)((r»  +  r)7»  +  (-3r»-3r)7), 
^r=-A(^-2)(r-3)((r»-r)7»  +  (r^-r)7), 

et  Ton  peut  remarquer  que  les  suites  des  coefficients  num^riques  (1,  1,  1,  1),  (5,3,  1,  —  1), 
(-6,  -2,  0,  0)  ont  respectivement  les  premieres,  secondes,  et  troisi^mes  diffi^rences 
^es  i,  z^ro,  les  suites  (— 11,  —  7,  —  3,  1),  (—  31,  —  13,  —  3,  —  1)  ont  respectivement 
les  secondes,  et  troisi^mes  diffi^nces  ^gales  k  z^ro,  et  la  suite  (24,  8,  0,  0)  a  les 
troisifemes  diffi^rences  ^gales  k  zixo.  Je  remarque  que  pour  r  =  1,  r  =  2  les  expressions 
de  Zr,],  Zr,9  donnent 


I.,-(«  +  ,-2)(l-3^j),-A 


lesquelles  s'accordent  avec  les  r^sultats  donnas  par  I'expression  g^n^rale  de  Lr^r- 
14.     L'expression  de  Z^,  i  peut  se   transformer  en 

Zr.i  =  r/9[/8  +  7-2]^'-i^(^-l)[i8  +  7-2]'-«, 
et  Texpression  de  Zr,i  peut  de  mSme,  avec  beaucoup  plus  de  peine,  se  transformer  en 

(    ^(/3-2)[i8  +  7-4]^ 
£r.,  =  ir(r-l)J-    (r-2)/8(i8-l)[/3  +  7-4r-» 

t+i(»--2)(r-3)i(/9+l);8[)8  +  7-4r*, 

et   la  forme  de   ces  ^nations    et    d'autres  considerations    m'ont  conduit  k  assumer    en 
g^ndral 


^•-•M**  [P+i-WY^. 
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15.    En  posant  pour  plus  de  commodity  0^1   au  lieu  de    0  dans  T^uation  aux 
difiR^rences,  cette  ^uation  devient 

et    puis   substituant    dans    cette    ^uation    la    valeur   assum^   de    Lr^$,  et    les   valeurs 
correspondantes  de  Lr+i,$  et  X^,  «.i,  le  terme  g^n^ral  au  cdtd  gauche  sera 

x[(r  +  l)ifi  +  y-r-e-a)-(fi  +  y-r-20)(r-e-a  +  l)]; 

TexpressioQ   en   [  ]   ^b  (0  +  <r)(j3  +  y  —  2d  +  l),  et  en  subetituant  cette  valeur  le  terme 
g^n^ral  au  cdt^  gauche  devient 


Le  terme  gdn^ral  au  cdtd  droit  est 

x(fi-r-e  +  l)(fi  +  y-2e  +  2). 
dont  le  dernier  {isusteur  est  ^gal  k 

(fi  +  y-r-e  +  l  +  a)(fi-2d+2-ff)-(r-d  +  l-a)iy  +  ff); 
et  en  substituant  cette  valeur  le  terme  devient 

En  ^rivant  dans  la  seconde  ligne  (ce  qui  est  permis)   o*  —  1  au   lieu  de  cr,  cette  ligne 
devient 

et  les  deux  lignes  ensemble  seront 

x[{e-<T)(^-2e+2-<r)A^,,„+2<T{y  +  <T-l)A^i,^l 
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ce  qui  est   le  terme   g^n^ral    au    c6t^   droit.      En  comparant  cela   avec  Texpression  ci* 
dessus  trouv^  pour  le  terme  g^ndral  au  e6t^  gauche  on  obtient 

pour  r^uation  aux  differences  k  laquelle  doit  satisfaire  le  coefficient  A$^y,   en  y  ^rivant 
on  aura  pour  B$^^  T^uation 

et  on  voit  sans  peine  que  les  conditions  aux  limites  sont 

B$,  -1  =  ^1    B$,  $+1  =  0,    -Bo,  0  =  1* 
16.    On  a  en  particulier 

■B«,o  =  (^-  2^  +  2)5^1,0,    B$^$^Bs-i,B-u 
et  de  1^ 

5,,o  =  [i8,  -2]«,    5,.,  =  1. 

Les  autres  fonctions  B$^^  sont  des  fonctions  rationnelles  et  enti^res  de  /3,  du  degr^ 
ff—a,  donn^es  par  T^uation  aux  diffi^rences;  mais  les  coefficients  num^riques  des 
difii^rentes  puissances  de  13  n'admettent,  k  ce  qu'il  parait,  aucune  expression  simple; 
les  fonctions  Bg^„^  sont,  pour  ainsi  dire,  une  espk;e  de  transcendantes  rationnelles 
propres  pour  exprimer  la  valeur  de  Z*., «,  et  il  sera  suffisant  de  tabuler  les  valours  de 
Be^^  sans  pousser  plus  loin  la  recherche  de  la  loi  de  ces  valours.  On  a  en  effet  pour 
J5o,o,  -^1,0.  etc....5|,i  les  valours 

1,  A    I3(I3^2\    ^(y3«2)(/8-4),    i8(i8- 2)(^- 4)  (^8- 6),  etc.  ... 
1,  ^-1,  /3»-4^  +  f,    ^-9/3»  +  ^/8-V, 

1     ,  /8-2      ,    /3«-6i8  +  7, 

1  ,    i8-3, 

1. 

17-     Puis  en  substituant  pour  i^^, ,  la  valeur  [7  +  cr  — I]''  5^,  «r  on  trouve 

"^ [g -  ir^  [13^    *^*'^    ^'^^'^''^'^'  [^8  +  7-2^]-^^ 


+  [^,  liB»,»[y  +  e-l]»    [rr    [^  +  y-2d]'-. 


C.    IV. 


19 
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ce  qui  est  Texpression  de  Zr,«  dans  la  formule 

■ 

+  (-r«  ^  Lr. ,  A*  Q"— •  Ry-» 

+  i  Lr,  r  A'  Q'-*'  Rr-r. 

§111. 

18.    Je  passe  k  pr^nt  au   d^veloppement  de 

ou,  ce  qui  est  la  m^me  chose, 

(P-' Q"  D,y  Pr-f  (y  Rr. 

On  a  comme  auparavant 

et  de  ]k 

P-^Q*D,Pr-fiQfRif^llffP7-*Qf-»By-yPr-fi-iQf^*Rr+2(y-ff)Pr-'-*<y**Sy, 

=  ^8iP-  2Q)  Pr-*-«  (y+*  Br-(y-fi)(P-  2Q)Pt^-«  Q»+»  Rr, 
c'est-k-dire 

On  peut  done  ^rire 

(P-^  Of  D,y  Pr-f  Qf  Rt  =      ^  Nr,oPr^-^<y^R*^' 

■ 

et  on  trouve  pour  iV,, «  I'^uation  aux   differences 
laquelle  avec  les  conditions  aux  limites 

Nr,-,=0,      Nr,r+i  =  0,      JV,.,  =  1, 

determine  le  coefficient  Nr, «. 
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On  a,  en  particuUer 

■ 

lesquelles  donnent  tout   de  suite 

i^r.o  =  |j8  +  2r-2,  -2]^     i^r,r  =  [7-)8.  -2]^ 

19.  L'^uation  ressemble  k  celle  pour  Lr,$,  et  Ton  pourrait  croire  que  rint^gration 
s'accomplirait  d'une  mani^  semblable,  mais  cela  n'est  pas  ainsi ;  car  en  consid^rant  la 
seconde  Equation  de  la  suite,  c'est-&-dire 

i^r+i.i-(/8  +  2r  +  l)J\r,,,  =  (7-/8-r)[i8  +  2r-2,  -2]^ 
en  y  mettant 

i^r.i  =  [i8  +  2r-l,  -2fJf,,,, 
on  obtient 

[/3  +  2r  +  l,  -2r^(Jf,+,.,-Jf,.0  =  (7-/8-r)[/3  +  2r-2,  -  2]^ 
et  de  Ik 


M  M     _(7-^-r)[ff+2r-2,  -2]^ 


mais  les  facteurs  du  numdrateur,  et  du  ddnominateur  ne  sont  pas  ici  (ce  qui  arrivait 
dans  r^uation  pour  la  quantity  d^not^e  auparavant  par  le  mSme  symbole  Jfr,  i)  de  la 
mSme  forme,  et  il  n'y  a  pas  de  simplification  dans  la  forme  de  la  fraction.  En  ^rivant 
successivement  r  —  1,  r  — 2, ...  2,  1,  0  pour  r  on  trouve 

M    -^     o,(y-/8-1)/3,  (7-/8-2)03  +  2)^ 
Mr,,-y-p+       ^  +  3       +      (^  +  6)(/3  +  3) 

(7-ig-r+l)08+2r-4)...(/3  +  2)i9 
•••■^         (j8+2r-l)...(itf  +  5)(/3  +  3) 

et  de  Ik 

(y-/3-rH.l)(/3  +  2r-4) ...  (/8  +  2) 

...  "T" 


[/8  +  2)/8\ 

+3)     ; 


()9  +  2r-l)...(/3  +  5)(i8  +  3) 

II  ne  par^t  pas  que  la  suite  en  [  ]  puisse  Stre  additionn^e,  et  cela  m'empSche  de 
pousser  plus  loin  la  recherche  de  la  forme  des  coeflficients  Nr^B]  la  solution,  telle  que 
je  I'ai  trouv^e,  est  done  donn^e  par  Texpression  de  (P"^  Q*  DxY  P^"^  Q^  Ry  en  termes  des 
coefficients  num^riques  Nr,$,  et  par  T^quation  aux  difiR^rences  et  conditions  aux  limites 
qui  ddterminent  les  coefficients  jYt,  «• 

19—2 
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§iv. 

20.  La  premiere  des  identity  du  Pro£  Donkin  est 

mais  par  une  forme  ci-dessus  trouv^e  No.  9  en  y  ^rivant  n  au  lieu  de  7  on  a 

/_\n+l 

et,  en  remarquant  que  D JS**  =  —  nQ~^  i2*,  on  voit  que  lea  deux  formules  sent  identiques, 
et  la  v^rit^  du  th^rfeme  est  ainsi  d^montrde. 

21.  La  seconde  des  deux  identity  est 

p^^t-l  Qjn+«  ])^n  Q-1  JRt  =  (p-l  QiD^)n  pn+^-i  Qr-m+i  J{rn+*, 

On  a  par  la  formule  (No.  10)  en  y  mettant  s  au  lieu  de  7  et  n  +  1  au  lieu  de  r, 

+i;'„+i.»A»Q— '  iJ^, 

P         _[g-^]«[n  +  g]»-*[<-g-13"-« 
"■^'•* [n-5]»-»  ■ 

22.  En  renvenant  I'ordre  des  termes  et  mettant  aussi  L'n+i, « =  Vn-t,  de  mani^ 

que 

y  _[n-^-0y—[2n-0]»[8-n+e-l]» 

on  obtient 

/•_\n+i 

I  yB  ^»— •  n— s»— !+•  /j*-«+* 

et  en  remarquant  que  2),^*=  — «Q~*i2*,  et  que  Ton  a  aussi  A  =  P*-4Q*  et  R  =  P  —  2Q, 
de  mani^re  que  AJS~*  =  (P  +  2Q),  I'^uation  peut  s'^rire  sous  la  forme 

Q~+«  p-»+»-i  i),«  Q->  £  =  (_)«  xV,(P  +  2Q)''     p-»+»-»  Qii» 

+  V,(P  +  2Q)*-«  p-»+«-»  Q>+»  iJ* 

+  Vn  p-n+t-i  Qi+n  ^J.^ 
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et  en  ddveloppant  les  binomiels  on  obtient  pour  Q^+»P^+'-^Djp**Q-^ii*  la  valeur  (— )"x 

(7o)  P-»  QB*  +  (|^  2^Fo  +  F,)  i^  (?  ii*  +  ([|^^ 

...  +  (2«  Fo  +  2«-i  Fa ...  +  2^Fn-i  +  Vn)  P^"^'  Q"+* R'. 
Cela  devrait  Stre  6gal  k 

(P-»  Q*  D^y  P«+»-i  Q-«»+i  i2-w+« 

et   Ic  d^veloppement  de  cette  demifere  expression  se  d^uit  de  celui  (No.  18)  de 
en     ^  forivant  n,  —  2n  +  l,  —  n  +  «  au  lieu  de  r,  /8,  7;    la  valeur  sera  ainsi 


la<JX3elle   a    la    mSme    forme   que    le  ddveloppement  de  la  fonction  au    cdt^  gauche    de 
I'^^^^^iation,  et  Tidentit^  des  deux  expressions  depend  des  Equations 

2?^    -^n,o  =  (~)'*  Fo, 

2ixi^»..  =  (-r'([-^;2>F.+  F,). 

i^«.«  =  (2^Fo  +  2»-^F,...  +  2F^,  +  Fn); 

ni«i3j  comme  on  ne  sait  pas  la  forme  gdn^rale  des  coefficients  Nn,  $  je  n'ai  pas  pu 
v5x-ifier  compl&tement  ces  ^nations.  On  a  cependant  en  mettant  w,  —  2n  +  l,  -n  +  « 
poxir  r,  fi,  y 

iVn,o=    [-1,  +2]-  ,   ^i-r      [2n-l,  -2]«  ,    =(-l)«2"      [n-ih 
J^«.i  =  «[-3,  +2]«-S   =(-)«->« [2n - 1,  -2]'*-S   =  (-)*^^ 2'*-»« [n - i]«-\ 

et    les  deux  premieres  ^nations  seront 

ou  dans  la  seconde  ^nation  Texpression  au  c6t^  droit  est 

[2n  +  2(«-n)][n-i]«=2«[n-i]«  =  «[w-i]**-S 
conune  cela  devrait  Stre.     La  demi^re  Equation  de  la  suite  est 

-nr«,„=2«Fo  +  2«->F,...  +  2F^,+  F„ 
et  comme  on  a  N^^ »  =  [w  +  «  —  1,  —  2]**,  cette  demi^re  Equation  peut  aussi  se  verifier. 
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NOTE    SUR    L'EQUATION    DES    DIFFERENCES   POUR    UNE 
EQUATION    DONNEE    DE    DEGRE    QUELCONQUE. 


[From  the  Annali  di  Matematica  pura  ed  applicata  (Tortolini),  torn.  ii.  (1859),  pp.  365,  366.] 

Il  s'agit  de  trouver   I'^uation  qui  a  pour   racines  lea  carr^   des   differences  des 
racines  d'une  ^uation  donn^ 

(•)(»,  1)»=0. 

En  repr^ntant  cette  ^uation  par  ^v^O,  soient  z,  y  deux  racines  diff^rentes  quel- 
conques,  on  a  non  seulement  ^ »  0,  ^y  =  0 ;  mais  aussi 

et  en  t^rivant  dans  ces  Equations 

a:  +  y  =  a?,     (a?-y)«  =  45, 

(ou  ce  qui  est  la  m6me  chose  a:  =  «  +  V^>  y  =  «  — V^)  on  obtient  deux  ^nations  ration- 
nelles  en  8,  et  0^  et  en  ^liminant  8  on  obtient  T^quation  qui  donne 

II  convient  de  changer  un  peu  la  forme  des  Equations;  en  effet  la  premiere  ^nation 
est  du  degr^  n,  la  seconde  du  degr^  n  — 1  pour  rapport  k  «,  mais  en  ^rivant  les 
deux  Equations  sous  la  forme 

«(^  +  ^)-(.+y)*|^  =  0,       ^3^  =  0. 
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Vune  et  Tautre  Equation  sera  du  degri  n  —  1  par  rapport  k  8,  Ia  fonne  sous  laquelle 
j*ai  pr&ent^  la  m^thode  de  Bezout  s'applique  au  problfeme ;  en  repr^sentant  les  deux 
Aiuations  par  Fs^O,  Os  —  O  j'dcris  pour  le  moment 


on  a  alors 


et  en  Aaivant 


on  a  de  mSme 


On  obtient  de  Ik 


^,     ,,     Fs  Oa'  -  FtfQa 
*  (».  « )  = 7— V 

8—8 


ou,  en  r^uisant, 

_  2n{ABf-A'B)     (A-B){A'-R) 

Done,  en  r^tablissant  les  valeurs  de  A,  B,  A',  F,  on  a  la  fonction 

(«  -  «')  <^d 

+ _ 

laquelle  sera  de  la  forme 

(  a»..,  00.1 , ...    a,,„_,  )  («,  !)»-»(»',  Vy^, 

Ou  les  coefficients  a  sont  des  fonctions  rationnelles  de  ^,  et  en  ^galant  k  zero  le  ddter- 
^'^^iiiMit  formd  avec  ces  coefficients  on  a  T^quation  qu'il  s'agissait  de  trouver.  Quoique 
^tte  solution  soit  analytiquement  la  plus  simple,  j'ai  une  autre  m^thode  nouvelle 
plug  adapt^e  au  calcul,  laquelle  j'ai  appliqu^  k  trouver  T^quation  des  difiS^rences  pour 
Iwjuation  quintique 

(a,  6,  c,  d,  e,  /$v,  1)*  =  0. 

Londres,  4  F6v.  1860. 
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SUR    LA    COURBE    PARALLfiLE    1    L'ELLIPSE. 


[From  the  Annali  di  Matematica  pura  ed  applicata  (Tortolini),  torn.  ill.  (1860), 

pp.  311—316.] 

Il  flit  remarqu^  par  Cauchy  (Comptes  Rendus,  torn.  xiii.  [1841],  p.  1063)  que  T^ua- 
tion  de  cette  courbe  pourrait  se  trouver  en  61iminant  0  entre  les  Equations 

aV  by  ^^  ^     -L. 

(d  +  a«)»'^(d  +  6»)«~^'      (d  +  a«)«'*'(d  +  6»)»"    • 

et  cette  Elimination  fat  effectu^,  et  le  r^sultat  trouvE  sous  la  forme  la  plus  simple 
par  M.  Catalan  (Terquem,  tom.  ill.  1844,  p.  653);  mais  pour  fidre  rdlimination  de  la 
manifere  la  plus  facile  je  remarque  que  ces  deux  ^uations  donnent 


e 


dont  la  seconde  est  la  d^riv^,  par    rapport  k  0,  de   la   premiere;    or    cette    premiere 

^nation  est 

(d  +  ifc«)(d  +  a«)(5  +  6«)-a:»5(d  +  6«)-y»d(d  +  a»)  =  0, 

et,  en  Egalant  k  zEro  le  discriminant  de  la  fonction  cubique,  on  aura  T^quation  de  la 
courbe;  en  posant 

la  fonction  cubique,  multipli^e  par  3,  sera 

(3,-^-5,  3(7$^,  1)»; 
on  aura  doDC 

4  {A*  +  3fl)  (5*  +  ZAC)  -  (AB  -  9Cy  =  0, 
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on  ce  qui  est  la  mSme  chose 

A^B"  +  4fi»  +  4il'C  +  ISABC  -  27(7»  =  0, 

c'est-&-dire  en  subetituant  les  valeurs  de  A,  B,  C,  T^quation  de  la  courbe  sera 

(«>  +  y«-  ifc»-  a«  -  6»)« (6«a?»  +  ay  -  a»ifc» - 6»ifc» -  a«6«)« 
+  4(6»«>  +  ay-  a«ifc*  -  6»ifc«-a»6')» 
+  4a*6>A;»  (a:«  +  y»  -  ifc«  -a>  -  6«)» 

+  18a«6«*»  (a^  +  s^  -  ifc»  -a«  -  6«)  (t^^  +  ay  -  a»ifc»  -  6»Jt«  -a«6») 
-  27a*6*Jfc*  =  0, 

laquelle  est  en  effet  Tdquation  trouv^e  par  M.  Catalan. 

En  Airivant  A:=0  T^juation  devient 

0  =  (6»a?»  +  ay-  a»6»)  [(ic«  +  y»)« -  2 (a« - 6^) (ar»  +  y»)  +  (a«  -  6»)«], 
ce  qixi  dquivaut  a  rAjuation  de  Tellipse 

6V  +  ay-a«6«=0 
deux   fois  r6p^t^e,  et  aux  ^nations 

(x±aey  +  y''   =0, 

(oti  comme  k  Tordinaire  aV  =  a*  — 6")  lesquelles  appartiennent  aux  droites  menses 
chaeune  par  un  foyer  r^el  et  un  foyer  imaginaire  de  Tellipse;  ces  droites  sont  aussi 
les  tangentes  men^  k  Tellipse  par  les  quatre  foyers.  En  effet  en  prenant  sur  Tellipse 
le  point  imaginaire  dont  les  coordonn^es   sont 


X 


=  ^>   y  =  wi(--^)»  (i  =  V-l) 


i'^uation  du  cercle,  rayon  0,  ayant  pour  centre  le  point  dont  il  s'agit,  sera 


htJ-b-<'C; -')]'">■■ 


ce  cercle  se  r^uit  done  k  deux  droites,  savoir  la  droite 

ou,  ce  qui  est  la  mdme  chose, 

a?  —  oc  +  iy  =  0, 

laquelle  est  tangente  k  Tellipse,  et  la  droite 


=  0, 


(^-f)-i[y-Va(^-.)]=o, 


C.    IV. 
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ou,  ce  qui  est  la  meme  chose, 

x  —  a( —  e]  —  ty  =  0, 

laquelle  est  la  droite  mende  par  le  point  de  contact  k  Tautre  point  circulaire  k 
rinfini  (celui  qui  n'est  pas  situ^  sur  la  tangente  a?  — a«  +  iy  =  0).  Le  cercle,  comme 
courbe  compost  d'une  droite  tangente  k  Tellipse  et  d'une  autre  droite  mende  par  le 
point  de  contact,  a  mSme  avec  Fellipse  une  intersection  k  trois  points  r^unis.  Ces 
considerations  font  voir  pourquoi  au  cas  A:  =  0  les  quatre  droites  (x  ±  a£f  +  y*  =  0  font 
partie  de  la  courbe. 

En  supposant  que  h  est  quelconque,  mais  que   Ton  a  a  =  6,   T^uation  devient 

a* («"  +  y")*  [(«'  +  y'- a«)«  -  2ifc«(«>  +  y»  +  a«)  +  ifc*]  =  0, 
oil,  en  ^cartant  le  facteur  (a^  +  y*)*  et  le  fa^teur  constant  a^,  T^quation  se  r&iuit  k 

(a?«+ y»- a»)«- 2ifc»(a:» +  y« +  a«) +ifc*  =  0, 

c'est-irKiire 

[a?»  +  y*-(a  +  A:)«][a?«  +  y«-(a-A)«]  =  0; 

ainsi  la  courbe  se  r^uit  k  Tensemble  des  deux  droites  (^  +  y')  =  0  (chacune  deux  fois 
r^p^t^e,  et  des  deux  cercles 

comme  dvidemment  cela  doit  ^tre. 

Par  rapport  aux  singularity  de  la  courbe,  la  forme  de  T^quation  montre  k  pre- 
mier coup  d'oeil  qu'il  y  a  quatre  points  doubles  k  Tinfini;  savoir  les  deux  points  cir- 
culaires  k  Tinfini  (points  oil  Tinfini  est  rencontr^  par  les  droites  a?^  +  y*  =  0),  et  les 
deux  points  oil  Tinfini  est  rencontr^  par  les  droites  l^a^  +  a^y'^  =  0.  II  y  a  de  plus 
deux  points  doubles  sur  chacun  des  axes:  en  effet  en  ^rivant  dans  T^quation  de  la 
courbe  y  =  0   T^quation   r^sultante,   toute  r&luction   faite,  devient 

[(a.-a)«-A«][(a;  +  a)«+ifc»]  [6««> - (a« - 6«) (6» - Jfc«)P  =  0, 

ce  qui  fiut  voir  qu*il  y  a  sur  Taxe  de  x  les  deux  points  doubles  dont  les  coordonnfes 
sont  donn^es  par  I'^uation 

Mais  pour  parvenir  k  cette  conclusion  il  convient  de  consid^rer  que  Taxe  de  x  ren- 
contre la  courbe  dans  des  points  tels  que  pour  chacun  la  distance  normale  k  Tellipse 
est  ^gale  a  A;:  il  y  a  quatre  distances  normales  £,  mesur^es  le  long  de  Taxe;  et  quatre 
distances  normales  h  mesurees  k  des  points  situ^s  sym^triquement  par  rapport  k  Taxe, 
lesquels  se  rencontrent  deux  k  deux  sur  Taxe  aux  points  dont  les  coordonn^es  sont 
l^a?  =  (a^  —  6")  (6^  —  A;*) ;  c*est  \k  Torigine  des  deux  points  doubles  sur  Taxe  de  a?.     On  doit 
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aussi  remarquer  que  les  coordonn^es  des  points  sur  Tellipse  qui  correspondent  k  ces  points 
doubles  sont  donn^es  par  les  ^nations 

on  voit  de  ]k  que  les  points  sur  Fellipse  qui  donnent  lieu  aux  deux  points  doubles  sur 
I  axe   de  x,  ne  seront    r^ls  k  moins  que  A:  >  -, ,  <b;  les  deux  points   doubles    seront 

cependant  r6els  pour  toute  valeur  k>0<b.    J'ajoute  que  pour  les  valours  A^O,  <— , 

les    deux  points  doubles  seront  des  points  conjugufe  ou  isol^ ;   pour  A  =  — ,  chacun  de 

ces    points  se  r^unit  k   la  courbe,   et  k  deux    points   de    rebroussement,  mais  il  n'y   a 

pas   de  singularity  visible  dans  la  forme  de  la  courbe ;  pour  A;>-<&ilya  deux  points 

doubles  avec  des  branches  relies;  et  pour  A  =  6,  ces  deux  points  viennent  se  reunir 
au  centre  de  I'ellipse  et  il  y  a  deux  branches  ayant  pour  tangente  commune  k  ce  point 
Taxe  de  x ;  enfin  pour  k>b,  les  deux  points  doubles  sur  Taxe  de  x  deviennent 
imaginaires. 

Des  considerations  pareilles   s'appliquent    aux   points  doubles  sur  Taxe  de   y;  pour 
«  =  O  r^quation  de  la  courbe  se  transforme  en 

il  y  a  done  sur  Taxe  de  y  deux  points  doubles  dont  les  coordonn^es  sont  donn^es  par 
ces  points  correspondent  k  des  points  sur  I'ellipse  dont  les  coordonn^es  sont  donn^es  par 

^^  I>oint8  sur  Tellipse  ne  seront  done  r^els  k  moins  que  ^  >  i^  ;  les  deux  points  doubles 

^^^nt  cependant  r^ls  pour  toute  valeur  k>a.  Pour  A;  <  a  les  deux  points  doubles 
^'^nt  imaginairea  Pour  A;  =  a  le  centre  est  point  de  reunion  de  deux  points  doubles 
^^  il  y  a  deux  branches  qui  ont  k  ce  point  pour  tangente  commune  Taxe  de  y:  pour 

*^  ^  ^ ,   chacun  des  deux   points   doubles  se  r^unit    k    deux    points    de    rebroussement ; 

'^^is   il   n'y    a    pas    de    singularity    visible    dans    la    forme    de    la    courbe;    enfin    pour 

'^  ^  ^  les  deux    points    doubles   se    d^tachent  de  la   courbe  et   deviennent    des    points 

^i^jugu^  ou  isol^  En  r^sum^,  il  y  a  huit  points  doubles,  savoir  quatre  points  doubles 
*  I'infini,  et  quatre  points  doubles  sur  les  deux  axes. 

II  y  a  de  plus   12   points  de   rebroussement;  ces  points  sont  en   effet  les  centres 
^e  courbure   aux   points  de   I'ellipse   pour   lesquels   le   rayon   de   courbure   est  ^gal  k  k; 

20—2 
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les  douze  points  seront  tous  imaginaires  k  moins  que  k  n'ait  une  valeur  entre  les 
limites  ^  f  -jr-    pour    une    telle   valeur    de    k    les    douze    points    seront    4    r^ls,  et    8 

imaginaires.     Pour  k  =  —   les  quatre  points  r^ls  se  r^unissent  deux  k  deux  aux  deux 

a* 
points  doubles  sur  Taxe  de  x ;  pour  ^  =  -r  >  ils  se  r^unissent  deux   k  deux   aux  deux 

points  doubles  sur  I'axe  de  y;  cela  s'accorde  avec  ce  qui  est  dit  ci-dessus  par  rapport 
aux  points  doubles  On  pent  encore  trouver  que  le  nombre  des  points  de  rebrousse- 
ment  est  12  ji  moyen  des  ^nations 

^«  +  35  =  0,    £»  +  34(7  =  0.    45-9(7  =  0, 

lesquelles  appartiennent  chacune  k  une  courbe  du  quatri^me  ordre  qui  passe  par  les 
points  de  rebroussement ;  la  forme  des  ^nations  &it  voir  que  ces  courbes  ont  en 
'  commun  12  points,  et  seulement  12  points,  d'intersection.  C'est  \k  en  effet  la  manifere 
la  plus  simple  de  trouver  les  coordonn^  des  points  de  rebroussement;  car  ces  Equa- 
tions donnent  tout  de  suite 

il=-3(7*,        5  =  -3C*, 

c'est-dr^lire  on  a  les  Equations 

a^+    j^  =  a«    +6*+     ifc«-3(a6ifc)*, 

6»aj«  +  ay  =  a«6«  +  (a«  +  6«)A;» -  S(abk)^ 

qui  donnent  les  coordonndes  des  douze  points  de  rebroussement. 

Pour  verifier  que  ces  points  correspondent  aux  points  de  Tellipse  pour  lesquels 
le  rayon  de  courbure  est  dgal  k  k;  je  prends  acosd,  bsind  pour  les  coordonn^s  dW 
point  sur  Tellipse,  les  coordonn^  du  centre  de  courbure  seront  donn^es  par 

(w;=  (tt»  -  62)cos«  d,        6y  =  -  (a«-  6«)sin»  6, 

et  en  supposant  que  le  rayon  de  courbure  soit  6gei  k  k,  on  a, 

ife  =  i  (a«  sin«d  +  6«  cos'M 

et  de  Ik 

a^  sin>d  +  6«  cos«5  =  {abk)K 
Cela  donne 

(a*  -  6»)  cos»d  =  a»  -  (abk)\        -  (a>  -  6^)  sin«d  =  6*  -  {abk)*, 

et  de  1^  on  d^uit 

valeurs  qui  s*accordent  en  efFet  avec  les  valeurs  ci-dessus  trouv^s. 
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La  courbe  parallMe  k  Tellipse  est  de  I'ordre  8  et  il  y  a  8  points  doubles,  et  12 
poixn-ts  de  rebroussement ;  elle  sera  done  de  la  classe  56  —  16  —  36  =  4.  En  effet  pour 
mex:K.er  d'un  point  donnd  une  tangente  k  la  courbe  parall^le  on  peut  d^rire  avec  ce 
poLxiK^t  comme  centre  un  cercle  rayon  k,  pour  mener  une  tangente  commune  au  cercle 
et  ^  Tellipse;  la  droite,  men^  par  le  point  donn^,  parall^le  a  la  tangente  commune 
sersk  la  tangente  cherch^:  on  peut  done  par  un  point  donn^  mener  4  tangentes  k 
la  c^ourbe,  ou  la  courbe  parall^le  est  de  la  classe  4.  Au  reste  on  peut  trouver  tr^s 
fac^l^ment  T^uation  de  la  courbe  parall^le  en  coordonn^es  tangentielles.  Car  en  repr^- 
sei^t^ant  par  6  Tinclination  d'une  tangente  quelconque  de  Tellipse  k  I'axe  de  a,  T^uation 
de    c^tte  tangente  est 

xcosd-hyBinO        -  Va«  cos'd  +  6»  sin'tf  =  0, 
et    1' ^nation  de  la  tangente  parall^le  de  la  courbe  sera  ainsi 

xcosd  +  ysmd-k-  Va'cos^d +  6>sin»d  =  0 ; 
doi:ic  en  repr^ntant  cette  Equation  par  fir+i;y  +  f=0  on  aura 

f  :  i;  :  f=cosd  :  sin5  :  ifc  + Va»co8^d  +  6»8in»d, 
et    <aie  Ik  

?  +  A  Vf +  i;'  +  V^pT6V  =  0, 

la(]^vi.elle  est  I'^uation  dont  il  s'agit;  la  forme  rationnelle  est 

Ca«- Jfc»)«  f^  +  (6»  -  A;«)»  i;*  +  2  (a«  -  A:»)  (6»  -  A:»)  f  if  -  2  (a«  +  A;«)  {7f  -  2  (6«  +  A:»)  ^^ 
<^xi£ition  du  quatri^me  ordre  comme  cela  devait  Stre. 

tTai  cm   qu'il  n'dtait  pas    n^essaire   de   faire  voir    comment  on  pourrait  k  moyen 

de      r^uation    tracer  la  courbe;    en  effet   on   trouve   les  diff^rentes    formes   assez  facile- 

ment  par  des  considerations  g^m^triques,  en  consid^rant  la  courbe  comme  la  d^velopp^e 

dfe     Kvolute   de   Vellipse  :    on  se    rend  compte   k  ce   moyen   de   ce   qui   est  dijk  dit  par 

rapport  aux  points  doubles  et  aux  points  de  rebroussement 

Je  remarque  enfin  que  T^uation  d'une  normale  quelconque  de  Tellipse  est 

ax  sm6  ^  by  cos  0  =  (a*  —  6*)  sin  0  cos 0 

(oil  6  est  un  param^tre  arbitraire):  done  en  consid^rant  la  trajectoire  orthogonale  de 
ce  systfeme  de  droites,  on  obtient 

comme  Ajuation  diff^rentielle  de  la  courbe  parallfele  k  Tellipse.  L'int^grale  de  cette 
equation  est  done  T^uation  du  huiti^me  ordre  (contenant  k  comme  constante  arbitraire) 
qu'on  a  ci-dessus  trouv^e. 

Londres,  2  Stone  Buildings,  22  Oct.  1860. 
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[From  the  Annali  di   MatenuUica  pura  ed  applicata,  (Tortolini),  torn.   IIL   (1860), 

pp.  345—352.] 

Il  y  a  pour  la  surfisK^  parallMe  k  rellipsoi'de  une  solution  tout  k  fait  semblable  k 
celle  pour  la  courbe  parallMe  k  I'ellipse.    Ed  effet  soit 

r^uatioQ  de  Uellipsoide ;  k  la  distance  de  la  surface  parall^le,  en  prenant  cette  distance 
sur  la  normale  ext^rieure  au  point  (X,  Y,  Z)  et  en  ecrivant  pour  abr^ger 


on  trouve  pour  les  coordonn^  {x,  y,  z)  de  I'extremit^  de  la  normale 

et,  en  substituant  pour  X,  F,  Z  les  valeurs  donuees  par  ces  equations,  on  obtient 

a^af"  ¥y^  c^z^ 

4- 4-  =  1 


(a«  +  \)»     {¥'\-\y     (c«  +  X)^ 


Or  ces  Equations  donnent 


a^  ?/-  z^         ,      Ic" 

-I-    —11 —      4-    =14.- 

a-'  +  X         6^  +  X         c«  +  X  X* 


a:^  V'  ^"^  *" 


(a«  +  X)^     (fr'  +  X)^  '  (c«  +  X)«     X«' 
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et  la  seconde  Equation  est  la  d^riv^  par  rapport  &  \  de  la  premifere.  C'est-k-dire 
en  obtient  Tequation  de  la  surfiEice  parall^le  en  ^galant  k  z4to  le  discriminant  par 
rapport  ^  \  de   T^quation 

a«  +  \     6»  +  \     c»  +  X  X.' 

ou  autrement  dit,  la  surface  parall^le  est  Tenveloppe  par  rapport  &  \  de  cette 
equation.  En  multipliant  par  \(a*  +  \)(6"  +  \)(c^  + \),  on  aura  une  ^nation  du 
quatri^me  ordre,  dont  le  discmminant  ^gal^  k  z6ro  donne  T^uation  de  la  surface:  on 
voit  sans  peine  que  cette  Equation  sera  de  Tordre  10. 

Javais  k  peine  trouv^  cette  m^thode,  quand  j*ai  appris  que  le  problfeme  ^tait  d6jk 
r^solu    par    MM.    Salmon    et    W.    Roberts.      M.    Salmon    consid^re    la    surfisu^e    comme 

lieu   des   centres  des  sphferes,   rayon  k,  qui   touchent  k  rellipsoide   — a  +  ij  +  -7  =  1»   ce 

qui  lui  donne  tout  de  suite  le  th^r^me  que  voici;  savoir  on  obtient  T^uation  de 
la  surface  parall^le,  en  dgalant  k  z^ro  le  discriminant  par  rapport  &  \  du  discriminant 
par  rapport  k  (X,  F,  Z)  de  T&juation 

cette  solution  est  donn^e  en  passant  dans  une  Note  publiee  dans  le  No.  de  Septembre 
1860  des  Nouvelles  Annales  (Terquem  et  Gerono).  En  formant  le  discriminant  par 
rapport  k  X,  Y,  Z  on  trouve   T^uation  en  \  ci-dessus   donn^e. 

La  solution  de  M.  W.  Roberts  n'avait  pas  ^t^  public :  il  a  bien  voulu  me  per- 
mettre  d'en  fidre  part  aux  g^om^tres.  En  consid^rant  une  section  circulaire  de  Tellipsoide, 
Tenveloppe  des  spheres,  rayon  k,  ayant  leiu^  centres  sur  cette  section,  sera  une  surface 
annulaire,     et    Tenveloppe    des    surfaces    annulaires    qui    correspondent    aux    difiESrentes 


sections  circulaires  de  rellipsoide  sera  la  siu*face  parall^le.  Dans  la  figure  (qui  est 
cens^e  situ^  dans  le  plan  des  axes  le  plus  grand  et  le  plus  petit)  soit  0^  la  trace  de 
la  section  circulaire  centrale,  Of  le  diamfetre  perpendiculaire,  AB  la,  trace  d'une  section 
€|uelconque   parallMe   k    la  section  circulaire   centrale :    soit   de  plus   AB  -=  2S,   et  (a,  7) 
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les  coordonndes  du  point  C  qui  est  le  centre  de  la  section  AB,  En  prenant  pour  un 
moment  ce  point  C  pour  engine,  et  Taxe  de  17  parallfele  k  I'axe  moyen,  la  sur&ce 
annulaire  sera  Tenveloppe  de  la  sphere 

(f-Scos<^)«  +  (i7-88in<^)«+f»  =  it-', 

{oh  if)  est  un  param^tre  arbitraire);  done  T^uation  de  la  surface  annulaire  sera 

ou,  en  prenant  le  centre  de  rellipsoi'de  pour  origine,  cette  Equation  sera 

4S»(p  +  i;»-2of +  a«)  =  (f +  i;«  +  C»+S»-it»-2af-27?-a«-7»)». 

Mais  par  les  propri^t^s  de  Tellipse  on  a  7  =  fa  et  S*  =  m  +  nQt*,  oil  I,  m,  n  sent 
des  quantity  constantes,  fonctions  des  axes  a,  b,  c  de  rellipsoi'de.  L'fkjuation  de  la 
surface  annulaire  devient  ainsi 

^nation  qui  contient  le  param^tre  variable  a  au  quatri^me  degr^,  et  en  dgalant  k  zero 
le  discriminant  par  rapport  &  a  de  cette  Equation,  on  obtiendrait  Tckjuation  de  la 
surface  parallMe.  A  propos  de  cette  solution  je  remarque  qu'en  consid^rant  la  surface 
annulaire,  enveloppe  des  spheres,  rayon  £,  ayant  leurs  centres  siir  Tellipse 

^■^6^-^  =  0' 
on  obtient  sans  peine  le  syst^me  d'^quations 

(a*  +  X)»"*'(6»  +  A;)^""    '      (a»  +  X)« "^ (c-' -h  X.)»  ^' 

et  de  \k  Tequation  de  la  surface  annulaire  s'obtient  en  ^galant  k  z^ro  le  discriminant 
par  rapport  &  X  de  Tdquation 

-  V  +  ».-4^  =  1  +  ^r—  , 


a*  +  X     6»  +  X 

c'est-&-dire  en  dgalant  k  z^ro  le  discriminant  d'une  fonction  cubiqus  de  X.  Mais  en 
supposant  que  Tellipse  devient  un  cercle,  Ton  n'aura  qu'une  fonction  quadratique  de 
X;  c*est  \k  pourquoi  la  surface  annulaire  consid^r^e  par  M.  Roberts  s'exprime  sous 
une  forme  assez  simple  pour  qu'on  puisse  s'en  servir  pour  trouver  T^uation  de  la 
surface  parallfele.     Soit  k  present  Tellipse,  section  de  Tellipsoide 

par  un  plan  quelconque 


/ 


/ 
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il  est  clair  que  T^uation  de  la  surface  annulaire  doit  se  trouver  de  mSmi6  k  moyen 
d'une  fonction  cubique  de  X.  Pour  verifier  cela,  je  remarque  que  Ton  jL  k  trouver 
Tenveloppe  de  la  sphere  (Z-ir)*  +  (F-y)»  + (Z-^)^  =  i»,  oil  les  pai'amfet4s  X,  F,  Z 
sent  1x68  par  les  deux  Equations  qui  viennent  d*6tre  mentionn^es :  cela  d<^nne  tout  de 
suite  pour  la  surface  annulaire  le  systfeme  des  Equations 

X 

X  —  X  —  X—r"  ul    =0, 

Y 

z  —  Z  —X—'-fin  =0, 

oil  \,  fi  sont  des  parametres  arbitraires:   ces  ^nations  donnent 

y  _  g'  (a?  -  fit)  b^jy-fim)       ^(^(z-fin) 

^■"     a«+\     '     ^  b'  +  X      '     ^^     c»  +  X      ' 

et  de  Ik,  en  mettant  pour  abr^ger 


a»  +  X     6»  +  X     c^  +  X 
on  trouve  k  moyen  de  T^uation  lin^ii'e 

et  les  deux  autres  ^uations  donnent  alors 

a*(x-itJ[f     b'iy-fimy     (f(z-finy  _ 

(aj'+xy  "•"  (i'+xj^"''"  {d'+\y    ~  ' 

(\a  +  a*fdl     (Xy  +  b'fimy     (\z  +  c»/in)'  _  j^ 
(o'  +  X)»    "^     (ft'  +  xy     ■•"    (c'  +  xy  ' 

p 
oil  /«  est  cens^  d^noter  la  valeur  -q.    Je  d^uis  de  \k  les  Equations 

-^  +   -y!_  +     ^'    ,  /*'o  -1  I  ^" 

o>  +  X        6>  +  X    ^    C»  +  X       X^~     ^X' 


{a*+\y    (b'+xy   (<f+\y 
\(o'+ x^ "*■  (F+x^ ■*■  (7+x?y  X 

"*■  l(o'  +  X/  ■*"  (6»  +  X)*  ■*"  (c»  +  X?j 


C.    IV. 


X»" 

21 
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SriMnt  P'.i/Ua  d^rir^es  6t  P,  Q  far  ifpon  a  X.  on  a 

la*x  "■^  iK^ 


-i*'-7-r^^+/7=^^+ 


ra'+xy    (A'+x/    (tf»+x>»' 


_«...^'^^  +  ^.J^+ 


(a»+X/     (A^+Xf  "^(e»  +  Xf' 
«C  de  yk  mam 

A  oMjren  de  ees  ^laadoiw,  et  en  sabstitaant  poor  m  I*  valenr  p,  les  deux  ^nations 
eiHlMRW  donn^  deriennent 

(«.$x-^^  +^fx-^-?)«+?-«' 

eo  rliff6«ntiant  la  premie  ^oadon  par  r^iport  k  X  on  obtient 


\(<i^ + xy  ^  (ft» + xy  *  (c + xy    x»y 


-^.=0. 


^Vo*  +  X^6'  +  X^<5'+X  X/^^     X         X* 

et  cette  &|aation  ae  r^oit  k  une  identity  Ji  moyen  dee  deux  ^nations:  done 
I'^uation  de  la  mubce  annulaire  s'obtient  en  ^galant  k  zero  le  discriminant  par  rapport 
li  X  de  r^joation 

\a'  +  X     V  +  X     (f  +  X  X/  X 

c'e^&-dire,  en  mibstituant  pour  P,  Q  leurs  valeurs,  T^uation  sera 

U'  +  x'^&»  +  x'^(j»  +  \  X/U'  +  X     6*  +  X     (?  +  V 

+x(;?Tx+^-^^+x-''J=^- 

Dann  cette  ^nation,  en  rdunissant  les  termes 

o^  +  X  a»  +  x'*"x  (a«  +  X)>' 
on  voit  que  ces  termes  se  r^duisent  k 


(a«  +  X)       '       X(o«  +  X)' 


I 
I 


I 

i 
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et  de  mSme  pour  les  termes  semblables  en  y,  z.    Done  en  multipliant  par 

\(a«  +  X)(6»  +  \)(c«  +  X.) 
les  d^nominateurs  disparaissent,  et  I'dquation  est  r^ellement  de  Tordre  3  par  rapport  k  X. 

La  section  sera  circulaire  en  supposant 


cela  donne 


^  =  V^-^"  '"=^'  «  =  v^-^5 


a*  +  X     b'  +  \     c^  +  \       a*  +  \     d'  +  X       6»(o'+A.)(c"  +  X)' 


r^uation  en  \  devient  ainsi 


( 


a-Tx  +  P^  +  ?$x- '-?)('•■-«■)<'■+''> 


laquelle  se  r^uit  k 

+  2acxz  ^a^& .  'Jl^-c^ 

-  26p  [ax  (c«  +  X)  Va«-6»  +  6y  (a«  +  X)  V^^«] 

-  2  (a»  -  (?)  (6»  +  X)  (c»  +  X)  +  6y  (a«  +  X)  (c^  +  X)  =  0, 

^uation  de  Tordre  2  par  rapport  k  {x,  y,  z),  par  rapport  k  \,  et  par  rapport  k  p. 
Done  en  6galant  k  z4to  le  discriminant  par  rapport  k  X,  on  obtiendrait  une  ^nation 
du  quatrifeme  ordre  par  rapport  aux  coordonndes  (x,  y,  z),  et  par  rapport  k  p;  on 
ourait  ainsi  T^uation  de  la  surface  annulaire  de  M.  Roberts,  rapport^e  aux  axes  de 
rellipsoide,  et  en  termes  des  quantit^s  a,  6,  c,  k  et  du  param^tre  p  qui  donne  la 
position  du  plan 

de  la  section  circulaire. 

M.  Roberts  a  donnd  (Comptes  Rendus  Nov.  14,  1859)  le  th^or^me  que  voici 
qui  se  rapporte  k  une  surface  primitive  quelconque: — ''Soit  D  la  siu*£Eice  semblable 
k  la  primitive  en  multipliant  par  2  ses  rayons  vecteurs,  et  soit  P  la  surfieu^e  parall^le 
ou  equidistante  de  D  par  la  longueur  constante  k,  Tdquation  qui  r^sulte  de  la  sub- 
stitution  de   Va:»  +  ys  4-  ^  au   lieu  de   k  dans   T^uation  de  P,  coincide  avec  T^quation 

21—2 
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de  la  premiere  d^riv^e  negative  de  la  surface  primitive  "-«ou  je  rappelle  que  dans  la 
th^rie  des  surfisu^es  derivdes  de  M.  Hirst  la  premiire  dirivie  negative  est  la  surface 
enveloppe  des  plans  conduits  par  les  points  de  la  surface  primitive  perpendiculairement 
aux  rayons  men^  par  un  point  quelconque.  Pour  ddmontrer  le  th&>r^me,  prenons 
f(X,  F,  Z)  =  0  pour  r^uation  de  la  surface  primitive:  en  supposant  que  (X,  F,  Z) 
soient  les  coordonn^es  d'un  point  de  cette  sur&ce,  {2X,  2Y,  2Z)  seront  les  coordonn^es 
d'un  point  de  la  sur&ce  D,  et  la  surface  parall^le  k  D  sera  Tenveloppe  des  spheres 

avec  la  relation  f(X,  F,  Z)  =  0  entre  les  paramfetres.  Or  on  pent  avant  cPeffectuer 
JUliminaMon  Aaire  Va^  +  y*  +  -»"  au  lieu  de  k, .  T^quation  devient  ainsi 

Z(«-Z)+F(y-F)  +  Z(^-Z)  =  0, 

avec  cette  mSme  relation  /(X,  F,  Z)  =  0  entre  les  param^tres;  or  cette  ^nation  est 
celle  d'un  plan  conduit  par  le  point  {X,  F,  Z)  perpendiculairement  au  rayon  men^ 
par  Torigine  des  coordonndes:  et  ce  dernier  syst^me  donne  ainsi  T^uation  de  la 
surface  d6rivde. 

L'^uation  de  la  surface  parallfele  de    rellipso'ide   est  trouv^   en  ^galant  k  z^ro  le 
discriminant  par  rapport  &  \  de  I'fkjuation 

done,  en  Asrivant  dans  cette  Ajuation  a:'H-y*  +  ^  au  lieu  de  fc,  et  4a*,  46*,  4c*  au 
lieu  de  a*,  6*,  C*,  on  doit  obtenir  T^uation  de  la  d^riv^  de  Tellipsoide,  les  rayons 
^tant  men^  par  le  centre.  Pour  me  conformer  k  la  notation  de  mon  M^moire  "Sur 
la  surface  qui  est  Tenveloppe  des  plans  conduits  par  les  points  d  un  ellipsoi'de  per- 
pendiculairement aux  rayons  mends  par  le  centre"  {Journal,  tom.  ii.  1859  [250]) 
j'dcris  —  20  au  lieu  de  \ :   Tdquation  en  X  devient  ainsi 

a^  y*  _£* ,  _  a;*  +  .y*  +  ^ 

W -20^  4^-20^  4^-20  20 


laquelle  se  r^uit  tout  de  suite  k 


aj*  V*  -2*        /I 


^  V  ,^  V  «,  V 

2"-     2-^     2-- 
a^  l^  c^ 

et  la  surfiace  ddriv^  est  Tenveloppe  de  cette    ^nation   en   0,  rdsultat    trouvd   dans  le 
mdmoire  que  je  viens  de  mentionner. 

Mais  je  dois  k  M.   Roberts  la  remarque  que   r^iproquement  T^uation  en  X  pour 

la  surface  parallele   pent  se  d^uire  des  formules  de   ce  mdmoire.     En  effet  en  prenant 

a  cos  a,   &cos)9,  CC0S7  poiir  les  coordonndes   d'un  point  de   rellipsoi'de   (on  a  comme   k 

I'ordinaire    cos*  a  +  cos*  )8h- cos*  7=1)    I'dquation    du    plan    perpendiculaire    au   rayon    par 

le  centre  sera 

cue  cos  a  +  hy  cos  )8  +  02:  cos  7  =  a*  cos*  a  +  6*cos*  ^■\'C?  cos*  7, 
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^t  Tenveloppe  de  cette  Equation  est  Tenveloppe  par  rapport  k  d  de  T^quation 

^  4.  y'  4.  ^'  -/J 

^     a?     ^      ¥     ^     (^ 
Done  en  giniral  Tenveloppe  de 

I  cos  a  +  m  cos  )8  +  n  cos  7  =|)  cos'  a  +  g  cos' )8  +  r  cos'  7, 

(oil  comme  auparavant  cog'a  +  cos')8  + cos'7  =  1)  sera  Teaveloppe    par  rapport    i   5  de 
i'i^uation 

-i!_  4.     ^?i-4.       ^'      -tf 

Or  la  sur&ce  parall^le  k  rellipso'ide  est  Tenveloppe  de 

(Z-a?)'  +  (F-y)'  +  (Z-^)'  =  A;', 

ou,   en  ^crivant  a  cos  a,  b  cos  13,  ccosy  au  lieu  de  X,  Y,  Z,  cette  surface  est  Tenveloppe  de 

Z  cos  a  +  m  cos  ^8  +  w  cos  7  =/)  cos'  a  +  q  cos')8  +  r  cos'  7, 

ea    pKDsant  p—a^  +  y*  +  ^,  et 

Z  =  2aXf  m  =  26^,  71  =  2cz, 

p  =  p  +  a'-Aj»,  g  =  p  +  &'-A:»,  r  =  p+(j»-i'. 

I^tio  cette  surface  sera  Tenveloppe  par  rapport  i  5  de  T^quation 

4a'a?  ^  46'y'  4c'2;' 


2  0>  +  a'-ifc')-5     2(p  +  6'-A:»)-5^20)  +  c'-A:»)-5 
et   eti  ferivant  (2p  — i*)  — 5  =  2X  cette  Equation  devient 


=  ^, 


a'a?         6y         c'-j' 


+ 


a'  +  \     ft'  +  X.     c" 


—  =p-A.-X, 


ce8t^i.dire 


^^    enfin 


^-rjr-r^      '^V  +  X     6'  +  X     C  +  Xy     '^  ' 

a^  y'  ^     ^        ^ 

a'  +  x'*"6»+x"*"C  +  \"'    "*"X' 


^  qu'il  s'agissait  de  fidre  voir.  Je  reserve  k  une  autre  occasion  la  discussion  de 
^  forme,  et  des  singularit^s  de  la  forme,  et  des  singularity  de  la  sur&ce  parallfele 
^  l*ellip8oide. 

2,  SUme  Buildings,  W.  C,  Londres,  7  Nov.  1860. 
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ON    A    PROBLEM    OF    DOUBLE    PARTITIONS. 


[From  the  Philosophical  Magazine,  vol  xx.  (1860),  pp.  337 — 341.] 

If  a  +  6  +  c+...=m,  a-f )8  +  7+...  =/a  (the  quantities  being  all  positive  integer 
numbers,  not  excluding  zero),  then  (a,  «)  +  (&,  /3)  +  (c,  7)  +  ...  is  considered  as  a 
partition  of  (m,  /i):  and  the  partible  quantity  (m,  fi),  and  parts  (a,  a),  (b,  /3),  &c.  being 
each  of  them  composed  of  two  elements,  such  partition  is  said  to  belong  to  the  theory 
of  Double  Partitions.  The  subject  (so  fisu:  as  I  am  aware)  has  hardly  been  considered 
except  by  Professor  Sylvester,  and  it  is  greatly  to  be  regretted  that  only  an  outline 
of  his  valuable  researches  has  been  published:  the  present  paper  contains  the  demon- 
stration of  a  theorem,  due  to  him,  by  which  (subject  to  certain  restrictions)  the 
question  of  Double  Partitions  is  made  to  depend  upon  the  ordinary  theory  of  Single 
Partitions. 

Let  the   question  be  proposed,  "In   how   many  ways  can  (m,  /i)  be  made   up   of 

the  given  parts  (a,  a),  (6,  fi),  (c,  7),  &c."  under  the  following  conditions  (which  are,  it 

will  be  seen,  necessary  in   the  demonstration  of  the  theorem  constituting  the  solution), 
viz. 

- ,   -Q ,   - ,  &c.   are  unequal  fractions,  each   in  its  least  terms, 

and 

a,    /3,    7,  &c.,  are  each  less  than  /i  +  2. 

The  number  of  partitions  is 

=  coeffi  x^y*^  in  — 


(1  -  af'y-)  (1  -  a/>y»)  (1  -  afyy) ... 
the   fraction  being  developed  in  ascending  powers  of  x,  y. 
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Considering  the   fraction  as  a   function   of   y,  it  may  be    expressed    as    a  sum    of 
partial  fractions  in  the  form 

^(^»  y)  yB{x,  y)     C(x,  y) 
1  -  a;ay«  "^  1  -  a^ftyi  "^  1  ^  a;cy  y  "^  —  ' 

where 

A  (a?,  y)  is  rational  in  x,  rational  and  integral  of  degree  a  —  1  in  y, 

B  (a?,  y)  „  „  „  ^  - 1     „ 

C  (ar,  y)  „  „  „  7  - 1     „ 

&c. 

To  find  A  (x,  y)  we  have,  when  y  =  xa, 

^^^'  y)  =  (l-^y»)(l-«j«yy)...' 
or  what  is  the  same  thing,  we  have 


A(x,  a?-«)= — ^ . 

This  in   &ct  determines  A  (x,  y) ;  for  the  right-hand  side  of  the  equation  may  be 
reduced  to  the  form 

(l-^<H-«^)(l«a;-u^r)...      ' 

vhero  A^^  Ai,..A^i  are  rational  functions  oi  x:  to  do  this,  it  is  only  necessary 
(takixxg  CD  an  imaginary  a-th  root  of  unity)  to  multiply  the  numerator  and  denomi- 
natoir    by 

n  (1  -  ©«*"  • )  n  (1  -  iox'~^ ) . .. , 

whei-^  n  denotes  the  product  of  the  factors  corresponding  to  the  a  —  1  values  of  a> ; 
the  denominator  is  thus  converted  into 

(i-x'<*-^))(i-^-(''-?)).... 

whiclx  is  of  the   form   in  question ;  and  the  numerator  becomes  a  rational  function  of 

a  a 

«  ao.c3  aj~«,  integral  as  regards  a?"*,  and  therefore  at  once  expressible  in  the  form  in 
question.    And   the  equation,  viz. 

_a  (tt-l)a 

A^  +  AiX"  a  . . .  +  Aa^iX"       « 


A  (a?,  flj~«)s= 


(l-ic-*-«^)(l-a;*«^r)...     ' 


TeTna.1118  true  if  instead  of  a?"«  we  write   cDa^^a;  in  fact,  instead  of  writing  in   the  first 

a  a 

instajice  y  = «?"«,   it  would   have  been  allowable  to  write  y  =  €i>x'"^,  a>  being  any   a-th 
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root,  real  or  imaginary,  of  unity.  Hence  recollecting  that  A  (x,  y)  is  a  rational  and 
integral  function  of  the  degree  a  —  1  in  y,  the  equation 

A(x   v)^   Ao  +  A,y...-^A,^,r^' 

a 

which  is  true  for  the  a  values  ow:"«  of  y,  must  be  true  identically;  or  this  equation 
gives  the  value  of  A{x,  y).  And  the  values  of  B{x,  y),  C(x,  y),  &c.  are  of  course  of 
the  like  form. 

Now  consider  the  term 

A  (^>  y) 
1  -a^y*  * 

where  A  (x,   y)  is  s.  rational   and   integral   function  of   the  degree  a  —  1   in   y,   and    - 

is  by  hjrpothesis  a  fraction  in  its  least  terms.  The  coefficient  therein  of  af^  (the 
fiaction  being  developed  in  ascending  powers  of  x,  y)  is 

-4  (a?,  y) 


=  coeflf.  af^y*^  in  ,        2 


y 


(the  fiaction  being  developed  in  ascending  powers  of  x,  y).  In  fiwt  the  two  fractions 
only  diflfer  by  a  wholly  irrational  function  of  x,  as  is  at  once   obvious  by  developing 

—  in  ascending  powers  of  y.     We  have,  separating  the  integral  part, 

1  —xay 

a 

A(^>  y)_  jT ,  A  (^»  a?"«) 

\  —  x^y  1—x^y 

where  CT  is  a  rational  and  integral  function  of  the  degree  a  —  2  in  y.  But  a  being 
by  hypothesis  <  /i  +  2,  or  what  is  the  same  thing,  a  —  2  <  /i,  U  does  not  contain  any 
term  of  the  form  ic^y*,  and  therefore 

coeff.  afy^  in  A(?l1) 

1  —  x^y 

a 

=        do.         in  -4  (x,  x^*) 

a         ' 

1  — a:«y 


and   this  last   is 


coefiF.  af^  in  xa  A(x  ,  x~^), 


coeflF.  X      ^    in   A(x  ,  X  a), 


=  coeflF.  a;*'»-«^  in  A  (x*,  x-^) ; 
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and  from  the  foregoing  equation 

-*                          1 
A(x,  X  •)=  —^ — , 

(1  -A*")(l-a.^-.)... 
this  is 

=  coeflf.  af^^*^  in 


il-af'^*-^)  (1  -a*^y)  ... ' 
The  last-mentioned  expression   is  thus  the  value  of 

coeffi  a?-r  in  ^^^\ 
and  hence,  Theorem, 

coeffi  a?-r    in   (i  _^y.)(i  _^j^)(i  _^yr)... 

"I 

=     coeflF.  ar**"-*^  in 


(1  «  ^6-a^)  (1  _  ^c-ay)    ^^ 


+  coeff.  afi"^^  in 


(1  -a^«-**)(l-a^^-^r)... 


+  coeflF.  xr""-^  in 


(1  - iry«-^«) (1  - ajy*^-^)  ... 
+  &c., 

the  fraction  on  the  left-hand  side  being  expanded  in  ascending  powers  of  a?,  y,  and 
those  on  the  right-hand  side  being  expanded  in  ascending  powers  of  a?,  and  the  data 
satisfying  the  above-mentioned  conditions.  The  number  of  partitions  of  (m,  /i)  is  thus 
found  to  be  equal  to  the  expression  on  the  right-hand  side.  It  is  to  be  noticed  that 
^^  the  right-hand  side,  when  any  of  the  indices  am^afA,  ^m  — 6/i, ...  is  negative,  the 
^^Tesponding  coeflScient  vanishes;  and  that  when  the  index  of  the  power  of  x  in  any 
^tor  of   a  denominator  is  negative,   e.g.   if  a6  — ai8  =  — ja,   then    (in  order  to  develope 

^  ascending  powers  of  x)  we  must  in  the   place  of       _,,Mb-afi  ~  i  ^   -p  ^^^  "p'lTi  * 

xP 
^^  J-  — ,  and  develope  in  the  form  —  (a?P-haJ^  +  a^4-  ...)•    The    right-hand  side  is  thus 

^u  to  be  the  sum  of  a  series  of  positive  or  negative  numbers,  each  of  which  taken 
Vfitivdy  denotes  the  number  of  the  single  partitions  of  a  given  partible  number  into 
pven  parta 

If,  using  a  term  of  Professor  Sylvester's,  we  say  that 

coeflF.  af^  in 


c.  n^  22 
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(where  m,  a,  6>  c...  are  positive  or  negative  integers,  and  the  fraction  is  developed  in 
ascending  powers  of  x)  is 

=  Denumerant  of  m  in  respect  to  the  elements  (a,  6,  o,  •••),  say 
=  Denumerant  (m;  a,  6,  c...)> 

then  when  m,  a,  6,  c...  are  positive,  but  not  otherwise,  Denumerant  (m;  a,  6,  c.) 
denotes  the  number  of  ways  in  which  m  can  be  made  up  of  the  parts  a,  6,  c...; 
and  the  foregoing  result  shows  that  the  number  of  ways  in  which  (m,  /i)  can  be 
made  up  of  the  parts  (a,  a),  (6,  )9),  (c,  7),  &c.  is  equal  to  the  sum 

Denumerant  (am  —  a/^t;  oft  — a/8,  ac  —  a7, ...) 

+  Denumerant  (fim  —  6/;* ;  fia—ba,  fie-- by, ...) 

+  Denumerant  (7m  —  c/a  ;  7a  —  ca ,  76  —  c^S,  •  • .) 
+  &c. 

But,  as  appears  from  what  precedes,  a  denumerant  may  be  equal  to  zero,  or  may 
denote  a  number  of  partitions  taken  negatively ;  and  it  is  not  allowable,  in  the  place, 
e.g.,  of  the  first  denumerant,  to  write  simpliciter,  number  of  partitions  of  am  — a/i  in 
respect  of  ab  —  afi,  ac  — ay,  &c.  The  notion  of  a  Denumerant  is,  in  &ct,  an  important 
generalization  of  the  notion  of  a  number  of  partitions. 

2,  Stone  Buildings,  W.C,  October  4,  1860. 
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where  a-^^v  —  c^.  The  equation  in  c*  is  thus  of  the  fourth  order ;  and  in  like  manner, 
if  instead  of  c*  we  take  a-  as  the  unknown  quantity,  and  substitute  therefore  for  d* 
its  value  v  —  a-,  the  equation  in  a-  will  be  also  of  the  fourth  order :  and  effecting  the 
reduction,  this  equation  is 

8<r*  -  12i;<7»  +(6i^  -  2\/i)<7»  +  (V  +  M*  - 1^  -  X/iv)  <r  +  (v\-  ii^)  (v/i-  X')  =  0. 

It  may  be  remarked  that  if  cr=0,  then  a  or  6  vanishes;  and  therefore,  from  the 
original  equations,  i/X  — /Lt*  =  0,  or  i//i  — \*  =  0,  which  agrees  with  the  result  afforded  by 
the  foregoing  equation  in  cr.  Again,  if  cr  =  i/,  then  c  =  0 ;  and  therefore,  from  the 
original  equations,  i/*  — X/i  =  0.  The  lefb-hand  side  of  the  equation  in  cr,  writing  therein 
o"  =  I/,  should  therefore  contain  the  factor  v^  —\fi\  its  value  in  fact  is  v*  —  2X/ai^  -f  XV» 
or  (y  -  \^if. 

If  in  the  original  equations  we  write  a  =  - ,   6  =  - ,  the  equations  become 

z  z 

a^  +  cyz  —  Xz'  =  0, 
y'  +  czx  —  lu^  =  0, 
(c*  —  v)2^  +  «y  =  0, 

which  are  three  homogeneous  equations  of  the  second  order;  from  which,  if  the 
variables  x,  y,  z  are  eliminated,  we  have  the  required  equation  in  c.  And  it  would 
not,  I  think,  be  difficult,  from  the  known  formula  for  the  general  case,  to  deduce  the 
foregoing  result  corresponding  to  the  very  particular  case  which  is  here  in  question. 

2,  Stone  Buildings,  W.C.,  September  25,  1860. 
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257. 


ON    THE    CUBIC    CENTRES    OF    A    LINE    WITH    RESPECT    TO 

THREE    LINES    AND    A    LINE. 

[From  the  Philosophical  Magazine,  vol.  xx.  (1860),  pp.  418 — 423.] 

Consider  a  line  L  in  relation  to  the  three  lines  X,  F,  Z  and  the  line  /:  through 
the  point  of  intersection  of  the  lines  X,  L,  draw  any  line  meeting  the  lines  /,  F,  Z, 
and  let  the  harmonic  of  the  intersection  with  /,  in  relation  to  the  intersections  with 
F^,  ^j  be  ^;  then  the  locus  of  the  point  f  is  a  conic  passing  through  the  points 
F7,   Zl  TZ. 

If,  in   like  manner,  through   the  point  of  intersection   of  the  lines    F,  Z,   there  is 

drawn    any   line    meeting    the    lines    /,   Z,    X,   and    the    harmonic    of   the  intersection 

with  /,  in  relation  to  the  intersections  with   Z,  X,  is  called  17,  the  locus  of  the  point  17 
IS  a  conic  passing  through  the  points  ZI,  XI,  ZX. 

And  BO,  if  through  the  point  of  intersection  of  the  lines  Z,  L  there  is  drawn  any 
line  meeting  the  lines  /,  X,  F,  and  the  harmonic  of  the  intersection  with  /,  in 
relation  to  the  intersections  with  -X,  F,  is  called  f,  then  the  locus  of  2^  is  a  conic 
passing  through   the  points  XI,    YI,  XY. 

The  pairs  of  conies,  viz.  the  second  and  third,  third  and  first,  first  and  second 
conies,  have  obviously  in  common  the  points  XI,  YI,  ZI  respectively.  They  besides 
intersect  all  three  of  them  in  three  points,  which  may  be  termed  the  aubic  centres  of 
tte  line  L  in  relation  to  the  lines  X,  F,  Z  and  the  line  /. 

The  line  L  may  be  such  that  two  of  the  three  cubic  centres  coincide;  the  locus 
of  the  coincident  centres  is  in  this  case  a  conic  which  touches  the  lines  X,  Y,  Z 
liannonically  in  regard  to  the  line  /;  that  is,  it  touches  each  of  the  three  lines  in 
the  point  which  is  the  harmonic  of  its  intersection  with  /  in  relation  to  its  inter- 
sections with  the  other  two  lines. 
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roots,   the   conies   will   touch.      But   the   equation    of    the   line,    combined   with   tho» 
the   two   conies,  gives 

111 

"■y-'  0+x- d+f^- $+v' 

and  substitutiag  these  values  in  the  equation  of  the  line,  we  have 

1   .   L_+   1    -|.„, 


e-^-x    0+fA    d  +  v    0 

which  is  (as  it  should  be)  a  cubic  equation  in  0, 

If  the  equation  in  0  has  equal  roots,  then 

1  1  1  2 

(^  +  X)«"*"(^+/a)>'^(^  +  i/)«     ^"     ' 

and  putting  in  these  two  equations, 


we  have 


whence  eliminating  m, 


that  is 


^"iTfX'    y'0T^'     ^^~0'-^v' 


2m      ^ 
a?+y+2^--^-  =0, 


(iC  +  y  +  2^)'  =  2(aJ"  +  y"  +  -?0; 


or,  what  is  the  same  thing, 

Vi  +  Vy  4-  V-?  =  0, 

for  the  equation  of  the  locus  of  the  coincident  centres:  such  locus  is  therefoi 
conic  touching  the  lines  a?  =  0,  y  =  0,  ^  =  0,  in  the  points  of  intersection  ^ 
the  lines  y  — 2:  =  0,  2:  — a?  =  0,  a?  — y  =  0  respectively;  it  is  a  conic  touching  the  1 
X,    F,   Z  harmonically  in  regard  to  the  line  /. 

To   find   the  envelope  of   the   line  i,   the    most   convenient   course  is   to   take 
equation  in  ^  in  the  reduced  form 

0*-0{tiv  +  v\^  \/i)  -  2\/ii;  =  0 ; 

this  will  have  a  pair  of  equal  roots  if 

(/ii;  +  v\  +  X/i)*  -  27\>V  =  0 ; 
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that  is,  if 

/iv  + 1/\  4-  \/i  -  3  (Xfiv)^  =  0 ; 

or  if 

UU1_3      1      =0; 

\    fi    V      {XtApy 

or  finally  if 
which  is  the  relation  between  \,  /i,  p  in  order  that  the  line 

may  have  two  coincident  centres;  this  gives  at  once  for  the  equation  of  the  envelope 

\/x  +  \^y  +  y/  z  =  0, 

w-hioh  is  the  equation  of  a  curve  of  the  fourth  order  having  four-pointic  contact 
wifcl:!.  the  lines  a?  =  0,  y  =  0,  ^r  =  0,  at  the  points  of  intersection  with  the  lines 
y —  -3=0,  if  — a?  =  0,  a?  — y=0  respectively,  ie.  it  has  four-pointic  contact  with  the  lines 
Xy      Y,  Z  harmonically  in  regard  to  the  line  /. 

It  may  be  noticed  that  the  rationalized  form  of  the  equation  \/x  +  \/y  +  \/ z  =  0  is 

a?*  +  y*  +  ^  —  4  (y  «•  -Vi^z -V  za?  •\' 2?x -V  xy*  +  a^y) 

+  6  {fs^  +  z^a^  +  id'y^)  -  124  {a^z  +  fzx  +  s^xy)  =  0. 

If,  to  fix  the  ideas,  the  signs  of  the  coordinates  x,  y,  z  are  so  determined  that  a 
poix^t  within  the  triangle  a?  =  0,  y  =  0,  £r  =  0  has  its  coordinates  positive  (in  which  case 
tho  line  a?  +  y  +  -?  =  0  will  cut  the  three  sides  prodticed),  the  curve  x/x  +  v^y  +  x^z  —  O 
^will    lie  wholly  within   the   triangle,  and   will  be  of   the    form   shown  by   the   annexed 


"pire.  This  is,  in  feet,  the  form  of  the  curve  in  the  case  considered  by  Plucker, 
Were  the  line  /  is  at  infinity,  the  points  of  contact  being  the  middle  points  of  the 
adea.    And  his  five  groups  of  curves,  a,  /3,  7,  S,  e,  and   two  subdivisions  of  the  group 

C.  IV.  23 
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0  (see  pp.   221 — 224),   correspond  to  the  following  positions  of   the  line  in   regard  to 
the  triangle  and  curve,  viz. 

OL  The  line  cuts  the  three  sides  produced. 

-  ff.  It  passes  through  an  angle,  (a)  cutting,  or  (b)  not  cutting  the  curve. 

7.  It  cuts  two  sides  and  a  side  produced,  but  does  not  cut  or  touch  the  curve. 

S,  It  cuts  two  sides  and  a  side  produced,  and  touches  the  curve. 

€.  It  cuts  two  sides  and  a  ^de  produced,  and  cuts  the  curve. 

It  is  hardly  necessary  to  remark  that,  in   the  general  case,  the  tangential  equation 
of  the  curve  is 

or  what  is  the  same  thing, 

(17?+ ??  +  ^7)' -  27pi7»?7  =  0 ; 

and  that  the  curve  is  therefore  of  the  sixth  class. 
2,  8(me  Buildings,  Tf.C,  October  16,  1860. 
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258. 


ON   A  RELATION  BETWEEN  TWO  TERNARY  CUBIC  FORMS. 


[From  the  Philosophical  Magazine,  vol.  xx.  1860,  pp.  512 — 514.] 

The  cubic  form 

a^*  +  y^  +  ^  +  6layz 

is  in  general  linearly  transformable  into  the  form 

(Z+F  +  Z)'  +  27A:ZFZ; 

in  fact,  writing 

X  =  2lx  —  y  —  z, 

Z  ^ilz  —  x  —  yy 
we  have  identically 

(l-2Z  +  4P)(Z+F  +  Z)»  +  24(f-l)'ZFZ=8(2i  +  l)>(i-l)»(a:»  +  y»  +  ^  +  6/a?yr); 

and  the  value  of  k  consequently  is 

8(Z-1)» 


*  =  - 


9(l-2f-|-4P)' 


If,   however,  1  =  1    or    Z  =  —  ^,   the   transformation    fails.     In    the  former   case,   viz.    for 
/  =  1,  the  equations  for  the  linear  transformation  become 

X  =  2x  —  y  —  Zf 

Y  =  2y-z  "X, 

Z  =  2^  —  a?  —  y, 

23—2 
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which    give    Z+F+Z=0,   so    that    Z,    F,   Z    are    no    longer    independent;    and 
formula  of  transformation  becomes 

It  may  be  noticed  that  the  invariant  8  of  the  form 

^  +  y*  +  ^  +  6lxyz 

is  S  =  —  Z  +  i*,  so  that  1  =  1   is  one  of    the    values  which    make  S   vanish.      And 
above  transformation  is  not   applicable   to   the  cubic    form    a^  +  y* •\-z*  +  6d?y^,  which 
a  form  for  which  8  vanishes.     The  transformation,  however,  holds  good  for  1=0,  wl 
is  another  value   which  makes  8  vanish;  or  it  does  apply  to  the  form  a^  +  y'  +  z', 
which  8  vanishes.     The  transformation,  in  fact,  is 

(Z+F+Z)«4-24ZFZ  =  -8(a:»  +  y'4-^), 

with  the  linear  equations 

X  =  -  y  -  z, 

Z  =  —  X  —  y. 

The  above  two  forms  for  which  8  vanishes,  viz. 

^  H-  y*  +  ^  +  6xyz, 
^  +  y*  +  ^, 

are,  notwithstanding,  equivalent  to  each  other,  as  appears  by  the  identical  equation 

{x  +  y  +  zy -^^  {x+  o>y  +  to^zY  +  (a: -f  o)*y  +  <ozy  =  3(«*4-y*  +  -r*  +  Qa^yz), 

where   q>    is    an    imaginary  cube    root    of   unity.     In    the    latter    of   the   two    cas' 
failure,  viz.  for  Z  =  —  ^,  the  equations  for  the  linear  transformations  are 

X  =  Y^Z^  —  x  —  y^z; 

so  that   X,  F,  Z  are  not  only  not  independent,  but  they  are  connected  by  two 
relations.     And  the  formula  of  transformation  becomes 

(Z-f  F  +  Z)»-27ZFZ  =  0, 
which  is,  in  fact,  true  in  virtue  of  the  equations  X  =  Y  =  Z. 

The  two  forms  of  equation, 

a^  -\-f+  z*  -f    6lxyz  =0, 

{x  +  y  '{•zy  +  27kxyz  =  0, 

represent   each  of  them  equally  well   a  curve  of  the   third  order  without  a  doi 
In   the  first  form  the  three  real  points  of  inflexion  are  given  by 

(a?  =  0,  y  +  ^  =  0),  (y  =  0,  2:  +  a?  =  0),  (z  =  0,  x  +  y  =  0); 
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THE  PROBLEM  OF  POLYHEDRA^ 


[From  the  Philosophical  Transactions  of  the  Royal  Society  of  London,  voL  CXLVIL  (for 
the  year  1857),  pp.  183 — 185 :  printed  as  a  Note  to  Mr  Eirkman's  Memoir  ''On 
Autopolar  Polyhedra,"  pp.  183—215.] 

Let  a,  b,  c,  d,  e,  f  g,  A,  &c.  represent  the  vertices  of  a  polyhedron,  then  a  £bm^  will 
be  represented,  e.g.  by  ahcde,  where  the  contiguous  duads,  viz.  ab,  he,  cd,  de,  ea  are  the 
edges  of  the  face ;   and  calling  the  face  K,  we  may  write 

K=ahcde.  (1) 

It  is  to  be  noticed  that  the  letters  of  a  face-symbol  may  be  taken  forwards  or 
backwards  firom  any  letter  without  altering  the  meaning  of  the  symbol  Thus,  ahcde, 
bcdea,  &c.,  edcba,  &c.  might  any  of  them  be  taken  to  denote  the  &ce  K,  The  diagonal 
of  a  face  cannot  be  either  an  edge  or  a  diagonal  of  any  other  face,  Le.  a  non-contiguous 
duad  such  as  oc  in  a  face-symbol  K  cannot  be  a  duad,  contiguous  or  non-contiguous,  of 
any  other  face-symbol.  But  each  edge  of  a  face  must  be  an  edge  of  one  and  only 
one  other  face,  i.e.  each  contiguous  duad  such  as  a6  in  the  £Etce-sjrmbol  K  must  be  a 
contiguous  duad  of  one  and  only  one  other  face-symbol  L.  And  moreover  two  hces 
cannot  have  more  than  a  single  edge  in  common,  ie.  two  face-symbols  cannot  contain 
more  than  a  single  contiguous  duad,  the  same  in  each  symbol. 

The  face  K  contains  the  edges  ab,  ac,  i.e.  the  edge  ab  is  contained  in  the  face 
K\  it  will  also  be  contained  in  one  and  only  one  other  face,  suppose  L;  this  face 
will  contain  another  edge  through  the  vertex  a,  suppose  the  edge  af  and  so  on,  until 
we  arrive  at  a  face  containing  the  edge  ae;    we  have,  for  example. 
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ab 
be 
cd 
de 


KL, 
KM, 
KN, 
KP, 


ae 

bf 

eg 
dh: 


PL. 
LM, 
MN, 
NP, 


ef^LQ.    (3) 

fg  =  MQ, 

gh  =  NQ, 
he=PQ. 


\ 

.  '  J 

■ 

p 

Q 

h              9 

M 

/ 

N 

\ 

Consider,  now,  two  polyhedra  having  the  same  number  of  vertices  and  also  the 
same  number  of  faces.  And  let  the  vertices  and  faces  of  the  first  polyhedron  taken  in 
any  order  be  represented  by 

abcde.  •  •  KLM, , . , 

and    the    vertices    and    faces    of   the    second   polyhedron    taken    in   a    certain   order   be 
represented  by 

a'b'c'dfe'...K'rM...] 

then,  forming  the  substitution  symbol 

a'ftVdV.  ..K'L'M'. .  .ahcde.  ..KLM. . ., 

which  denotes  that  a'  is  to  be  written  for  a,  V  for  h...K'  for  K,  &c.,  if  operating 
with  this  upon  the  symbol  system  of  the  first  polyhedron,  we  obtain  the  symbol  S)rstem 
of  the  second  polyhedron,  the  second  polyhedron  will  be  syntypic  with  the  first.  It 
should  be  noticed,  that  there  may  be  several  modes  of  arrangement  of  the  vertices 
and  faces  of  the  second  polyhedron,  which  will  render  it  syntypic  according  to  the 
foregoing  definition  with  the  first  polyhedron,  i.e.  the  second  polyhedron  may  be  sjmtypic 
in  several  different  ways  with  the  first  polyhedron.  This  is,  in  fact,  the  same  as  saying 
that  a  polyhedron  may  be  syntypic  with  itself  in  several  different  ways.  Suppose,  next, 
that  the  number  of  vertices  of  the  second  polyhedron  is  equal  to  the  number  of  fisix^es 
of  the  first  polyhedron,  and  the  number  of  faces  of  the  second  polyhedron  is  equal  to 
the  number  of  vertices  of  the  first  polyhedron ;  and  let  the  vertices  and  faces  of  the 
first  polyhedron  in  any  order  be  represented  by 

abcde  ...KLM ... , 

and  the  faces  and  vertices  of  the  second  polyhedron  in  a  certain  order  be  represented  by 

A'ECUE...m'm;.... 
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[From  the  Philosophical  Transactions  of  the  Royal  Society  of  London,  voL  CXLIX.  for  the 
year  1859,  pp.  193—212.    Received  March  17,— Read  April  14,  1859.] 

It  was  first  shown  by  Plucker  on  geometrical  principles,  that  the  number  of 
the  double  tangents  of  a  plane  curve  of  the  order  m  was  ^  {m  —  2)  (m*  —  9) :  see  the 
note,  ''Solution  d'une  question  fondamentale  concemant  la  th^rie  g^ndrale  des  Courbes,'' 
CreUe,  t.  xil.  pp.  105—108  (1834),  and  the  "Theorie  der  algebraischen  Curven"  (1839). 
The  memoir  by  Hesse,  "Ueber  die  Wendepuncte  der  Curven  dritter  Ordnung,"  CreUe, 
t.  xxviiL  pp.  97 — 107  (1844),  contains  the  analytical  solution  of  the  allied  easier  problem 
of  the  determination  of  the  points  of  inflexion  of  a  plane  curve.  In  the  memoir, 
"Recherches  sur  T^limination  et  sur  la  thdorie  des  Courbes,"  Crelle,  t.  xxxiv.  (1847), 
pp.  30 — 45,  [53],  I  showed  how  the  problem  of  double  tangents  admitted  of  an  analjrtical 
solution,  viz.  if  U=0  is  the  equation  of  the  curve,  L,  M,  N  the  first  derived  functions 
of  Z7,  and 

(where  a,  ^,  7  are  arbitrary),  then  the  points  of  contact  of  the  double  tangents  ai'e 
given  as  the  intersections  of  the  curve  17=  0,  with  a  curve  the  equation  whereof  is 
in  the  first  instance  obtained  under  the  form  [F]  =  0;   \Y\  being  a  given  function  of 

of  the  degree  m*  — m  — 6  in  respect  of  (a,  ^8,  7),  the  degree  m^  —  2;/i*  —  10m  + 12  in 
respect  of  (a?,  y,  z\  and  the  degree  m*  4-  m  —  12  in  respect  of  the  coefficients  of  U, 
It  was  necessary,  in  order  that  the  points  of  intersection  should  be  independent  of  the 
arbitrary  quantities  (a,  )9,  7),  that  we  should  have  identically 

[F]=A.tr+jv.nf7; 
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which  lies  on  the  second  or  line  polar  of  the  point  of  contact  with  respect  to  the 
Hessian.  In  my  "Memoir  on  Curves  of  the  Third  Order,"  PhiL  Trans,  vol.  cxLvn. 
(1857),  pp.  415—446,  art.  No.  37,  [146],  I  gave  an  identical  equation  relating  to  the 
tangential  of  a  cubic,  but  which  is  not  there  exhibited  in  its  proper  form;  this  was 
afterwards  eflfected  by  Mr  Salmon,  in  the  paper  "  On  Curves  of  the  Third  Order," 
Phil.  Trans,  vol.  CXLViii.  (1858),  pp.  535 — 541.  The  equation,  as  given  by  Mr  Salmon, 
is  in  the  notation  of  the  present  memoir, 

an  equation  which  in  fact  puts  in  evidence  the  last-mentioned  theorem  for  the  tangential 
of  a  cubic. 

The  idea  occurred  to  me  of  considering,  in  the  case  of  the  higher  plane  curves, 
the  tangentials  of  a  given  point  of  the  curve,  viz.  the  points  in  which  the  tangent 
again  meets  the  curve;  for  by  expressing  that  two  of  these  tangentials  were  ooincident, 
we  should  have  the  condition  that  the  given  point  is  the  point  of  contact  of  a 
double  tangent.     But  I  was  not  able  to  complete  the  solution. 

Finally,  Mr  Salmon  discovered  the  equation  of  a  curve  of  the  order  7n  —  2,  which 
by  its  intersections  with  the  tangent  at  the  given  point  determines  the  tangentials, 
and  by  expressing  that  the  curve  in  question  is  touched  by  the  tangent,  he  was  led 
to  a  complete  solution  of  the  Double-tangent  problem.  Mr  Salmon's  result  is  given 
in  the  note,  "On  the  Double  Tangents  to  Plane  Curves,"  in  the  Philosophical  Magazine 
for  October  1858.  The  discovery  just  referred  to  led  me  to  the  investigations  of  the 
present  memoir,  in  which  it  will  be  seen  that  I  obtain,  for  a  curve  of  any  order 
whatever,  the  identical  equation  corresponding  to  the  before-mentioned  equation  obtained 
by  Mr  Salmon  in  the  case  of  a  cubic ;  which  identical .  equation  puts  in  evidence  the 
theorem  as  to  the  tangentials  of  the  curve,  and  may  thus  be  considered  as  containing 
in  itself  the  solution  of  the  Double-tangent  problem:  the  identical  equation  is  besides 
interesting  for  its  own  sake,  as  a  part  of  the  theory  of  ternary  quantica 

1.  Mr  Salmons  solution  of  the  problem  of  double  tangents  is  based  upon  the 
following  analytical  determination  of  the  tangentials  of  any  point  of  the  curve. 

Let 

T=(*$Z,  7,  Z)«  =  0 

be  the  equation  of  the  given  curve,  (Jf,  F,  Z)  being  current  coordinates;  and  let 
{x,  y,  z)  be  the  coordinates  of  a  point  on  the  curve,  so  that  we  have 

U  =  {*^x,  y,  ^)«  =  0, 

a  condition  satisfied  by  the  coordinates  of  the  point  in  question. 

Then  the  tangent 

F=(Za«-hF3y  +  ^,)tr=0 

at  the  point  (a?,  y,  z\  meets  the  curve  besides  in  (n  —  2)  points,  which  are  the 
tangentials  of  the  given  point  {x,  y,  z\  and  which  are  determined  as  the  intersections 
of  the  tangent  F=  0  with  a  certain  curve, 
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and  BO  on.      The   function  SI,  like    the  several    component  terms,    is  of  course  of  the 
degree  S  in  the  coefficients  of  U,  and  of  the  degree  2  (n  —  2)  in  (a?,  y,  z). 

4.  It  is  to  be  remarked  that  the  formula  applies  to  a  cubic;  we  have  here 
simply  il  =  DH,  which  agrees  with  a  result  already  mentioned.  It  may  be  noticed 
also  that  in  the  general  case  the  formula  gives  at  once  the  condition  for  the  points 
of  inflexion;  in  &ct,  if  the  point  {x,  y,  z)  he  sl  point  of  inflexion,  then  one  of  the 
tangentials  must  coincide  with  this  point,  or  the  equation  0=0  will  be  satisfied  by 
writing  therein  (x,.  y,  z)  for  (X,  F,  Z);  but  when  this  is  done  ly^^H^  D'^^Hi  &c. 
reduce  themselves  (to  numerical  factors  pris)  to  H,  and  the  equation  becomes  simply 
H  =  0,  which  is  the  well-known  condition  for  the  points  of  inflexion. 

5.  If  two  of  the  tangentials  coincide,  or  what  is  the  same  thing,  if  the  tangent 
F=0  touches  the  curve  fl=:0,  then  the  point  (ar,  y,  z)  will  be  the  point  of  contact 
of  a  double  tangent.  The  equation  which  expresses  the  condition  in  question,  treating 
therein  (x,  y,  z)  as  current  coordinates,  is  consequently  that  of  a  curve,  intersecting 
the  given  curve  (now  represented  by  17=0)  in  the  points  of  contact  of  the  double 
tangents.  The  process  leads  to  a  determinate  form  1117=0,  of  the  curve  in  question, 
but  of  course  any  curve  whatever,  11  [7+ -If .  17=0,  will  intersect  the  curve  U=0  in 
the  points  of  contact  of  the  double  tangents. 

6.  I  write  for  the  moment 

n=(ii,  ...$z,  r,  Z)»-«=0, 

V=(X  +  vY+^Z  =0, 

for  the  two  equations;  the  coefficients  (A,  ...),  as  already  mentioned,  are  of  the  degree 
2(n—  2)  in  (x,  y,  z)  and  of  the  degree  3  in  the  coefficients  of  U',  or  as  we  may  express  it, 

il,...=(a,...)>(ar,  y,  zf^K 

In  like  manner  f,  rj,  f  are  of  the  degree   (n  — 1)  in  (x,  y,  z),   and  the   degi*ee  1  in  the 
coefficients  of  J7,  or  we  may  write 

f,  17,  ?  =  (a,  ...y(a?,  y,  zy^\ 

7.  The  equation  which  expresses  that  the  line  F=0  touches  the  curve  11  =  0,  is 
Fn  =  0,  where  the  facients  of  the  Reciprocant  Ffl  are  the  coefficients  (f,  rj,  f)  of  the 
linear  function.     This  equation  is  of  the  form 

(A,... )»'«-»' (f ,  17,  O^**""^ ^""'^  =  0 ; 
or  attending  to  the  forms  of  (A,  ...)  and  (f,  17,  f),  it  is  of  the  form 

(a, . . .  )•  ^^^^ + <~~*  <**~'>  (Xy  y ,  zy  ''^"^  <**""*' + ''*~^'  <**^>  <'*""  =  0 
or  what  is  the  same  thing,  the  form 
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viz.  the  curve  through  the  points  of  contact  of  the  double  tangents  is  a  curve  of  the 
order  (w  — 2)(n'  — 9),  and  its  equation  contains  the  coefficients  of  the  equation  U  =  0 
of  the  given  curve  in  the  degree  (n  +  4)(n  —  3).  And  since  each  double  tangent 
corresponds  to  two  points  of  contact,  the  number  of  double  tangents  is  ^n(n  — 2)(n'— 9). 
This  agrees  with  the  before-mentioned  results. 

8.  The  whole  problem  is  thus  reduced  to  the  demonstration  of  Mr  Salmon's 
expression  for  the  curve  11  =  0.  To  fix  the  ideas,  consider  the  case  of  a  quartic  curve 
T  =  (*][X,  F,  ^=0,  and  let  the  function  I7  =  (»$a?,  y,  zy  (or  as  for  shortness  we 
may  write  it,   U=(x,  y,  zf)  and  certain  of  its  emanants  be  represented  as  follows,  viz. — 

a  =(a?,  y,  zY 

h  =^{x,y,zyiX,  Y,Z), 

c  =  {x,  y,  zYiX,  F,  Z)^ 

d  =(x,  y,  z)(X,  F,  zy, 

e  = {X,Y,zy, 

a'^{x,y,zy {X\  Y\  Z'), 

V  =(x,y,zy(X,  Y,Z){X\  Y\Z'), 
d  =  (x,  y,  z)  (Z,  F,  Zf{X\  Y\  Z') , 

d'  = (Z,  Y,Zy{X\  Y\  Z'), 

a"  =  (^,  y,  ^)« (Z',  Y\ZJ, 

V'^{x,y,z){X,  ZZ)(X\  Y\Zy, 

c"  = {X,  F,  z)\x\  F,  zy, 

where  (X\  Y\  Z')  ai-e  new  arbitrary  facients;  but,  as  before,  (Z,   F,  Z)  are  taken  to 
be  current  coordinates,  and  (a;,  y,  z)  the  coordinates  of  the  given  point  on  the  curve : 

c  =  0   is  the  equation  of  the  curve ; 

ci=  0,  the  equation  of  the  first  or  cubic  polar  of  the  point  {x,  y,  z) ; 

J  =  0,  the  equation  of  the  last  or  line  polar  of  the  point  (ar,  y,  z\  or  what  is  the 
same  thing  (the  point  being  on  the  curve),  the  tangent  of  the  curve 
at  this  point ; 

a=0,  the  condition  which  expresses  that  the  point  is  on  the  curve. 

9.     Imagine  now  an  identical  equation, 

aI  +  6II  +  dIII  +  eIV  =  0; 
then,  since  a  =  0,  we  have 

6II  +  dIII  +  eIV  =  0; 
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and  if  in  this  equation  we  write  5  =  0,  e  =  0,  it  becomes  Illd  =  0,  that  is,  the  points 
of  intersection  of  the  curve  6=0  and  the  tangent  6  =  0  lie  on  one  or  other  of  the 
curves  d  =  0,  III  =  0.  But  the  points  in  question  do  not  lie  on  the  curve  d  =  0, 
consequently  they  lie  on  the  curve  III  =  0. 

10.     To  explain  the   law  of  formation  of  the  multipliers  I,  II,  III,  IV,  I  form  the 
matrix 


( 

a,    1 

^. 

c. 

d; 

a', 

V 

), 

6,    c,    d, 

e ; 

b',    c'.    d' 

a',    b',    c' , 

df; 

a",    b",    c" 

and  then  we 

have 

I  =  - 

d, 

e, 
d'. 

c,  b' 

d,  c' 
d,    b" 

+ 

d. 
e, 
d'. 

b, 
e. 
b\ 

c' 
d' 
d" 

i 

n  =  - 

d. 

c,    d 



d, 

b, 

V 

— 

d,    a. 

c' 

e, 

d,    V 

e. 

c. 

d 

6,    I 

', 

d' 

d'. 

c',    a" 

d'. 

v. 

b" 

d\    a\ 

c" 

III  =  - 

a. 

b.    d 

— 

a, 

c. 

b'     - 

a,    d, 

a' 

b. 

c,   d' 

b, 

d. 

c' 

6,     i 

!, 

b' 

a'. 

b',    c" 

a'. 

c'. 

b" 

a\     df. 

a" 

IV  = 

a, 
b, 

b,  b' 

c,  c' 

+ 

a, 
b. 

c, 
d. 

a' 
V 

> 

a', 

b 

',    b" 

a'. 

c'. 

a" 

■ 

values  which,  as  I  proceed  to  show,  satisfy  the  identical  equation 

aI  +  6II  +  rfIII  +  eIV  =  0. 
11.     We  have  in  fact 

1=     d(d6"-c'«  -\-cc" 
+  e  (b'd  -  b"o  +  b'c' 
+  d'(cc'  -  db'  +  bd! 
where  the  last  line  is  =  6d'*  —  dft'd' ; 

II  =  d  (6'c'  -  a"d  +  b'd 
+  e  (co"  -  aV  +  hb" 
+  d'(a'd-6'c   +6'c 

where  the  last  line  is  da'd'  —  ad'^; 


b'd') 

be") 

cc'). 

b"c  +  a'd' 

-be") 

6'«  +  ad' 

-a'd) 

be'  +  bc' 

-ad'), 

v. 
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m  =  o  (-  h'd'  +  cc"  +  c''  -  V'd  +  h'd!  -  ea" ) 
+  6  (  Jc"  -  6'c'  +  6"c  -  b'c'  +  a"d  -  o'd') 
+  a'(    cc'  -6d'  +  6'd  -cc'  +o'e  -h'd  ), 


where  the  last  line  is  —  ba'd'  +  ea'* ;  and 


IV  =     a  (6"c-  6'c'  +  do"-  6'c' ) 


+  6  (6'=  -  66"  +  o'c'  -  a"c) 
+  o'(6c'  -  6'c  +  c6'  -  a'd). 


where  the  last  line  is  ba'c'  —  a'*d. 


These  values  may  be  expressed  as  follows: 


1=     a 

+  6 
+  d 
+  e 

n=    a 

+  6 
+  d 
+  e 

ni=  o 

+  6 
+  d 
+  e 

IV=    a 

+  b 
+  d 
+  e 


0 


) 


d'*  ) 

6"d  +  c"c-6'd'-c'c'-d'6') 


-  6"c  -  c"6  +  6'c'  +  c'6' 


-    d'' 


). 


0 


-  a"d  -  b"c  -  c"6  +  a'd'  +  6'c'  +  c'6'  +  d'a' 
a"c  +  b"b+  d'a  -  a'c'  -  b'b'  -  da' 


-  b"d  -  d'd-ir  b'd'  +  c'c'  +  d'6' 
a"d  +  6"c  +  c"6  -  a'd'-  6'c'  -  c'6'  -  d'a' 


0 


—  o"a  +  a'a' 


b"c  +  c"b  -  b'c'  -  c'6' 
-  a"e  -  h"b  -  d'a  +  a'd  +  b'b'  +  da' 


a" a  —  a'a' 


0  ). 


(12) 
(13) 
(14) 

(21) 


(23) 
(24) 

(31) 
(32) 


(34) 

(41) 
(42) 
(43) 


C.     IV. 


25 
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which  are  of  the  form 

I  =  o  0    +b{12)  +  d(lS)  +  e(U), 

II  =  o(21)  +  6  0  +d(23)+e(24), 
m  =  o(31)  +  6(32)  +  d  0  +e(34), 
IV-o(41)  +  6(42)  +  d(43)  +  e  0  , 

where  (12)=— (21),  Sec,  and  which  therefore  satisfy  the  equation 

ol       +6n     +dIII    +eIV  =  0. 

12.    The  equation  of  the  curve  which  by  its  intersection  with  the  tangent  gives  the 
tangentials,  is 


III=- 


a ,  b ,    o' 

b,  e,    d' 
a',    V,    c" 


a ,  c ,    V 

b,  d,    c' 
a,    c ,    0 


a ,  d ,    (I 

b,  e,    V 
a!,    d ,    a 


-0, 


the  degrees  of  which  are 


in  the  coefficients  of  17,  3, 

in  (x  ,   y  ,  z  ) 6, 

in  (Z,  F,  Z) 4, 

in  (X\   F,  Z') 2; 

and  it  only  i-emains  to  divest  this  equation  of  a  factor  which  it  contains, 

a: ,  y,  z 
X,  F,  Z 
X\     Y\    Z' 

which  being  thrown  out,  the  equation  will   be   independent  of  (X\   Y\  Z')   and  will   be 
of  the   degrees 

in  the  coefficients  of  U,    3, 

in  (x,  y,  z) 4, 

in  (Z,  F,  Z) 2, 

and  will  in  fact  be  the  before-mentioned  equation  £1=^  D^H^9D^Hi  =  0. 


13.     Write  for  shoi-tness, 


Z,     F,     Z 
X\     F,    Z' 


=  A, 


it  is  to  be  shown   that 


III = -  iA«  (i)»ir  -  32)«iro. 


260] 


ON  THE  DOUBLE  TANGENTS  OF  A  PLANE  CURVE. 


195 


14.    To  effect  this  I  remark  that  we  have  identically 


a ,  6 ,  a' 
6,  c.  V 
a ,    0,    a 


=  A'H', 


and  I  proceed  to  operate  upon  this  equation  with  D  =  Xdx  +  Ydy  +  Edg. 

I  notice  that 

a,      6,  c,  d,  e;        a\      V,  c\  d';       a",      V\  c" 

are  in  regard  to  (a?,  y,  z)  of  the  degrees 

4,       3,  2,  1,  0;         3,       2,  1,   0;       2  ,       1,0; 

or  what  is  the  same  thing,  since  for  the  case  in  hand  n  =  4,  of  the  degrees 


n,  w  —  1,  ...  ;        w  — 1,  n  —  2, ...  ;     n—  2,  w  —  3,  ... 


and  we  have 


2)a  =  n6,  i)6  =  (n- l)c,...     i)a'  =  (n-l)6^  Z)6'  =  (w-2)c',...     Da"  =  (n - 2) 6",. . 


15.     In  the  determinant 


a ,    6 ,    a' 
a^     b\    a" 


,  =  A^/f , 


the  degrees  of  the  terms  (other  than  each  top  term,  the  degree  of  which  is  higher 
by  unity)  in  the  several  columns  are  w  — 1,  n  — 2,  /i  — 2;  if  then  we  operate  on  the 
determinant  with  D,  and  as  regards  the  top  terms  we  write 

Da  =6+0? -1)6, 
Db  =c  +(w-2)c, 
i)a'  =  6'  +  (n-2)6', 


we  have  in  the  first  place  a  term 


6,  c,  6' 
6 ,  c ,  6' 
a,    0,    a 


which  vanishes,  and  next  the  terms 


(«-i) 


b,  b,    a' 

c,  c,    b' 
b',    b',    a" 


+  (n  -  2) 


a,  c,    a 

b,  d,    V 


a ,    c,     a 


+  (n-2) 


a ,  6 ,  V 
6 ,  c ,  c' 
a\    h\    6" 
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the  first  of  which  vanishes.    On  the  right-hand  side  Z)A  =  0  identically,  and  therefore 
D.A*H=AWH,  or  we  have 


(a -2) 


a,  c,  a 
6 ,  d ,  V 
a\    (/,    a" 


+  (n-2) 


a,  h,    V 

b,  c,    d 
a',    V,    b" 


=  X*DH. 


16.    I  repeat  the  operation  D:  we  have 


(n  -  2)(n  -  1) 

b. 

c. 

a' 

+  (n-2)(n-l) 

b, 

,    6.    b' 

c. 

d. 

b' 

0, 

c,    c' 

6'. 

e'. 

a" 

b\ 

,  b;  b" 

+  (n-2)(n-3)i  a. 

d, 

a 

+  (n-2)(n-2)|  o, 

,    c,     b' 

h, 

c, 

b 

b, 

,    d.    & 

a'. 

d'. 

a" 

o', 

c',    b" 

+  (»  -  2)(n  -  2) 

a, 

c, 

b' 

+  (n-2)(n-3) 

a, 

,    b,    <f 

b. 

d, 

c' 

b. 

c.    d' 

a'. 

c*. 

b" 

i 

a'. 

,    b',    c" 

,  =  A*D'H; 


or,  collecting  the  different  terms. 


(«-2X»-3) 


a, 

b. 

d 

b. 

c. 

d' 

a', 

b', 

c" 

+  2(n-2)' 


a,e,b' 

+(n-2Xn-3) 

a  J  d,  a' 

+  (n-2Xn-l) 

b,d,c' 

b,  e,b' 

a',  c'.  b' 

a',  d',  a" 

1 

c,  d,V 
0,  c,  a 


=A«2)*J?. 


17.    A    little  consideration  will  show  that    in   this    equation    we    may  write    n— 1 

for   n,  and   Hi   for  H.      In   fact,  putting  for  a   moment    8  =  xjdx  +  y<dy-hzjdg,    we    have 
corresponding  to  the  equation 

a,      b,  a'   ,=A'^, 

6,      c,  6' 

a\      h\  a"  ! 


this  other  equation, 


&i ,  S6 ,  ha' 
S6,  he,  W 
ha'f     hb\    ha'' 


=  A»/f„ 


where   ultimately  (a;^,   y^,   z)  are   to  be   replaced  by   (x,  y,   z).     We   may  operate    upon 
this   equation    with   D,   D^,  ...    as  before,    the   only  difference    being  that    in    the    first 
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instance  &i,  86,  &c.  are  as  regards  (a?,  y,  z)  of  degrees  lower  by  unity  than  a,  6,  &a, 
that  is  ^i  —  1  must  be  substituted  throughout  in  the  place  of  n ;  and  when  at  the 
end  of  the  process  (j?^,  y^,  z)  are  replaced  by  (a?,  y,  z\  then  &i,  S6,  &c.  become  equal 
to  a,  6,  &c.,  from  which  the  truth  of  the  asserted  proposition  is  manifest. 

18.     Hence  writing  w  =  4,  we  have 


2 

a. 

h. 

e' 

+  8 

a, 

d. 

a' 

+  2 

a 

,    d,    a' 

+  6 

6 ,     c ,    a' 

=  A»J 

h. 

0, 

d' 

b, 

e. 

V 

b,    e,    V 

c ,    d ,    V 

a'. 

h'. 

c" 

a'. 

d', 

a" 

a',    d'.    a" 

0,    c,    a 

2 

a, 

b, 
a. 

d. 
e, 
d', 

a' 
h 
a" 

+  2 

6 ,    c ,    a' 

c.    d.    6' 
6',    c',    a" 

=  A»J 

and  hence 

^1 

a, 
b, 

b, 
c. 

c' 
d' 

+ 

a, 
b. 

c,  V 

d,  c' 

+ 

a,  d,    a'   \\ 

b,  e,    b'     \-^'(^H-^^HA 

a'. 

b'. 

c" 

a'. 

C,    1 

b" 

a',    d',     a 

n 

1 

which  is  the  reqtiired  equation 

III  =  -  ^A.^{D>H  -.  SB'S,). 

19.  It  is  to  be  added,  that  the  equation  for  A*2)fl"  gives  IV  =  ^A'DH;  the  values 
of  II  and  I  are  at  once  obtained  from  those  of  III  and  IV  by  interchanging  (x,  y,  z) 
and  {X,  Y,  Z).  Hence  if  we  represent  by  ^,  2),  &c.  the  values  which  H,  D,  &c. 
assume  by  this  interchange,  we  may  write 

I  =  -  iA^D^, 

II  =  +  iA»(2)'^  -  3D»^,). 

III  =  -  ^A?{D>H  -  3I>H,), 

IV  =  +  iA'DH ; 
and  the  identical  equation, 

oI+6II  +  dIII  +  eIV  =  0, 
gives  therefore 

which  is  of  itself  sufficient  to  put  in  evidence  the  property  that  the  curve  D*H  —  SD*Hi=0 
gives  by  its  intersections  with  the  tangent  2)17=0,  the  tangentials  of  the  point  (x,  y,  z). 
The  last-mentioned  equation  is  the  equation  for  a  quartic  corresponding  to  Mr  Salmon's 
eqxtation 

-^ .  17  + ^2)^  .  DfT- pfr .  DT  +  F.  T  =  0 

for  the  cubic  U=0. 
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111=    a(-  h"f-  d'e-dl'd-d'c          +  i»'/'  +c'c'  +  d'd'+  eV  +/6' 

) 

(31) 

+  6  (+  a'/  +  6"c  +  c"d  +  rf"c  +  e"6  -  a/  -  6V  -  (/d'  -  dV  -  e'6'  - 

-/«') 

(32) 

+/0 

•  •  • 

+p(-a"a                                     +a'» 

), 

(34) 

IV  =    a(    6"c  +  c"d  +  (T'c                   -  6V  -  c'd'  -  (fc  -  e'6' 

) 

(41) 

+  6  (-  a"«  -  6"d  -  c"c  -  d"6          +  oV  +  6'd'  +  cV  +  d!h'  +  c'o' 

) 

(42) 

+/(     a"«                                     -  a" 

) 

(43) 

+P(0 

), 

•  •  • 

trbicb  are  of  the  form 

[2C 


I  =  a    0    +6(12)+/(13)  +  p(14), 
II  =  a(21)  +  6    0   +/(23) +5^(24). 

III  =  a  (31) +  6(32)+/  0    +5r(34), 

IV  =  o(41)  +  6(42)+/(43)  +  «7    0  , 


where  (12)  =  —  (21)  &c.,  and  the  equation 


18  consequently  satisfied. 

23.    The  expression 

III  =  - 


cl      +611     +/III    +«7lV  =  0 


o. 

b,    e' 

a, 

c. 

d'     - 

a. 

d. 

c' 

— 

a,   /, 

a' 

h. 

0,    f 

h, 

d. 

^   i 

b. 

e. 

d' 

b,    g, 

b' 

a; 

V,    e" 

a'. 

c', 

d" 

a', 

d\ 

c" 

a',   f. 

a" 

leads  to 


m  =  -  A«  (I>H  -  bI>Hy  H-  10i)*£r,), 


and    consequently,  the    equation    of   the    curve    which    by    its    intersections    with    tl 
tangent  determines  the  tangentials  of  a  point  of  a  sextic,  is 

I>H  -  bI>H,  -f-  101>fl,  =  0. 
24.     In  the  general  case  of  a  curve  of  the  order  n  the  matrix  is 

^  do  >      tti ,      d]   . .  •  dfi—i  J  do  >      Oi     . . .  d  f>_a    I 


Ch  >      eta ,      dj    • . .  dn       ; 

/  /  t  / 

do  ,      di ,      Qf^    .,,  d n— 1  > 


di  ,      da     ...  d  ,i_i 

do   )        dj       .  •  .    d   71 — 9 


where,  in  analogy  with  what  precedes, 

do     =(Z,  F,  ZY 

a,     =  (Z,  F,  Z)^Kx,  y,  ^)     , 

(L.  =  (^,  r,  ^    (a:,  y,  ^)"-', 
On   =  (a;,  y,  zT  . 
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and  similarly  for  the  accented  letters,  so  that 

Oo     =0  is  the  equation  of  the  curve; 

Oi     =  0  is  the  equation  of  the  first  or  (n  —  l)thic  polar ; 

a,^,  =  0  is  the  equation  of  the  last  or  line-polar,  or  what  is  the  same  thing,  since  (a?,  y,  z) 

is  a  point   on  the  curve,  the  tangent  at  this  point; 
On    =0,  the  condition  which  expresses  that  (x,  y,  z)  is  o,  point  of  the  curve ; 

and  we  have  to  form  the  identical  equation 

aol  -f-  OiII  -f-  ttn-iIII  +  ttnlV  =  0. 
25.     If,  for  shortness,  the  columns  of  the  last-mentioned  matrix  are  represented  by 

1,  2,  3...n,  (1),  (2)...(n-l), 

and  the  determinants  formed  with  these  columns  respectively  by  a  corresponding 
notation  {1,  2,  (1)},  {1,  2,  (2)},  &c.,  then  the  expressions  for  the  multipliers  I,  II,  III,  IV 
are  as  follows,  viz. 

1=     {n,  n-1,  (2)}  +  {w,  n-2,  (3)}... +{n,  2,  (n-1)} 

11^ {n,  n-1,   (l)}-{n,  n-2,    (2)}  ..,-{n,  2,  (n-2)}-{n,  1.  (n-1)}, 

III  =  -{1,  2,   (n-l)}-{l,  3,    (n-2)}  ...-{1,  n-1,   (2)}  -  {1,  n,      (1)    }, 

IV=     {1,  2,  (n-2)}+{l,  3,  (n-1)}... +  {1.  n-1,  (1)}; 

the    truth  of  the  identical   equation  being  shown,  as  in   the  foregoing  special  cases,  by 
the    transformation  of  the  multipliers  into  the  form 

I  =  00  0    -f-ai(12)  +  a^,(13)  +  an(14), 

II  =  ao(21)  +  ai   0   +a^i(23)4-an(24), 

in  =  ao(31)-f-ai(32)  +  an-,   0    +an(34), 

IV  =  ao(41)  +  ch(42)  +  an-.i(43)  +  a„   0  , 

w'h.ere    (12)  =  —  (21),    &c. :    the    required    expressions    may    be    written    down    without 
diflBculty. 

26.    Proceeding  then  to  reduce  the  equation 

III {1,  2,  (n-l)}-{l.  3.  (n-2)}...-{l.  n-1,  (2)}  -  {1.  n.  (1)}, 

we    tave  the  equation 

{1,  2,  (1)}  =  A'ff, 

^hioh  is   to  be   successively    operated  on    with   D.     The    degrees   (less    unity)    of  the 

1,  2,     ...n-1,      n,     (1)       (2),     ...  n-1, 

are 

n—  1,   n  —  2,  ...     1,         0,  n  —  2,   n  — 3,  ...      0; 

*^^  the  rule  is  to  operate  on  each  column  of  the  determinant,  multiplying  by  the 
^®S^ee  less  unity,  and  increasing  the  symbolical  number  by  unity.     Thus 

2){1,  2,  (l)}  =  (n-l){2,  2,  (l)}+(n-2){l,  3,  (1)} +(n-2){l,  2,  (2)}, 

(n-2){l,  3,  (l)}+(n-2){l,  2,  (2)}, 

®"^^^  {2,  2,  (1)}  vanishes  identically.  The  following  Table  shows  the  mode  of  effecting 
*^   operations: 

C.  IV.  26 


H 


DII 


I^H 


D^H 


B'H 


D'H 


D'H 


D'H 


3 
2 


1 
4 
6 
4 
1 


6 
8 
3 


1 

O 

10 

10 

5 

1 


10 

20 

15 

4 


&c. 


1 


1 
1 


1 
2 
1 


1 
3 
3 
1 


3 
2 


1 
4 
6 
4 
1 


1 
5 

10 

10 

5 

1 


10 

20 

15 

4 


1 


2 
1 


3 
3 
1 


4 
6  6 
8  4 
3       1 


2  8 

2       3 


5 

10 

10 

5 

1 


10 

20 

5 

10 

15 

5 

4 

5 

=     1     I     [h-2]«     [n-2y 


I 
I 


1 
2 
1 


1 
3 
3 
1 


3 


1 
4 
6 

4 
1 

6 
8 
3 

2 


[n  -  2p     [n  - 
[n  -  27     [n  - 


n  — 

21 

0 

n  - 

2] 

1 

"n  - 

2' 

1 

n  - 

2" 

1 

n  — 

2' 

S 

• 
n  — 

2' 

0 

[n  -  2]^     [n  -  2]«      [h  -  1]» 


71 

n 
n 
n 


2T« 
2 

2 
9 


1 


n 
n 
It 
n 


2? 
9 


9 
9 


fc:g  [::^]:}[-if 


"n  - 

2] 

0 

"n  — 

2] 

n  — 

2' 

1 

n  - 

2 

• 

2' 

3 

w  - 

2' 

n  — 

2' 

3 

n  — 

21 

• 

H  — 

2' 

4 

n  — 

2" 

71  — 

21 

1 

n  — 

2] 

/4  — 

2' 

s 

n  - 

9" 

n  — 

2; 

3 

n  — 

2; 

n  -  2]«  ) 
■n-2"^>  [n 
n-2'») 


-1]' 


[n  -  2]«     [n  -  2]"      [n  -  If 


1 
5 

10 
10 

O 
1 

10 

20 

15 

4 


n 
n 
n 

I 

n 

71 
71 


210 
9 


9 

2 

2 
9 


/I 
n 

71 


2 
9 

2 

2 

2 
9' 


4 

:i 
2 
1 


7i  — 

2] 

1 

n  - 

21 

7i  - 

2" 

3 

tl  — 

9" 

n  - 

2 

3 

n  — 

0" 

*i  — 

2" 

4 

n  — 

2; 

[n-l]' 


10 
5 


1 

6 

15 

20 

15 

6 

1 


15 
40 
45 
24 
5 


30 

30 

9 


[rlf  [::l):}[— 1- 


n  — 

2] 

0 

n  — 

2] 

8 

ft 

n  — 

i 

1 

n  — 

9" 

3 

n  - 

2" 

2 

/t  — 

9* 

4 

71  — 

2' 

3 

?i  - 

2' 

3 

n  - 

2" 

4 

u  - 

9" 

•i 

n  — 

2" 

6 

n  — 

i 

I 

/I  — 

2' 

6 

n  — 

9' 

0 

n  - 

2] 

1 

n  — 

2] 

4'\ 

n  - 

2' 

9 

» 

n  — 

2" 

3 

n  — 

2" 

3 

n  - 

2* 

2 

n  — 

2" 

4 

n  - 

2' 

1 

11  — 

2; 

5 

n  — 

2" 

A 

-2'n  [n-  ly 


71  — 

2] 

2 

?i  — 

21 

n  - 

2" 

3 

71  - 

2' 

n  — 

2" 

4 

11  — 

2; 

2]M 

2:>[[«- 

2  *^) 


IP 


[m  -  2]»     [»  -  2]»      [n  -  1]' 


_12(l)^ 

jl 

12(3) 
13(2) 

23(1) 

12(4)" 
13(3) 
U(2) 
15(1) 

23(2) 
24(1) 

12(5) 
13(4) 
14(3) 
15(2) 

16(1) 

23(3) 

24(2) 

35(1) 
34(1) 

12(6) 
13(5) 
14(4) 
15(3) 
16(2) 
U(l)_ 

23(4) 
24(3) 
25(2) 

^^ 

34(2) 
35(1^ 

12(7)" 
13(6) 

14(5) 

15(4) 

16(3) 

17(2) 

1<»(1) 

23(5) 
24(4) 
25(3) 
26(2) 

27(1) 

34(3) 
35(2) 
36(1) 

45(1) 
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29.     I  write  now 
and  I  consider  the  expression 


+  «  =  «,    r-25-«  =  y9, 


the  general  term  of  which  is 

ij,«{«  +  l,  S  +  2  +  8,  (r-2S+l-«)} 

[n-l]»[n-2]*[n-2y  ] 


X  •< 


n-1 


[n-2]«[n-3]*[n-3y    L 


(^  +  &C. 

or,  as  this  may  be  written,  putting  9  =  n  — 5  — 1, 

i2t*{^+l»  8+2  +  «,  (r-2S  +  l-«)} 

[n-2]*[n-2p^ 

x[n-l]«^  -.|[n-3]*[n-3]^  - 

,       +  &C. 

30.     I    assume    r >•  n - 2,    we    have    then    a  +  i8  =  r  —  5>n— 5  —  2,    and    therefore 
a  +  fi  <q.    The  general  term  of  the  series  in  { }  is 

where  the  terms  for  which   n  — 2  — S-  is  negative  are   to   be   excluded,  or  what    is   the 
same  thing,   the  series  is  not  to  be   continued  beyond  %  =  n  —  2.      But  observing  that 

[q]^  vanishes  for  ^>q,   that  is,  ^  >  n  —  S  —  1,  it  is  in  fact  the  same  thing  whether  the 

series    is  continued    indefinitely   or  only   to    the   term   for   which   ^=n  — 5  — 1,    and   we 

may  consistently  with  the  condition  ^  >•  n  —  2,  continue  the  series  as  faras^  =  n  —  5—  1, 

except  in   the   case   S  =  0,   when  by  doing   so   we    include    the    term    corresponding    to 

S'  =  n  — 1,   which   in   virtue   of  the  condition   ought   to   be  excluded.     The   expression   for 

the   term   in    question   is  (—)**"*[— l]*[—iy;    hence  if  the   sum   of  the   series   continued 

to  the  proper  point  is  S,  the  sum  continued  indefinitely  (in  the  particular  case   S  =  0) 

is    flf+(— )'*"^ [—!]•[— 1]^,    but    in    every    other    case   the    sum   continued   indefinitely   is 

simply   8.      And   by   a   well-known    theorem    in    finite    diflferences,    the    sum    continued 

indefinitely  is  in  fact  zero.    That  is,  except  in  the  case  5  =  0,  we  have  8  =  0,  but  in  the 

excepted  case 

/S  +  (-)«-^[-l]*[-l?=0; 

or    observing    that  a  +  /8(=  r  —  8)  is  in   this  case   =  r,  and    transforming  the    &ctoriaIs, 

we  have 

<Sf=(-)"-'[«]«[/9]', 

or  substituting  for  a  and  /9  their  values, 
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31.     Hence  the  general  term  of 

i)-J5r  -  ""^  D^ifi  +  &c. 

vanishes  except  for  S  =  0,  but  when  S  =  0,  its  value  is 

ii/{l,  2  +  5,  (r  +  1  - «)}  X  (-y^lsyir  -s]^; 
or  observing  that  iJ/  is  equal  to  [r]''H-[«]«[r-«]*^,  the  value  is  simply 

(»)n-r[r]*-{l,  2  +  «,  (r +  !-«)}, 


tlat  is,  we  have 


D^H-^^D^H.  +  kc. 


=  (-)n-[r]-S,{l,  2  +  8,  (r  +  1-*)}. 


the  summation   in  respect  to  8  extending  from  8=0  to  8  =  r.      In  particular,  giving  to 
r  the  values  n  —  2  and  n  - 1,  and  attending  to  the  expressions  for  III  and  IV,  we  find 


A»'-    "     '^""^ 


(p^H^  —~  D^H,  +  &c.  ...)  =  -  [n  -  2]^  III, 


32.  The  equation  III  =  0  belongs  to  the  curve  which  by  its  intersections  with  the 
tangent,  gives  the  tangentials  of  a  point  of  the  curve  Cr=0.  Hence  the  equation  of 
tfhe  curve  in  question  is 

D^H-"^  D^H,  +  &c.  =  0, 

which   is    Mr  Salmon's   theorem,   leading    to    the    solution    of   the    problem    of   double 
^i^gents. 

33.  The  expressions  for  I  and  II  are  obtained  from  those  of  IV  and  III  by 
interchanging  (X,  F,  Z)  and  (a?,  y,  z\  and  reversing  the  sign.  Hence  if,  as  before, 
"&»  ^,  &C.  denote  the  values  which  Hy  D,  &c.  assume  by  this  interchange,  we  have 

A«  f3)~-»^  -  '^-^  D'^-^J?!  4- &c.  ...)  =  [n  -  2]«-«II, 

A«  h)"^^  -  ^^  D»-»i?i  +  &c.  ...)  =  [n  -  3]'« I, 

^d   the  identical  equation 

Ool  +  OiII  +  a»_iIII  +  a„IV  =  0 
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=  0, 


becomes  therefore 

^  ^)  [^""^^  -  -7-  ^""'^^  ■*■  M  ^^ 

??(w  — 2)\  1  / 

(D'^-'if  -  -^  ^  D»-»iri  +  &e.)  T 

which  is  the   general    identical   equation  referred   to   in   the   introduction  to   the  present 
memoir. 

34.     It  is  to  be  noticed  that  for  7j=3,  the  equation  is 

But  we  have  /f,  =  H,  and  in  like  manner  ^i  =  ^,  and  the  equation  thus  becomes 

And  80  also  for  n  =  4,  the  equation  is 

(D^ -  3D^j)  £/'+ 4(3)«$  -  33)«^i)i)l7-  i{I>H''SI>H,)^r  -  (i)//  -  3i)Zri)  T  =  0. 

71  —  3 

But  we  have  in  general  DHi  = '  DH,  and  therefore  in  the  present  case  DHj  ^^DU, 

and  consequently   2)^,  =  JD^,  and  the  equation  thus  becomes 

-3)$.  J7  +  i(D«$-3D»^,)^J^-i(^^-3i)>if02)T  +  i)i?.T  =  0, 

which  agree  with  the  results  previously  obtained  for  the  two  particular  casea 
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ON   THE    CONIC    OF    FIVE-POINTIC    CONTACT    AT    ANY    POINT 

OF    A    PLANE    CURVE. 


ffrom  the  Philosophical  Transactions  of  the  Royal  Society  of  London,  vol.  CXLix.  (for  the 
year  1859),  pp.  371—400.      Received  March  1,— Read  March  24,  1859.] 

The  tangent  is  a  line  passing  through  two  consecutive  points  of  a  plane  curve, 
aiici  we  may  in  like  manner  consider  the  conic  which  passes  through  five  consecutive 
points  of  a  plane  curve;  and  as  there  are  certain  singular  points,  viz.  the  points  of 
J-cifl^xion  where  three  consecutive  points  of  the  curve  lie  in  a  line,  so  there  ai-e 
sirkgular  points  where  six  consecutive  points  of  the  curve  lie  in  a  conic.  In  the 
psLi^tiicular  case  where  the  given  curve  is  a  cubic,  the  last-mentioned  species  of  singular 
points  have  been  considered  by  Plucker  and  Steiner,  and  in  the  same  particular  case, 
th^  theory  of  the  conic  of  five-pointic  contact  has  recently  been  established  by  Mr  Salmon. 
B\xt>  the  general  case,  where  the  curve  is  of  any  order  whatever,  has  not  so  far  as 
I  SLva  aware  been  hitherto  considered; — the  establishment  of  this  theory  is  the  object 
<^f    tihe  present  memoir. 

I.     Investigation  of  the  Equation  of  the  Conic  of  Five-pointic  Contact 

1.  I   take   (X,   F,  Z)   as  cuiTcnt   coordinates,  and   I   represent  the   equation  of  the 

given  curve  by 

T  =  (»$Z,  7,  Z)»»  =  0. 

^^^  (*»  y>  ^)  be  the  coordinates  of  a  given  point  on  the  curve,  and  let  U=^{m\x,  y,  ^y" 
■^^^  'what  T  becomes  when  (a?,  y,  z)  are  written  in  the  place  of  (X,  F,  Z)\  we  have 
^nerefore  17=  0  as  a  condition  satisfied  by  the  coordinates  of  the  point  in  cjuestion. 

2.  Write  for  shortness 

D'U^iXd^'^Ydy+zd.yu, 

^^^  let  n  =a-X'-f6F  +  c^=0  be  the  equation  of  a  line.     It  is  easy  to  see  that 

J>J7-.n.2)U'  =  0 
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will  be  the  equation  of  a  conic  having  an  ordinary  (two-pointic)  contact  ¥rith  the  curve 
at  the  point  {x,  y,  z).  In  fajcx  the  equation  2)17  =  0  is  that  of  the  tangent  at  the  point 
in  question,  and  the  equation  D*U=0  is  that  of  the  penultimate  polar  (or  polar  conic) 
of  the  point,  which  conic  is  touched  by  the  tangent ;  the  assumed  equation  represents 
therefore  a  conic  having  an  ordinary  (two-pointic)  contact  with  the  polar  conic,  and 
therefore  ¥rith  the  curve.  It  may  be  added  that  the  two  conies  intersect  besides  in 
a  pair  of  points,  and  that  the  line  joining  these,  or  common  chord  of  the  two  conies, 
is  the  line  represented  by  the  equation  11  =  0 ;  and  this  being  so,  the  constants  (a,  6,  c) 
of  the  line  11  =  0  can  be  so  determined  as  to  give  rise  to  a  five-pointic  contact. 

3.  Consider  the  coordinates  of  a  point  of  the  curve  as  functions  of  a  single 
variable  parameter;  then  for  the  present  purpose  the  coordinates  of  a  point  consecutive 
to  (x,  y,  z)  may  be  taken  to  be 

z  +  dz+icfz  +  ^cPz+^d^z, 
values  which,  substituted  for  X,  Y,  Z,  must  satisfy  the  equations 

T  =  0,    I>U-U.DU  =  0. 

4.  I  write  for  shortness 

di  =  d  xdx  +  dydy+  d  zdgf 

di^d^xdx  +  d^dy-^d^zdg, 
di  =  d^xdx+  d^dy+  d^zdg, 
84  =  d*x  dz  +  d^  3y  +  d^z  3, , 

then  the  consecutive  value  of  T  is 

exp.(S,+iS,  +  ia,  +  Aa4)£r 
(Read  exp.  z,  exponential  of  z,  =  e*),  which  is 

=    (i+a,  +  ia,«  +  ia,»4-M*)^ 
x(i      +ia,        +A2>')irr 
x(i  +ia,         )( 

x(i  +M)> 

=   i+ai+iai«+j3i»  +^,*  ^ 
+  R  +i3ia»  +  iai^a, 

+  4a,»   \u 

u 

+  i  (9i'+3aia,  +a,)i7 

+  ii  (81*  +  ea^^a^ + 4aia, + aa,^ + a^)  cr, 
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which  is 


a.* 

+   23,3, 


[U; 


and  observing  that 


do'  U 

dAU 

dod,U 

dod,U> 

dod.U 


(7/1 
(m 
(m 
(m 


1)  tr. 


and  reducing  as  before,  the  consecutive  value  o{  L^U  ia 

=  -       (m-2)di'U 

-  J  [(m-l)a,*+3()»-2)aA]  u 

-  -^  [(m  - 1)  (3/  +  6a,'a,)  +  (m  -  2)  (43,3,  +  33,»)]  17, 

8.    Substituting  in  the  equation  I)*V'—II.DU**0,  we  obtain  as  the  conditions   of 
a  five-pointic  contact 

-  (m  -  2)  di'U+P .  ^i*U=Q, 

-i  [(wi-1)  d,*+S(m-2)drd,]U  +  P.iidr*  +  3drdt)U+d^P.^t*U=0, 

-  -^  [(m  - 1)  (3,*  +  63,»3,)  +  (m  -  2)  (42,3,  +  33,»)]  IT 

+  P.^[3/+63,»3,  +  49,3,+33,']  I7"+3,P4[3,»  +  33,3J  Er+i3,P.i3,»{r=0 ; 

or  reducing 

P=2(m-2), 

'      *37tr' 


.  „_,[3/H-63.'3.]t7     ,3.'t7  [3.»  +  33.3.]  tT 
*        *         3,»i/'  '3,«ff         3i»£/' 


which  are  the  conditions  of  a  five-pointic  contact:  it  is  to  be  remarked  that  if  only 
the  first  and  second  conditions  are  satisfied,  we  have  a  four-pointic  contact,  and  if  only 
the  first  condition  is  satisfied,  a  three-pointic  contact. 

9.     We   have  to  reduce  the  last-mentioned    equations;    suppose  that  A,   B,   C  are 
the  first  derived  functions  of  U,  then  the  equation  3,  f/^  =  0  may  be  written 


Adx^-  Bdy  +  Cdz  =  0, 
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and  this  will  be  satisfied  identically  if 

dx^Bv  —  Cfi , 
dy  =^Ck  --  Av  y 
dz  =  AyL  —  jB\  , 

where  \  fi^  v  are  arbitrary  multipliers,  which  may  be  taken  to   be  constants.     We  have 
therefore  3i==D,  where 

10.     The  resulting  expressions  for  d^U,  d-fUy  3/J7  may  be  exhibited  in  the  reduced 
forms  given  by  Hesse,  viz,  if  ^  =  Xa?  +  My  +  vj?,  we  have 

where  the  values  of  P,,  P, ,  P4 ;   Qj,  Qs,  Q4  are  as  follows,  viz.  if  (a,  6,  c,  /,  g,  h)  are 
the  second  derived  functions  of  U,  and  if 

J5r  = 


be  the  Hessian;  if,  moreover. 


^  =  - 


a, 

h. 

9 

K 

b. 

f 

9> 

/. 

c 

\ 

t*, 

V 

k 

a. 

h, 

9 

M 

h, 

h. 

f 

V 

9' 

/. 

c 

be  the  bordered  Hessian  (we  may  also  write  <I)  =  (8l,  S3,  6,  g,  ®,  $$X,  fi,  1/)*,  where 
(81,  93,  6,  %f  ®,  «&)  are  the  inverse  coefficients  of  (a,  6,  c,  /,  ^r,  A),  viz.  8l  =  (6c— /*),  &c.); 
and  finally,  if  for  shortness  we  write 


then  we  have 


p,= 


m 


m—  1 


«l>. 


.Q.= 


(»«-!)• 


^, 


p.= 


-P.^ 


771 
W—  1 


W  — 1 


D4>, 


D«4> 


(m  - 1) 


Q,= 


(m-l>» 


Di/, 


^,n,     Q,=,_l^D»^-:-^,n+^<!?^,?^^^ 


(m-iy 


(w-iy*^  '    (w-l)» 

27—2 
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In  the  present  case  17=0,  and  we  have 

11.  Hence,  substituting  for  Q,  and   Q,  their  values,  the  first  and    second  of    the 
equations  for  the  five-pointic  contact  give 

P  =  2(m-2), 

and  observing  that  U  is  a  linear  function  of  (X,  F,  Z),  and  consequently  that  P,  diP 
denote  simply  the  values  which  IT  assumes  when  (x,  y,  z\  {dx,  dy,  dz)  are  respectively 
substituted  for  (X,  F,  Z),  we  see  at  once  that  these  two  conditions  will  be  satisfied  if 
we  put 

where  A  is  an  arbitrary  constant,  or,  what  is  the  same  thing,  an  arbitrary  function  of 
(^>  y*  ^)«    We  have  thus  the  general  equation  of  a  conic  of  four-pointic  contact. 

12.  The  above  value  of  11  gives 

and  the  third  equation  of  the  system  of  conditions  for  a  five-pointic  contact  is  therefore 

§^s,if+Aa,cr=i — ^^ ^^^ — ^ — , 

which  leads  to  the  value  of  A. 

13.  We  have  in  general 

m  — 1  (m  — 1)' 


m— 1\  m— 1/ 


(m— 1)*V  m-1  m— 1  / 
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the    last  two  of  which    have    not  yet    been    demonstrated     The   value  of  d^H  (which, 
however,   is  not  required  for  the  present  purpose)  is 

-3(m-3)^^      jD 
m  —  1  m  —  1 

which  also  is  not  yet  demonstrated. 
14.     Putting  U  —  O,  we  have 


a,'  u  =- 


a,»  £/■  =  - 


(d,*+2drd,)U  =- 


1 
{m-iy 

1 

(m-iy 


H  y, 


Dff.y, 


Dif.y, 


^  ^  (m—lY\  m  —  1  m—1  / 


and  substituting, 


(m-iy\ 


where  the  term  involving  d^H  disappears  ;    the  equation  may  be  written 

(?/l  —  ly  V  7/1  —  1  Wl  —  1  / 

which  I  will  represent  by 
the  values  of  72,,  i2,,  i24  being 

^  m—l  m—1 

15.      We  have  R^^  H,  and  it  will  be  shown  that 

(m-l)»i2,«  =  -   9  (//i  -  2)2  i?»<I> 

+    3(m-2)/rn* 

(7M-  1)2  7^4  =  - 12  {m  -  2)2  i?4> 

+    4(//i-2)n^ 
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where  for  shortness 

^=(?I.  53,  6,  8.  ®,  *F^.  iyH,  d^ITf, 

n =(a,  53,  e,  %  ®.  ^$a.  ,  a,  .  a,  yu, 

and  hence,  writing 

9H*  yA  =  3jB,  (m  - 1)»  iJ4  -  4  (w  -  !)» R,\ 

we  have 

9£r»A  =  -3n£r+4^; 

or  replacing  fl,  '^  by  their  values, 

j_  f-3(8l,  53,  e,  %  ®,  ^\d,   ,^y  ,3,    YH.H\ 

^  ~  9H*  \+  4  (81,  a,  e,  g,  @,  ^$a.£r,  a^^,  a^j?)*       J ' 

and  A  having  this  value,  the  equation  of  the  five-pointic  conic  is 


d^u-U^dh+adu\du^o, 


where  it  will  be  recollected  that  the  current  coordinates   are   (X,    T,  Z),   and   that    D 
denotes  Xdg  -f  Ydy  +  Zdg. 

16.  I  remark,  in  passing,  that  the  problem  of  finding  the  circle  of  curvature  at 
a  given  point  of  a  plane  curve,  is  in  £six;t  that  of  determining  the  conic  having  with 
the  curve  at  the  given  point  a  three-pointic  contact,  and  besides  passing  through  two 
given  points.    The  equation  of  a  conic  having  an  ordinary  contact,  is 

JD«l7-ni)Cr=0, 

where 

U^aX  +  bY+cZ, 

and  the  condition  of  a  three-pointic  contact  is 

aaj-^-by  +  cz^i  (m  — 2). 

Let  the  coordinates  of  the  two  given  points  be 

and  let  {I^U)i  &c.  be  the  corresponding  values  of  I>Ut  &c.,  then  we  have 

aX  +  bY+cZ=  ^^, 


curj  + 


7     _.  [J>U\ 
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and  if  fi*om  the  four  equations  we  eliminate  a,  b,  c,  we  find 

XDU,     YDU,    ZDU,    I>U 


X 


1      i 


X. 


8      ) 


V 

!/'2 


^1  , 


2  (m  -  2) 

(I>U\ 


=  0 


for  the   equation  of  the  conic  in  question;  x,  y,  z  being  the  coordinates  of  the   point 
of  contact,  and  X,  F,  Z  current  coordinatea 


n.    Demonstration  of  Identities  assumed  in  the  preceding  section. 

Proof  of  the  expressions  for  (3i'  +  33i3a)  U  and  (3i*  +  63i"32)  U: 

17.    It  will  be  remembered  that  9j,  9,  stand  originally  for 

dxdx-^dydy  +  dzdg, 
d^xdx  +  d^dy  +  d^z  dg, 

and  that  A,  B,  C  being  the  first  derived  functions  of  (I,  dx,  dy,  dz  are  changed  into 

Bv-Cfi,    CX'-Av,    AfjL-'BX, 

and  that  the  resulting  value  of  d,,  viz, 

(Bv-Cfi)dx'\-  {C\-Av)dy^  (Afi-^  B\)d„ 

is  also  represented  by  D,  so  that  3j  =  D.     The  corresponding  values  of  d^x,  d^y,  d?z  are 

d^x=^vdB  -fidO, 
d^y  =  \dC  -  vdA, 
d^z^/jdA-TidB, 


where  we  have 


dA  =  adx  4-  hdy  -^  gdz,  &c., 


in  which  dx,  dy,  dz  are  to  be  replaced  by  the  values 


and  9]  really  denotes  what 


Bv-Cfi,    CX  —  Av,    Afi-BX] 


d^xdx+d^ydy  +  d^zdg 


becomes  when  the  above  values  are  substituted  for  d^x,  d^y,  d^z.  But  in  the  expressions 
di^U,  didtU  &c.,  the  symbols  dx,  dy,  dg  contained  in  9,  and  9a  operate  only  on  U,  and 
not  on  the  variable  quantities  A,  B,  C,  &c.  contained  in  9i  and  9,. 
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18.  If  now  we  treat  d]   as  an  operand,  that  is,  perform  the  differentiations  on   the 
variable  quantities  A,  B,  C  which  enter  into  d,,  we  obtain 

9i .  3,  =  9,, 

or,  what  is  the  same  thing,  operating  on  did  with  di,  the  result  is 

and  in  like  manner 

It  is,  in  &ct,  upon  these  principles  that  Hesse's  values  of  di^U,  d^U^  &c.  were  obtained, 
and  we  may  by  means  of  them  obtain  the  other  expressions  assumed  in  the  preceding 
section. 

19.  In  fact,  starting  from  Hesse's  equation, 


we   have 


?H— 1  (m— 1)* 


But  we  have  identically  D^=0,  D^  =  0,  and  this  equation  becomes  therefore 

(9i'+29,9,)  U^-^  UD^^j-Krr.'DH.^', 
'         m  — 1  (7H  — 1)* 

this  is  precisely  Hesse's  value  of  9i*f7,  and  thus  we  have  9i9,Cr=0,  and  therefore 

(9,»  +  39,9,)  f;'  =  9,»  17  =  -^  trD<I>-7— ^,,  Dif.y. 
^  '  m  —  1  (m  —  ly 

20.     In  like  manner,  starting  from  the  expression  of  'b^Uy  we  have 
(a/  +  39i«9,)  U^^^^  (D17.D4>  -h  C/D.  D*)  -^^jj^^,(D5^.  2^D&  +  yD .  J}H)  ; 

or    since    DZ7   and    D^    vanish    identically,    and    the    values    of    D.D<I>,    D.'DH    are 
9j^+iy*,  dJI  +  B^Hy  we  have 

and  if  from  the  double  of  this  equation  we  subtract  Hesse's  equation, 

m-1      V  m-1     /     (m-l)*      V  m  — 1       m— 1  /' 
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ire  find  the  required  relation, 


(m— 1)*\  m  — 1       7w  — 1  / 


Proof  of  the  expression  for  diH : 

21.     We  have 

d,H  ^d^H  (pdB  -  fidC)  +  dyH  {\dC  -  i/dB)  +  d^H  (jjdA  -  \di?), 

where 

dA  =  cMir  +  /idy  +  gdz, 

dB  =  Ada?  +  bdy+fdz, 

dC  =  jrda?  +fdy  +  cd-^, 

in  which  dx,  dy,  dz  are  to  be  replaced  by  their  values:   we  have  therefore 

d^H^d^H[     v[(bC'-fB)\  +  (fA^hC)fi-\'(hB-bA)v] 
^fi[(fC^cB)k  +  {cA^gC)fi  +  (gB^fA)p]l 

+  &C., 

where  the  coefficient  of  dgH  is 

0\*  +  (gC-cA)fi^'t(hB-bA)v^'^(2fA--gB-hC)fiv-h(bC-fB)p\  +  (cB-/C)\fi] 

or,  since  we  have 

(m  —  1)  J.  =  CW7  +  Ay +5^^, 

(m- 1)  jB  =  Aar +  6y  H-/r, 

(m  — 1)(7  =gx'^fy  +CZ, 

the  coeflScient,  omitting  the  factor     — ^  ,  which  will  be  afterwards  restored,  is 

+  [    9  (ff^-^fy  +  cz)''c(ax'{'hy  +  gz)]fr 
+  [    A(A^+6y+^)-6(aa:  +  Ay  +  5r^)]i/2 

+  [2/(fluc  +  Ay  +  5r^)  -  5r  (Aoj  +  6y +/?)  -  A  (jra? +/y  +  C2:)] /ii/ 
+  [b(gx ^-fy  +  cr)  -  fijix  +  6y  +/^)]  i/X 

=     0X« 

+  (-  »a?  +  ^y)Ai« 
+  (-  (5a?  +  ®2:)i/2 
+  (-  %%x  +  ®y  +  ^^)  /ii/ 
+  (-  ®a:+  8(-?)i/X 

+  (-^a:  +  %  )XAi, 

c.    IV.  28 
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which  is  equal  to 

+  (a[X  +  ^A*  +  ®i/)  (\a? -f  My  + 1/^). 

The  coefficients  of  'byS,  dHg  have  a  similar  form;  and  uniting  the  three  terms, 
observing   that  xdxH  4-  ydylT-i-  zdgH  is  equal  to  3(m  — 2)5',  and   attending  to  the  values 

of  4>,  D,  ^,  we  have,  restoring  the  omitted  factor  — —-  , 

m  — 1  m—  1 

Proof  of  the  expressions  for  (DHy  and  Di^H: 

22.  These  are  obtained  (for  the  particular  case  m  =  4,  which  makes  but  little 
diflference)  in  Mr  Salmon's  Higher  Plane  Curves,  pp.  88  and  89,  and  I  merely  reproduce 
his  investigation ;    we  have 

(DJ^={  (Bp "  Cfi)  da^H  +  {C\-Av)dyH  +  {Afi^Bk)dgH}^ 

or,  what  is  the  same  thing, 

('DHy={\{Cdy-Bdg)H-¥fJL(Adg'^Cd^)H+v(Bdx-Adg)H]^; 
and  if  we  consider  first  the  term  which  contains  \\  the  coefficient  is 

{{Cdy  -  Bd,)  H}\ 

Now  making  use  of  the  equations 

(m  —  1)  il  =  cw?  +  Ay +5r^, 
(m-l)JB  =  Aa?-i-6y  +/?, 

(m-l)C  ^gx+fy  +  cz, 
and 

m  (?/i  -  1)  1/'  =  CUB*  +  6y»  +  C2i^  +  2/yZ'{'2gzx +211X1/  =  0, 
we   have 

(m-iy   0==  (gx-^ fy  +  czy - c(aa^  +  6y'  +  c^  +  2/y^  +  2gzx  +  2hxy) 

=  -g3«8  +  2^a:y-8Iy>, 
(m-iyBC  =  (hx  +  by-{'fz)(gx+fy-{'cz)  -f(aa^  +  by^ -^  cz^  +  2fyz  +  2gzx  +  2fu:y) 

=  gic»  -  ®xy  -  ^xz  +  %yz, 
(m-iyB'  =  (Aoj  +  fry  ^fzY  -  6  (o^  +  6y«  -f  c-e*  +  2/y2:  +  2gzx  +  2hxy) 

^-^  +  2®XZ'-^2^\ 

and  hence 

(m  _  1 )« ((Ca,  -  £8,)  H)*  =        (-  ©a?  +  VQxy  -  %')  (3,  /f >• 

+  2  (-  ga?  +  @a;y  +  ^ar^r  -  %z)  a^fl" .  3,//^ 
+    (-6a^+  2@arz  -  21^0  (3*^)' 

=  -    a^(S3.  g,  (^\dyH,d,Hy 
■¥2a;{ydyH  +  zd,H)  (^dyH  +  m^H) 
-    %  (ydyH  +  zd,Hy, 
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aud 

ydyH-VzdzH=  3  (m  -  2)H-zd^H, 

so   that   the  term  is 

+  2x  (3  (m  -2)H-  zd^H)  {^dyH  +  ®d,H) 

-  %{S(m-2)H-zd,H)'; 
or,  reducing,  we  have 

(7,1  -  ly  {(Cdy  -  Bd,)  H]- 

af(^,  SB,  6,  g,  @,  ^$3,^,  dyH,  d,Hf 
+  6  (m  -  2)  ffa;  {W,H  +  ^B^fi^  +  ©a.fl) 
-9(m-2)>  atf». 

23.  The    other  terms  may  be  obtained  in  a  similar  manner;    and  it  is  easy  to 
see  that,  collecting  all  the  terms,  the  sum  will  be 

-{\x+,iy  +  vzy{%,  SB,  e.  %  @.  m?xB.  dyH,  d,Hf 
+  G  (m  -  2)  fT  (Pu  + /*y  +  m)  {(2l\  +  ^M +  ©«')  9«  ^ +(•&>•  + S3m  +  S")  9» -ff  +  (®>». + g/*  +  ei')a.in 

-9(m-2)«jy»(Sl.  «,  6,  %  @.  ^W  /*,  .<)»; 

or,  attending  to  the  signification  of  the  symbols  ^,  <E>,  D,  "V,  we  have 

(m  - 1)'  (D^)-'  =  -  9  {/«  -  2)>  H^^ 

+  3  (w  -  2)  HWit 

24.  Next 

jyH  =  ((5v  -  Cm) a, + (C\  -  Jv)  dy+{Aii,-BK)  d^y  h, 

or,  what  is  the  same  thing, 

VH  =  {\  (Cdy  -Bd^)+tJL  (Ad^  -Cd^)  +  v  (Bd^  -  Ad^)f  H ; 
and  if  we  attend  first  to  the  term  which  contains  X*,  the  coefficient  is 

(Cdy  -  Bd,y  H. 

Now  substituting  for  C',  CB,  B'  as  before,  we  have 

(m-iy(Cdy-  Bd,y  JET  =       (-»«»  +  2^X1/  -  Sly  )  dy^H 

+  2(-%af  +    &xy  +  ^xz  -  Slyz)  dyd^H 
+    (-(Sa^  +  2&XZ  -  Sk'  )  dj^H 

=  -a?(«,  g,  6$a„,  a,)'ff 

+  2x  (ydy  +  zd,)  (^dy  +  ©3^)  H 

-%(ydy  +  zd,yH, 

28—2 
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where  it  is  to  be  observed  that  the  symbols  of  differentiation  affect  H  only.     We  have 

where  IT  is  a  homogeneous  function  of  the  degree  3m  —  6 ;  xdxH,  since  the  x  is  not 
affected  by  the  differentiation,  must  be  treated  as  of  the  degree  3m  — 7,  and  {xd^H, 
for  the  like  reason,  stands  for  a^^H;    we  have  therefore 

iydy  +  z^^yH  =     (3m  -6)(fim-7)H 

-2(Sm-7)xd^ 

In  like  manner, 

(f/dy  +  zd,)(^y+&d^)H=     (xd,  +  rfdy  +  sd,)(^y  +  (Sd,)H^xd,(^y  +  (Sdi)H 

=  (3m  -  7)  i^y  +  (Sdi)H-  aid:,  ('^y  +  ®d,)H; 
and  hence 

{m-iy{Cdy - Bd,yH=  - a?(»,  %,  Q^dy,  d,yH 

+  2x  [(3m  -  7)  (^3^  +  (Sd,)H-  xd,  (^^  +  ®a,)  H] 

-21  [(3m-6)(3m-7)fr-2(3m-7)«a.ir+a?0,»J5ri 

ai^{%  ©.  6,  %  ®,  JQ\d„  dy,  d^yH 

+  2(3m  -7)x  (Wx  +  ^dy  +  &d^)H 
-  (3m  -  6)  (3m  -  7)  81J7. 

25.    The  other  terms  are  formed  in  a  similar  manner;  and  collecting  all  the  terms, 
we  have 

(m-l)T)»F=-(3m-6)(3m-7)(2l,  33,  6   %,  @,  ^$\,  /*,   vyH 
+  2(3m  -  7)(\a!  +  ny  +  w)((Sl\  +  J&/*  +  ®p)  d^H  +  (^X  +  33yit  +  gi/)  dyH  +  (®\  +  g/i  +  (&»)  d,H) 

-(\x  +  ,,y  +  vzyi%  93,  6,  g,  @,  M9..  ^y.  ^^^H. 

or,  attending  to  the  signification  of  the  symbols  ^,  3>,  D,  Q,  this  is 

(m  -  Vyj^H  =  -  (3m  -  6)  (3m  -  7)  H^ 

+  (3m  -  7)  a  D 
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Proof  of  the  expressions  for  (m  — l)*i2,',  (m  —  iyRi: 

26.  We  have 

(m  -  lyR^'  =  (m  -  iy(DHy 

=  -9(m-2)»fr^ 

(m- l)»ii4=(»w- l)»D»JEr+(m-l)&n  - (3r» - 6)(m- 1) ^H 
=  -12(m-2yH^ 
+    4(m-2)n& 

which  are  the  expressions  required. 

Proof  of  corresponding  expressions  for  {m—iyQ^,  (m  — lyQi*. 

27.  We  have 

(m  -  lyQ,* = (m  -  lyijyny 

:=-9{m-2yH^ 
+  3(m-2)^Da 

(m  -  lyQ,  =  (to  -  lyiyH  -  (w  - 1)  an  +  (3?«  -  6)  (m  - 1)  jy<t> 

=  -6(«i-2)(m-3)^4> 
+  2(m-3)D& 

to  which  I  join 

{m-iyQ,  =  H. 

28.  We  have  consequently 

(m  -  !)•  (3Q,<2,  -  <2,»)  =  -  9  (m  -  2)  (ffi  -  4)  fl^»^ 

+  3(>n-4)ffD& 

+  (-3nfr+^)a», 

and 

(TO  -  ly  (3  (to  -  2)  Q,Q,  -  2  (m  -  3)  Q,')  =  (- 3  (m  -  2)  ftff  +  2  (m  -  3)  ^)^, 

which  for  to  =  4  becomes 

729  (3Q,<24  -  Q,')  =  (-  3fiir+  >F)y. 

29.  In  the  case  to  =  4,  we  have  Hesse's  theorem,  that  the  equation  3Q,Q|  —  Q,  =  0 
gives  a  curve  of  the  14th  order,  which  passes  through  the  points  of  contact  of  the 
double  tangents,  viz.  substituting  for  il,  ^  their  values,  the  equation  of  this  curve  is 

-  SH  (21,  S3,  6,  S,  @,  ^$3,    ,  dy    .  d,yH 
+       (81,  33,  6,  %,  ®,  ^$3^,  dyH.  d,Hy  =  0. 
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I  have  added  these  remarks  for  the  sake  of  pointing  out  the  striking  resemblance  of 
the  expressions  which  occur  in  the  double-tangent  problem  for  m  =  4,  and  in  the  present 
theory  of  the  five-pointic  conic  for  any  value  whatever  of  m.  It  has  not  hitherto  been 
shown  what  the  expressions  3(m- 2)QaQ4-2(m-3)Q,«  and  -3(m- 2)nir+ 2(m -3)^ 
respectively  denote,  except  in  the  particular  case  m  =  4. 


IIL     Application  of  the  Formulce  to  the  Cubic. 

30.     I    shall   apply    the   formula   for   the    five-pointic    conic    to    a    cubic;    to     avoid 
confusion  as  to  a  numerical  factor,  I  write  V\  H'  in  the  place  of  U,  H,  so  that  we  have 

^^  1   r - 3 (SI,  SB,  e,  g,  ®,  M9*  ,a,  ,d,rH\w 

"9^'»\  +  4(?I,  33,  6,  g,  @,  ^$^,fl^  dyU\  d,Hy 
and  then  the  equation  of  the  five-pointic  conic  is 


D'lr -i  (^,  DH'  +  ADU')  Dir  ==0, 


I  take  as  the  equation  of  the  cubic, 

U  =  aj^  +  y*  +  z^+6la:yz  =  0; 

the  formulae  Table  No.  70  of  my  Third  Memoir  on   Quantics,  Phil.  Trans,,  vol.  cxi.vi. 
(1856),  pp.  627—647,  [144],  putting  H  for  HU,  give 

H  =  P(a;»  +  y»  +  -2^)  -(1  4-  2l^)xyz. 
Hence  writing 

t7'  =  ^(a;»  +  y'  +  ^  +  6lw!/z\ 

the  first  derived  functions  are 

i(a^+2lyz),     ^(y'  +  2lzx),    i(^>-h2tey); 

the  second  derived  functions,  or*  (a,  b,  c,  /,  g,  h),  are  (x,  y,  z,  Ix,  ly,  Iz),  whence  H'^  —  H ; 
the  inverse  coeflBcients  (21,  93,  S,  5,  @,  *&)  are 

(yz  -  l^'af,  zx  -  ly,  xy  -  P^»,  l^yz  -  la^^  l^zx  -  ly\  Vxy  -  Iz^) ; 
and  putting   V'^^U  bxlA  IT^  —  H,  we  have 

9^' 1  +  4  (SI,  93,  S,  g,  @,  JSf^d^H,  dyH,  d^Hf 
and  the  equation  of  the  five-pointic  conic  is 


^^-{^H 


DH+ifADU]DU  =  0. 
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31      We  have 

(a,  s,  6,  g,  @,  ^$a.,  a„  d,yH 

=        (3/^  -  ZV  ) .  6Pa? 

+    (ayy-  «V  ) .  U^z 
+  2(Py2r  -  far*) .  -  (1  +  2Z»)  X 
+  2(P^a; -  Zy«). -  (1  +  2f)y 
+  2(Pa;y-i?«).-(l  +  2Z»)2:, 


which  is 


or  we  have 


=     ISfxyz  -  6Z*(^  +  y"  +  ^) 

-  6/^(1  +  2l^)wyz  +  2Z(1  +  2P)(a*  +  y»  +  2^), 
=  (12Z*  -  12?)a?y^  4-  (2Z  -  2l*)(a^  +  y*  +  ^), 
=     2(Z  -  l^Xx"  +  y'  +  ^  +  6tcy-3:), 

(21,  ©,  6,  g,  @,  Ma«,  a„  a,)^//=-2S.  (^, 


where   S  is  the  quartin variant  (see  the  Table  No.  70).     For  the  present  purpose   £7  =  0, 
and  consequently 

(a,  ©,  e,  g,  @,  ^$a.,  a,„  a.)^fl^=o. 

32.     Next, 

(21,  »,  S,  g,  ®,  ^F^ff,  dyH,  d^H) 

{yz  -  Z  V)  [3Pa;»  -  (1  +  2Z»)  y^  ]* 
+  {zx  -  zy)  [3«y  -  (1  +  2Z0  ^a:p 
H-    (a:y  -  Pz^)  [3P-?«  -  (1  +  2P)  xy^ 

+2(Py2r  -  tr»)  [3/y  -  (IH-  2Z')  -^o:]  [SZ'^-^^  -  (1  +  2^^  ^y] 
H-2(Z«^  -  Zy«)  [Zl^z^  -  (1  +  2P)  a?y]  [3«»a^  -  (1  +  2Z»)  y^:] 
+2(Pa:y  -  Iz"^)  [3/'^  -  (1  -H  2Z»)  y^]  [3Zy  -  (1  +  2Z»)  zx\ 

the   first   three  lines  of  which  are 

9Z*  dry-?  (aj»  +  y"  +  ^)  -  18P  (1  +  2/^  a^fz^  +  (I  +  2V)\fz'  +  ^or*  +  a;»y') 
-  9Z« («;• +y»  + -g*)  +  6Z*(1  +  2^3)  xyz  {a?  +  y»  + -2») -  3Z« (1  +  2l^faihfz^\ 

or  collecting  and  reducing, 

(-9i«  ){af'  +y«    +^    ) 

+  (1+4Z»+    4Z«  )  (y«^  + -e^a;*  +  ^y*) 

+  (      15Z^+12Z'  )(ar»    +y»    +r»    )  ^y^ 

+  (-  21Z»  -  48Z»  -  12Z8)  x'y^z^ ; 
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the   second  three  lines  are 

18/«(y»^  +  -rti?»  +  a^)-  12^(1  +  2Z»)  ayz  (a:»  +  y»  +-?')+  6P  (1  +  iP^a^^ 
-  bU^a^z^  +  12Z»  (1  +  2i»)  (y»^  +  «*a;»  +  a:*/)  -  2i  (1  +  2Pfxyz  (a:»  +  y»  +  -?*) ; 

or  collecting  and  reducing, 

(12Z»  +  42Z«  )  (y»^  +  ^a:*  +  a^) 

+  (- 2Z - 20Z* - 32/^);(a?»    +y»    +-?»   )ay2: 
+  (6P  -  30f  +  24Z»)  a:y««. 

Hence  in  the  first  part  replacing  the  top  line  by 

-  9Z«(aj»  +  y»  +  -8*)*  +  18/«  (y»^  +  -8»a:»  +  a^y*), 

and  uniting  the  two  parts,  we  find 

(?t,  S,  6,  g,  ®,  ^$3^,  dyH,  dzHf 

(1  +  8P)«  (y»^  + -?»a:»  +  ay ) 
+  (-9Z«  )  (a;»    +y»    +-?»  y 

+  (- 2Z - 5Z* -  20/^       )  (a:»    H-y»    +^   )xyz 

and  referring  to  the  Table  No.  70,  and  writing  0  for  ©IT,  we  have 

(a,  S,  6,  g,  @,  ^$3,5,  3^,  3,ff)>  =  e, 

where  ©   is  the  first  of  the   three    functions   which    may  be    chosen    to   represent   the 
octicovariant  of  the  cubic. 

33.     We  have  thus 
and  thence 


D'U-(^^dh-^^du)du=o 


as  the  equation  of  the  five-pointic  conic:  the  investigation  has  been  conducted  by 
means  of  the  canonical  form  of  the  equation  of  the  cubic,  but  the  form  of  the  result 
shows  that  it  applies  to  the  equation  of  the  cubic  in  any  form  whatever. 

34.     If,  however,  we  continue  to  represent  the  cubic  by  the  canonical  equation 

aJ*  +  y*  +  ^  +  GUcyz  =  0, 
the  result  may  be  further  reduced.     We  have,  putting  Z7  =  0,  or  writing  ^r*  +  y*  +  -^^  =  —  6layz, 

H=-(l+SP)ici/z] 
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In  fact  this  relation  will  be  true  if  only 

3a:*yV  (3Par»- (1  +  2P)yz)  -  Q(^  +  2lyz)  - (f«  +  2/17?)  =  LV (-y»  -  ^+  2fy^)  ; 
and  substituting  for  f,  17,  f  and  Q  their  values,  the  left-hand  side  is 

3»y^  (3Paj»  -  (1  +  2i»)  y«) 
-  (aj»  +  2Zy«)  (y»^  +  z^x' +  x^y^  "  Sfx'fz') 

and  expanding  and  reducing,  the  result  is 

«^  (-  (y*  +  -«^)»  -  «» (y»  + -2*))  +  2lyz  (-  ar»(y»  +  z»)  +0;*)  +  12i«a?y^ ; 
whence,  dividing  by  aj*,  the  equation  becomes 

-(y*  +  ^)  (aj'  +  y»  +  ^)  +  2i«ry^(a:»  -  2  (y»  +  -r»))  +  12i»«y^ 

=  (- y*  - -2*  +  2Zy2r)  (a:»  +  y»  +  «» +  6ia:yz), 
which   is  identically   true. 

36.  Hence  in  the  identical  equation   putting    U=^0,   we  see   that  the  equation  c:^ 
the  five^pointic  conic  may  be  written 

9(l  +  8Z»)a:»y»^(a:,  y,  z,  te,  ly,  lz\X,  F,  Z)» 
+  {(«» +  2/y«)  Z  +  (y»  +  2i-w?)  F  +  (2:»  +  2ii;y)  Zj  x 

KP  +  2&;0  ^  +  (17"  +  2Zrf )  F  +  ((- +  2f fi,)  Z} 
=  0, 

where  f ,  17,  (f  stand  for  x  (y*  —  -g'),  y  (^  —  a:*),  e{a!^'^  y*),  the  coordinates  of  the  tangential 
of  the  given  point,  and  which  puts  in  evidence  the  geometrical  theorem  above  referred 
to,   viz. 

Theorem. — The  common  chord  of  the  five-pointic  conic  and  the  polar  conic  is  the 
tangent  to  the  cubic  at  the  tangential  of  the  given  point. 

37.  The   five-pointic  conic  meets   the  cubic   in  the  point  of  contact,  considered  as 
five   coincident   points,   and  in   a   remaining  sixth  point   or   point   of  simple   intersection.- 
The  process  by  which   I   originally   obtained   the   equation   of  the  five-pointic  conic,   ledJ 
also   to   the   equation   of  the   line  joining  the  point  of  contact  with  the  point  of  simpler 
intersection :   the  equation  of  this  line  is 

Xx  ((1  +  8P)  a;*  -h  (U  H-  41/*)  a^yz  -h  (-  2/*  +  2/^  yV )  ^ 
Qx'ifz^  J  +  Yy  ((1  +  8Z»)  y*  +  (U  4-  41Z*)  y^zx  +  (-  2P  +  2P)  ^V  )  - 

,+  Z^  ((l4-8P)^+(4f  +  41Z*)2^a?y  +  (-2/'^+2/»)^y')> 

-  QQx'y'z''  [X  (3ZW  -  (1  +  2f)  yz)  +  F  (3?y  -  (1  +  2/^  zx)  +  Z  (3P^«  -  (1  -h  2P)  xy)] 
+    e»  {X  (x-2  +  2lyz)  +  F  (y»+  Uzx)  +  Z(z^'  +  2lxy)]  =  0. 
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The  first   factor,   reducing  by   the   equation  a:*  +  y»  +  -«*  +  Qlxyz  =  0,  is 

=  ar»y»  -  (a;"  +  y»)  (aj»  +  y»  +  ^)  +  (a;*  +  y*  +  ^)'  -  2  {ifz"  +  ^ar»  +  ar»^), 

=  3a;'y»  +  ^(a:»  +  y»  + -e*)  -  2  (y»^  +  ^a:*  +  ar^y*), 
=    -3*  -  ^  (a:»  +  y»)  +  a;»y», 

39.  Hence  putting  for  the   moment 

if=(y3-^)(^-a;»)(>r»-.y3), 

it  appears  that  the  last  of  the  three   equations  is  Mz  =  0 ;  the   first  and  second 
course  Mx^  0  and  ify  =  0,  and  the  required  condition  is  if=0,  that  is, 

(y»-.^)(^-a:»)(a:»-y»)=0, 

the  equation  which,  combined  with  the  equation  of  the  curve 

^  +  y*  +  ^  +  Qlxyz  =  0, 

gives  the  sextactic  points.     There  are  consequently  twenty-seven   such  points,  an 

at  once  seen  that  these  are  the  points  of  contact  of  the  tangents  to  the  cubi 

the    points   of   inflexion,   or,   what   is    the     same   thing,  that   the    twenty-seven   sc 

points  form   nine   groups  of    three   each,  such   that  the   three   points  of  a   grouj 

for  their  common  tangential   one   of  the  nine   points   of  inflexion.     In   fact,  let   o 

cube   root  (real   or  imaginary)  of  unity,  the  three  sextactic  points  of  one  of  the 

will   be  given  by 

r  x-foy         =0, 

\^  + y*  + -^^  +  6fa;y^  =  0. 
Now  consider  the  tangential  of  any  one  of  these  points,  its  coordinates  are 

yi  =  y(^'-^), 

or,  reducing   by  the  equation  a?  —  oiy  =  0,  a?i  =  wy  (a:*  —  -^*),  yi  =  —  y  (ar*  —  ^),  «i  =  0,  o: 
is   the  same    thing,    a?iH-o)yi  =  0,   -2^1  =  0;    that   is,   the    point   {xi,  yi,   5,)   is   one 
points    of    inflexion.     This    is    the    construction    of    the    sextactic    points    obtaii 
Plucker  and  Steiner. 

40.  Reverting  to  the  equation  of  the  line  joining  the  point  of  contact  of  tl 
pointic  conic  with  the  point  of  simple  intersection,  this  meets  the  cubic  in  \ 
point,  and  Mr  Salmon  has  shown  that  this  third  point  is  in  fact  the  second  tar 
(tangential  of  the  tangential)  of  the  point  of  contact,  or,  what  is  the  same  thing : 

Theorem.  The  point  of  simple  intersection  of  the  cubic  and  the  five-pointi 
is  the  third  point  of  intersection  with  the  cubic,  of  the  line  joining  the  p 
contact  with   the   second   tangential   of  this  point. 
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and  the  coefficient  of  —  2Q  is 

or  reducing  by  the  etjuation  of  the  curve, 

=  -  2/ar*  -  Hl^ar'yz  +  y'-^'. 
We  thus  have 

2/=18/(l+8i»)^y'^ 

-f  tix'fz^  ((I  -  4/')  ar*  +  (2Z  -  32/*)  x'j/z  +  6Zyz«) 

+  2  (^  +  6Za:*y-?  +  3/«a^y»2«  -  fz")  (-  2/iF*  -  8ZVyz  +  y«^«). 
Reducing  the  expressions  of  a  and  2/,  we  find  for  the  coefficients  (a,  6,  c,  /,  ^r,  A), 


^a  = 


x""*  +  lOZa^^yr  +  Wl^aft/V  +  (5  +  120P)  ar^y*^  -  lOZa^yz*  -  ^lyz^. 


2/=  -  4/x»^  -  4()Z*A*y^  +  (5  -  120Z»)  af'fz^  +  MQla^ifz'  +  Sl^x'y'z*  -  2y*z», 


which  gives  the  completely  developed  form  of  the  equation  of  the  five-pointic  conic. 

44.     I  investigate  the  coordinates  of  the   point  of  simple  intersection  of  the  c 
and  the  five-pointic  conic  as  follows :  the  equations  of  the  two  curves  are 

X'+T^  +  2>  +  6lXYZ  =0, 

(a,  6,  c,/,g,  hJiX,  F,  Z^^O; 

a  =  l,  A=Cy 

7  =  6ZZF,  5=2(5rZ+/F), 

S=jr»+  P,  C  =aX^  +  2ItXT+bY\ 


or  if  we  write 


then  the  two  equations  are 


o^  H-  7^  +  S  =  0, 
AZ»  +  BZ+C  =0, 


and  the  result  of  the  elimination  of  Z  will  be 


(aZ,^  +  yZ,  +  B){aZ^'^yZ,  +  B)  =  0, 
where  Z^,  Z^  are  the  roots  of  the  equation  il^4-i5^+fi'  =  0;   that  is,  we  have 


a«    O 


\ 


-hay  C(/^-2il(7) 
+  aS  (-  if*  +  2il5(7) 

-7S  BA" 


=  0; 
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derivative  points  of  the  degrees  m*  and  n^  respectively,  is  a  derivative  point  of  t 
degree  (m  ±  n)".  Thus  the  third  point  of  intersection  with  the  cubic,  of  the  IL 
joining  the  given  point  with  its  second  tangential,  is  a  derivative  point  of  the  degr 
(i±iy,  and  it  is  easy  to  see  that  the  degree  is  not  9 ;  it  is  therefore  25.  Tl 
point  of  simple  intersection  of  the  five-pointic  conic  is  a  derivative  point  of  tl 
degree  25;  it  is  therefore,  according  to  Professor  Sylvester's  general  theory,  identic 
with  the  point  given  by  the  former  construction;  this  agrees  with  the  befoi 
mentioned   theorem  of  Mr  Salmon. 


IV.     Independent  investigation  for  the  Cvbic, 

47.  The   following   is,  in    substance,  the    method    by   which    I    first    obtained    tl 
equation  of  the  five-pointic  conic,  for  the  cubic 

Write  for  shortness 

V  =  (of" -h  2lyz)  X  +  (f  +  2lzx)  F +(-?•+ 2try)Z, 
Tr  =  (Z«  +  2ZFZ)a?  +  (P+2/ZZ)y  +  (2>  +  2ZZF)z, 
T  =X'+Y*  +  Z»  +  61XYZ, 
P  =cw?  +  6y  +  c^, 
n  ^oX-^bY+cZ] 

then,   X,    F,  Z  being   current   coordinates,  and   x,  y,  z   the   coordinates    of   a    point 
the  cubic  (so  that  U=0\  the  equation  of  the  cubic  will  be 

T  =  0, 

and   the   equation  of   a   conic   having  with   it  an  ordinary  (two-pointic)   contact   a 
point  (x,  y,  z),  will  be(^) 

2Tr-nF=o. 

48.  Now    imagine    fix)m    the    point    of    contact    lines    drawn    to     the    oth* 
intersections   of  the   two   curves ;    in   the   case   of  the   five-pointic   conic,   three   c 
lines   will   coincide   with   the   tangent    F=  0,   and    the    remaining   line   will   be 
joining  the  point  of   contact   with   the   point   of    simple   intersection.     The   equ? 
the   lines   in   question   can   be   found   by  JoachimsthaFs   theorem,   viz.  if  (x,  y, 
coordinates  of  a  given  point,  and  (X,  F,  Z)  current  coordinates,  then  if  in  the 

of  any   two   curves  we   substitute   for   the   coordinates,   Xx-^-fiX,  \y  +  /AF,   Xz 
between   the   equations   so   obtained   eliminate  X,  /a,  the   resulting  equation  w 

^  I  have  introduoed  the  factor  2,  to  make  this  correspond  with  the  form  DW-UDU=Of 
qaestion,  ii»=8. 
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of  the  lines  drawn  from  the  point  (a?,  y,  z)  to  the  points  of  intersection  of  the  two 
curves.  The  point  (a:,  y,  z)  is  any  point  whatever,  and  it  may  therefore  be  a  point 
of  intersection,  or,  as  in  the  present  instance,  a  point  of  contact  of  the  two  curves; 
the  only  difference  is,  that  in  either  case  the  degree  of  each  equation  as  regards 
(X,  yi)  is  reduced  by  unity,  and  the  degree  of  the  resulting  equation  in  X,  T,  Z  is 
also  reduced  by  unity:  in  the  case  of  a  point  of  simple  intersection  this  is  the  only 
reduction;  but  in  the  case  of  a  point  of  contact,  the  resulting  equation  contains  the 
equation  of  the  tangent  as  a  factor,  and  rejecting  this  factor,  the  reduction  in  degree 
is  two  units. 

49.  Applying  the  method  to  the  two  equations,  T  =  0,  2Tr  — nF=0,  and  sub- 
stituting therein  for  the  original  current  coordinates  X,  F,  Z  the  values  \x-¥fiX, 
Xy-VfJkT,  \z-hfj^,  the  equations  become 

v?7 + 3XVF+ 3X/Lt«Tr-h /L^nr = 0, 


or 


z(\'u  -t-  z\fiv  '\' fi* n  )  —  (xr  +  fill)  {\u  -^  fiv  )  =  v; 
writing  U=0,  and  omitting  from  each  equation  the  factor  /jl,  the  equations  become 

X«.3F  +  Xii.3F  +  u«T         =0, 


X«.3F  +  X/[i.3F  +  /Lt«T         =0, 
X(4-.P)  F-hM(2F-nF)  =  0; 

and     putting   in    the    first    equation    X  =  2Tr— IIF,    /tft  =  — (4  — P)F,    the    result    of   the 
elimination  contains  the  factor  F,  rejecting  which  it  becomes 

3(2Tr-nF)«-3(4-P)(2F-nF)Tr-h(4-P)«FT  =  0, 

which  is  of  the  fourth  degree  in  (X,  F,  Z),  as  it  should  be,  and  represents  therefore 
^he  lines  drawn  from  the  point  of  contact  to  the  other  four  points  of  intersection  of 
^^^    conic  and  cubic. 

50.    The  equation  may  be  written 

-3(2Tr-nF)((2-P)F+nF)  +  (4-P)2FT  =  0, 

^^d  ^e  obtain  at  once  the  condition  that  this  may  contain  the  factor  F,  viz.  this  con- 
dition is 

P  =  2; 

^^d    if   this  be   satisfied   the  conic   will   have   a   three-pointic   conic,  and    there   will   be 
*^i^e  other  points  of  intersection.    And  writing  P  =  2,  and  throwing  out   the  factor  F, 
^^   find 

3n»F-6nF  +  4T  =  0 

^^  the  equation  of  the  lines  from  the  point  of  contact  to  the  three  points  of  inter- 
^^^ion.  And  we  have  now  to  determine  11  so  that  the  function  on  the  left  hand 
^^y  divide  by  F*. 

c.  IV.  30 
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31.    I  simplify  ray  original   method  by  the  use  of  a  theorem  of  Mr  Salm<}h's,  viz. 
miting 

r  =X*+Y'  +  Z*  +  61XYZ,    ;    ^  =P(X'+P  +  ^)-(1  +  2P)XFZ    , 


^,  =  (3f»Z' - (1  +  2i»)  FZ       )«  +  ..    , 
^,  =  (3Pa?-(l  +  2P)yz  )X  +  .., 


IT  =  ^X' +  2iFZ)  a;  + . . 
F=(a?  +  2Zy^    )Z  +  ..       , 
JJ  '^  a^  +  y*  +  ;^  +  Glxyz       , 

we  have  identically 

and  in  the  present  case,  since  [7  =  0, 

Hence,  multiplying  by  H  and  substituting  this  value  of  TH,  the  equation  becomes 

3^n«F-  6HU  If  +  4}f^i  -  4F^i  =  0, 
or,  as  we  may  write  it, 

F  (3Jni«  -  4^0  +  2  }f  (2Jy,  -  aJB'n)  =  0 ; 

and  we  can  at  once  make  the  equation  divide  by  V,  viz.  by  a&suming 

n=§§+4AF, 

where  A  is  arbitrary:    we   have  thus  a  four-pointic  contact.     And  substituting   for  11, 
and  throwing  out  the  factor  V,  the  equation  becomes 

3^  (§  f '  +  iA  Vj  -4JQ,  +  2W  (f  ^A)  =  0 ; 

or  reducing, 

16  (Hi'  -  SHJQ,)  -  36H*A  W  +  UHH,\  V  +  9H*\^V^  =  0, 

which  is  the  equation   of  the  lines  drawn  from   the  point  of  contact  to  the  remaining 
two  points  of  intersection. 

52.     I  write  for  greater  convenience 

%  being  as  yet  indeterminate;  the  equation  is  thus  reduced  to 

9H*  [H  (H*  -  3^^,)  +  SW}-  6H'H,S  F  +  Q'  F»  =  0, 

and  we  have  then  to  determine   ©  so  that   the  left-hand  side   may  divide   by  F;  or, 
what  is  the  same  thing,  we  must  determine  B  so  that 
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we  find  at  once 


-(l-f8Z»)H 


« 


Next  writing 


iri  =  (3iV-(l  +  2P)y^)Z  +  .., 

F  =(aj«  +  2fy^)Z  +  .., 

S   =  a:  {(1  +  8Z»)a?*  +  (4Z  +  41Z*)a;»y^  +  (-  2i*+  2P)y»^}  Z+ . ., 

and  forming  the  expression  for 

-  xyzH^^  +  FSf, 

the  coefficient  of  X^  is 

-  xyz  {3Z««»  -  (1  +  2P)  yzY 

+  («» +  2fy^)  a;  {(1  +  8P)  a?*  +  (4i  +  41^)  «»y^  +  (-  2P  +  2?)  y»^}, 
which  is 

=  (1  +  8i«)  {a?'^&la^yZ'¥lWahf2^-xy'2^)\ 
the  coefficient  of  FZ  is 

-  2a:y^  (3iy  -  (1  +  W)  zx)  (3i>^«  -  (1  +  2i»)  xy) 

+  (y«  4-  2Z-2a?)  2^  {(1  +  8P)  -«*  +  (4i  +  41^)  ^a:y  +  (-  2P  +  2Z»)  a^tf] 

+  (^  +  2Zay)y  {(1  +  8iO  y*  +  (4Z  +  41i*)  y»^a:  +  (-  2?  +  2i»)  a;»y»}, 
which  is 

==  (1 4- 8i')  {y»^»  (y»  +  ^)  +  8^y^2r»  +  1 2ZVy^  (y» +  <?»)+ 2Za;  (t^  +  ^)  -  2a;»y»^} ; 

or    substituting    for    y*-^z*   and   y*  +  2^    the    values    —a^^Qlxyz    and    {x^  +  Qlxyzf  —  2y*2^ 

respectively,  this  is 

=  (1  4-  8P)  (2ia:'  4-  I2l*xh/z  -  ar»y»-?«  -  2ti:y»^). 

We  have  thus 

-  xyzHi^  +  VS 

(of  4-  6ic»y-?  4- 1 2Z  Vyz  -  iBt/»^)  X* 


=  (14-  8P) 


•< 


+  (2lx'  4-  12Pa;*y2:  -  3a;»yV  -  21x^2^^)  YZ 


and  the  equation 

-xyzH^^  +  VS  +  {I  -{-  8l'){QW  ''Sxyz^^^)  =  0 
is  thus  verified. 

Addition. — The  foregoing  memoir  was  communicated  to  Mr  Salmon,  and  I  am 
indebted  to  him  for  two  notes,  containing  the  extension  to  a  curve  of  any  order,  of 
the  preceding  investigation  for  the  case  of  a  cubic;  I  reproduce  this  extension  in  the 
following  section. 
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V.    Extension  of  the  last  preceding  method  to  a  curve  of  any  order. 

54  Consider  the  curve  of  the  m-th  order  T  =  0,  and  in  the  place  of  the 
coordinates  write  Xx-^fiX,  \y  +  fiY,  \z-\-fiZ,  where,  as  before,  (x,  y,  z)  are  the  coordi- 
nator of  the  point  of  the  curve,  and  X,  F,  Z  current  coordinates;  the  term  involving 
W*    vanishes,  and  dividing  out  the  fSeictor  /i  the  equation  becomes 

V'W  U  +  iV^fiD"  U + iX"*- V^  U  +  ^V^fi.^I>  [7  +  &c.  =  0. 

Marking  the    like    substitution  in    D^U—TIDU^^O,   the  assumed    equation  of   the    five- 
poucktie  conic,  the  iactor  fi  divides  out  and  the  equation  becomes 

2\{m-l)  DU  +  ^B'U  -  {\P  -^  fiU)  D^U  ^0, 
or,    ^^^hat  is  the  same  thing, 

and     if  firom  the   two  equations  we  eliminate   X,  /i,  the   result,  throwing  out  the   factor 

Dcr,  is 

whex^  all  the  terms  after  the  second  contain  the  factor  DU;  the  condition  in  order 
tha.t;  the  equation  may  divide  by  jD  17,  is  consequently  2(m  — 1)  — P  =  2,  or  P=2(m  — 2), 
the  condition  of  a  three-pointic  contact.  Substituting  this  value,  and  dividing  by  DU, 
the     equation  becomes 

whioh  will  be  divisible  by  jDCT  if  -UD'U+^D'U  is  divisible  by  DU,  and  the  condition 
for    tihis  is  found  to  be,  as  before, 

n^i^DH  +  ADU, 

^^^Te  A  is  arbitrary ;  we  have  thus  the  conditions  of  a  four-pointic  contact. 

55.    Substituting  this  value  of  TI,  we  see  that  L^U  —  jf  DH .  D*U  divides  by  DU, 
^     there  exists  an  identical  equation, 

I>U-^DH.B'U=IU'^J.DU', 
d    hence  if  [7=0, 

-I'e  /  is   a  quadric  function   of   (Z,    F,   Z).     I   do   not  know    the    general    form    of 
'    function,   but    Mr    Salmon    has    obtained    a    result    which    may   be    generalized    as 
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follows,  viz.  writing  for  Z,  F,  Z  the  values  Bv-Cfi,  Ck-Av,  Afi-^-BX  (where,  as 
before,  il,  JB,  (7  are  the  first  derived  functions  of  U  and  X,  /a,  v  are  arbitrary),  the 
expression  for  J  is 

a  formula  which  will  be  presently  useful. 

56.  The  foregoing  equation  may  be  written 

4-(/)»f0'"'^^I^{(»»-2)n«I)»{r-]f(m-3)nZ)»t7-iZ)*J/}4-i&c.(jDt/7...=0; 
and  the  term  —  nD»tr  +  |/)*Z7  is  equal  to 

Substituting  this  value  the  equation  divides  by  DU,  and  throwing  out  this  factor  it 
becomes 

+  (D»fO'^{(^-2)n»i)*[7-J(m-3)n2)«D'-ijD*J7}  +  &c.  i)Cr=0; 
or  observing  that  |n2)'[7'=n'2)'{/'4-term  containing  DU,  this  may  be  written 

57.  If    the   equation    divides    by   DU  we    shall    have    a    five-pointic  contact;    the 
condition  for  this  is  that 

-  A  (D«D>+ j(ji>»i;^+ n'D'tr- iZ)*fr 

may  divide  by  DU,  or  more  simply  that 

may  divide  by  DU,  or,  what  is  the  same  thing,  the  function  in  question  must  vanish 
in  virtue  of  the  substitution  of  the  values  Bv—Cfiy  C\  —  Av,  Afi  —  Bk  in  the  place  of 
X,  F,  Z,     The  expression  for  J  has  just  been  given ;  we  have  besides 

where  the  values  of  Q,»,  Q4  are  given  {ante,  No.  27) ;  we  have  thus 

58.  ±^(D^U-]iDH.D'U\  =  ^^'"'~^^'i>-. VrX^°^' 

DU\  U  J        m— 1  (m  — l)/i 

iJMTT  ^J    20H-2)(ni-3)     „      (w-3)p,       .      1       00^) 
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and 


whence 


^^=-(^-h?^> 


(m  -  ly 


^{m  —  iy  (   m  — 1  (m-l)H  j 

(  (yn  —  iy  **(w— 1)*  ^(w— 1/        j 

and  consequently 

which   agrees  with   the  result  before  obtained,  and   thus   the  present  method  gives  the 
complete  solution  of  the  problem. 
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ON  THE  EQUATION    OF  DIFFERENCES   FOR  AN    EQUATION 
ANY   ORDER,    AND   IN   PARTICULAR   FOR   THE    EQUATIC 
OF   THE  ORDERS  TWO,   THREE,   FOUR,   AND  FIVE. 


[From   the  Philosophical   Transactioiia  of  the  Royal  Society  of  London,  vol.  CL.  (for 
year  1860),  pp.  93—112.     Received  March  2,— Read  March  29,  I860.] 

The  term,  equation  of  differences,  denotes  the  equation  for  the  squared  differe 
of  the  roots  of  a  given  equation ;  the  equation  of  differences  afforded  a  mean 
determining  the  number  of  real  roots,  and  also  limits  for  the  real  roots,  of  a  g 
numerical  equation,  and  was  upon  this  account  long  ago  sought  for  by  geome 
In  the  Philosophical  Transactions  for  1763,  Waring  gives,  but  without  demonstn 
or  indication  of  the  mode  of  obtaining  it,  the  equation  of  differences  for  an  equ£ 
of  the  fifth  order  wanting  the  second  term :  the  result  was  probably  obtained  by 
method  of  symmetric  functions.  This  method  is  employed  in  the  MeditoHones  1 
braiccB  (1782),  where  the  equation  of  differences  is  given  for  the  equations  of 
third  and  fourth  orders  wanting  the  second  terms ;  and  in  p.  85  the  before-menti< 
result  for  the  equation  of  the  fifth  order  wanting  the  second  term,  is  reprodi 
The  formulae  for  obtaining  by  this  method  the  equation  of  differences,  are  : 
developed  by  Lagrange  in  the  Traits  des  Equations  Numeriques  (1808);  and  he  1 
by  means  of  them  the  equation  of  differences  for  the  equations  of  the  orders  two 
three,  and  for  the  equation  of  the  fourth  order  wanting  the  second  term;  anc 
Note  III.  he  give8>  after  Waring,  the  result  for  the  equation  of  the  fifth  order  wan 
the  second  term.  It  occurred  to  me  that  the  equation  of  differences  could  be  i 
easily  calculated  by  the  following  method.  The  coefficients  of  the  equation  of  differe: 
gi/d    functions    of    the    differences    of    the    roots    of    the    given    equation,   are    lea 
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The  equations  successively  considered  are 

(tt,  6,  c  5^,  ly  =  0, 

(a,  6,  c,  d  5^»  ^y  =  0» 
(a,  6,  c,  d,  e  5^,  1)*  =  0, 
(a,  6,  c,  d,  e,  f\v,  If  =  0. 

The  equation  of  differences  for  the  quadric,  and  that  for  the  squares  of 
are  considered  to  be  known,  and  the  other  results  are  derived   from  them: 
convenient  to  write  down   in   the  first  instance   the  results  for  the  quadric, 
and  the  quartic  equations,  and  then  explain  the  process  of  obtaining  them. 


For  the  quadric  equation, 


Equation  of  differences  is,  0  = 


a'  X 

-». 

+  1 

rtc  +  4 
6«   -  1 

\6,  1). 


Equation  for  the  squares  of  the  roots  is,  0  = 


a«x 

J. 

+  1 

ac+2 
6«  -1 

c«+l 

ip.  !)*• 


For  the  cubic  equation, 


( 


( 


Equation  of  differences  is,  0  = 


a^x 

a'  X 

J. 

I  _            . 

<" — 

+  1 

/> ^ 

rtc  -♦•  6 
6«  -2 

aV  +  9 
ah\  —  6 
b'     +1 

d'iP  +  27 
ahcd—  18 
rtc^     +  4 
ra    +4 
6V    -1 

Equation  for  the  squares  of  the  roots  is,  0  = 

a'  X 

JL 

1 

/^ 

+  1 

^ 

^ —  ■                    > 
ac  +  2 
6«-l 

c*   +1 
hd-1 

cZ=  +  l 

5' 
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and  they  are  consequently  (without  any  alteration)  coefficients  of  the  equt»w.. 
ences    of   the    cubic    equation:     the    last    coefficient    is    not    reduced    to    zero    by    tu^ 
operator,  and  requires  therefore  to  be  completed  by  the   adjunction   of  the   terms  in  d, 
(the  series,  here  and  in  every  other  case,  is  of   course    a    finite  one,  the    number    off^ 
terms  might  easily  be  calculated  d  priori).     Let   the  value  be  io  +  Xid  +  Z/P  +  Ac,  w^ 
have  Zo=4-4ac'  — 16V;    and  putting  for  shortness   V'  =  3a36  +  2Wc,  the  operator  whiclx 
reduces  this  to  zero  is  V'  +  c9<i;   we  ought  therefore  to  have 

0=     V'Xo  +  d  I  V'A  +  c?     V'i,-f  ... 
+    cLi         I  2cia  3ci, 


and  consequently 


A  =  -Jv'io,  ^  =  -2^V'A,  i,  =  -l  V'Z„  &C., 


giving 


Z,  =  ~  1  {(-6  +  24=)  18a6(J»  -  46«c}  =  - 18aftc  + 46«, 
c 

A  =  -^{-54a\;  +  (36-36=)0o6>}»  +  27a«, 

i,  =  0,  &c., 

and    consequently  for    the    last    coefficient  the    value    above  written  down;    it  will    be 
presently  seen  how  in  more  complicated  cases  the  calculations  should  be  arranged. 

Again,  multiplying  together  the  equation  of  differences  and  the  equation  for  the 
squares  of  the  roots  of  the  cubic  equation,  we  obtain  an  equation  which  it  is  not 
necessary  to  write  down,  as  it  can  be  at  once  formed  by  putting  e=0  in  the  equation 
of  differences  for  the  quartic  equation.  And  firom  the  equation  so  obtained,  by  the 
adjunction  of  the  terms  in  e,  we  find  the  equation  of  differences  for  the  quartic 
equation,  viz.  each  coefficient  is  of  the  form  Zo  +  Z,e  +  Z^  +  &c.,  where  Lq  is  known 
and  such  coefficient  is  reduced  to  zero  by  the  operator 

4aa6+3Wc  +  2cad-f  d3e; 

or  putting  for  shortness  V  =  4sadi,  +  Sbdc  4-  2cda,  the  operator  V  +  ^9^.     We  have  th* 
fore 

It  is  to  be  observed    that    the    last    coefficient    of   the    equation  of   differences   ' 
discriminant,  and  that  the  above  method  of  calculating  the  coefficients  of  the  eo 
of   differences,  as  applied  to   the   last  coefficient,  is  nothing  else    than  the    met 
calculating  the  discriminant  given  in  my  Fourth  Memoir  on  Quantics,  [155]. 
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Calculation  of  coefficient  ^  in  equation  of  differences  for  the  quintic  equation 

(a,  6,  c,  d,  e,  f\v,  1)»  =  0. 
Calculation  of  Zp. 


2ae 


-2hil         +c» 


2ce 


-rf» 


^r 


"^'" 


Coeff.  ^. 


Coeff.  ^. 


«* 


Coeff.  ^.      In  eq.  of  diff .  for  qa 


io  =  -4  +  £e4-Ce»4-jDc*  +  -ffe*,  suppose,  then 


aV 

+  512 

— 

112  = 

+  400 

c^hd^ 

-384 

-512 

4. 

56 

-840 

a^c'e' 

-256 

+  256 

-384 

+ 

24 

-360 

c^cd^e^ 

+  288 

+  432 

+  192 

+ 

48 

+  960 

aH*e 

-    54 

-216 

-270 

a'h^c^ 

+  288 

+  144 

— 

32 

+  400 

a^b'd^e' 

-    12 

+  384 

-    72 

— 

25 

+  275 

a^bi^de^ 

-160 

+  256 

-192 

-240 

— 

54 

-390 

a^bc<Pe 

+    36 

-288 

-108 

+  120 

-240 

abd" 

+    54 

+    54 

• 

+  108 

aV«« 

+    32 

-128 

+    64 

+ 

17 

-    15 

a*c^d^e 

-     8 

+  144 

+    36 

-    32 

+  140 

a^M* 

-    27 

-    18 

-    45 

a6V 

-    54 

+ 

6 

-    48 

ah^cde" 

+    36 

-288 

+    36 

+ 

38 

-178 

aJt^d^e 

-     8 

+    12 

-    18 

-    14 

ab^c"^ 

-     8 

+  144 

-    12 

— 

12 

+  112 

ai^(?il*e 

+      2 

+  160 

-     6 

+    84 

+      6 

+  246 

ab'cd' 

-    36 

-    42 

-    78 

abe^de 

-   32 

-    80 

-    52 

-164 

cMd" 

+      8 

+    18 

+    26 

+    52 

cu^e 

+    16 

+      8 

+    24 

w^d^ 

-      4 

-      4 

-      8 

l^de" 

+    54 

— 

6 

+    48 

6*c*c« 

-    27 

+ 

2 

-    25 

h^cd'e 

-   36 

-    18 

-    54 

h*d^ 

+      8 

+      9 

+    17 

h'd'de 

+      8 

+    18 

+    12 

+    38 

l^^d* 

-     2 

-      4 

-      6 

-    12 

6V« 

-      4 

-      2 

-     6 

6Vrf» 

+      1 

+      1 

+      2 

-  j?  = 

-C  = 

-/>  = 

-J^  = 

aW     +  270 

a^cd*   -960 

a'hd    +840 

a*     -  400 

a*bcd  +240 

aWd"  -  275 

oV      +  360 

aV(/*  -  140 

a*h(^d  +  390 

a«6«c    -400 

ab^d"    +    14 

aV      +    15 

ah''       +    48 

a^Vcf»  -  246 

ah'^cd  +  178 

abcl*d  +  164 

oftV    -112 

ad"       -    24 

l^d      -    48 

b*cd*    +    54 

6V      +    25 

ftVrf    -   38 

6 V      +      6  . 
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Calculation  of  Z,. 
Li^A+Be-^  G^y  suppose,  where 


-i^= 

-\c- 

a»6rf«     +  775 

a*d     -  500 

€^i?d      +  825 

a'bc    -700 

a«6W    -870 

a«ft«     +  320 

a'W      -  145 

a6*rf       +  100 

ai^c^      +  155 

ft»c         -    28 

Tenns  of  X,/»  not  involving  e. 


badf, 

46?, 

3cca 

M 

-PiV'^B+M^C) 

Y17.     ^ 

^ 

-Y 

-\o 

a'drP 

+  3875 

-2000     = 

+  1875 

a^hcdp 

-8700 

+  6600 

+  4650 

-  2800 

-    250 

aV/« 

-    725 

+  2475 

! 

+  1750 

a^b'dp 

+  2000 

-3480 

+  1280 

-    200 

a'b^c'/^ 

+  2325 

-1740 

-2610 

-  2025 

ab^cp 

-    700 

+  1240 

+    300 

+    840 

ohT 

-    112 

-    112 

Terms  of  ij/'  involving  &, 


-er£^"iC 

viz. 

5aaft 

46^ 

T 

a^cep 

-3500 
+  4800 

-2800 

-1500    = 

-5000 
+  2000 
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Calculation  of  Zj  (gives  L^  =  0). 


i^- 


a»6" 


+  I6665 
-    666f 


Terms  of  Xg/'. 


-fV'^B 

viz. 

SoSfc 

468^            3cda 

-\^ 

a,*b/' 

-  6666f 

+  6666| 

0 

and  the  required  coefficient  of  ^  is 


Xo  4-  X,/4-  Uf\ 


All  the  coefficients  were  calculated  in  this  manner,  except  the  last  coefficient, 
which  was  deduced  from  the  known  value  of  the  discriminant  for  the  standard  form. 
And  we  have  thus  the  complete  expression  of  the  equation  of  differences  for  the 
general  quintic  equation  under  the  denumerate  form  (a,  6,  c,  d,  e, /l[v,  1)"  =  0,  viz. 


C.     IV. 


32 


Equation  of  differences  for  (a,  b,  e,  d,  e  f^v,  ly—Oia 


+  1 


«• 


«' 


a*  X 


ac+  10 

a»(5     +  10 

ft*  -    4 

a^bd  -    4 

aV    +39 

aft»c  ~  30 

6*       +    6 

a*  X 


a?ft*« 
a*ftcc£ 

ab*c 
ft* 


+  50 
+  25 
-20 
-50 
+  80 
+  16 
-81 
+  30 
-    4 


^ 

—'s^ 


a*ftc/ 
o'ftcie 

a*b*ce 

a*bc^ 
a*c* 
a*b*e 
a*b^cd 

a^bH 
a^b^c" 
obFc 
ft* 


+  200 

-  95 
-120 
+  36 
+  124 
+  92 
+    32 

-  98 

-  44 
-160 
+  95 
+  18 
+  116 
-104 

-  20 
+    45 

-  10 
+      1 


^ 


(^bef 
a'cdf 

a^d^e 

a^b^df 

a^b^f? 

n>b<?f 

a*bede 

a'bd" 

a*c*e 

a^i^d" 

a^b'de 

a^b^c'e 

aVcd" 

a'be'd 

aV 

a'fty 

a*b*ce 

a^b^d* 

a^U'c'd 

ab*e 
(dficd 

bH 

ftV 


+  625 

-  250 
+  400 
-360 
+  260 

-  110 
+  169 
-240 

-  104 
-104 
+  196 
+  118 
+  150 

-  10 

-  180 
+  20 
-220 
+    66 

-  24 
+    66 

-  3 
+  192 

-  66 

-  8 

-  66 
+  24 
+      8 

-  3 


aV/«     + 

«*«*  + 

a^p  - 

a*bcef  - 

a*hd^f  + 

a^bdt^  + 

a^<?df  + 

aV<j*  - 

a^cd^e  + 

a^rf*  - 

a»ft««/  + 

a'ft'ctf*  + 

(j^l^cdf  - 

c^b'd^e  - 

o^bc'f  - 
a^bc'de  - 
a^bccP    - 


a'c^e 


+ 
+ 

+ 


a^b^df 
a«ftV  - 
aVi^f  + 
a^l^cde  + 
a»ft»rf»  + 
a*U'<?e  - 
aVc'd'  + 
a^bc'd  - 
aV  + 
al^cf  - 
(ib^de  - 
aftV«  + 
ab*cd'  - 
oftVrf  + 
oftV      - 

fty     + 

b*ce  - 

ft«rf»  + 

ftVcf  - 

ftV  + 


1750 

950 

40 

700 

130 

380 

142 

240 

522 

708 

53 

128 

388 

394 

378 

144 

480 

156 

194 

52 

66 

84 

194 

330 

92 

152 

174 

140 

25 

70 

42 

32 

144 

100 

18 

8 

2 

22 

16 

3 


252       ON  THE  EQUATION  OF  DIFFERENCES  FOR  AN  EQUATION  OF  ANY  ORDER.       [262 

It  may  be  remarked,  that  if  a>  is  an  imaginary  cube  root  of  unity,  then  the  roots 
of  the  equation  (1,  1,  1,  1,  1,  l^t;,  1)*  =  0  are  —  1,  »,  «»,  -»,  —  ©';  the  differences  of 
the  roots  are 

—  1  —  0),  —  1  —  ©•,  —  1  +  «,  —  1  4- »',  »  —  «*,  2«  ,  0)  4-  «*,  ©*  +  »,  2«*,  —  «  4- «' 
=      »'     ,       «        ,— 1  +  «,  — l4-ft>*,  ft)  —  o^*,  2a>,     — 1,       — 1,  2«*,  —  « +  a>*, 

and  the  squares  of  the  differences  are 

0)     ,       ft)*      ,    —  3(»  ,     —  So)*  ,     —  3  ,  4»',       1     ,        1    ,  4w ,       —  3     , 

from  which  the  equation  of  differences  is  found  to  be 

(^4-«4-l)(^-3«  +  9)(^  +  4tf4-16)(^-2tf4-l)(^4-6«  +  9)  =  0; 

or  multiplying  out,  it  is 

(1,  6,  21,  46,  108,  546,  493,  -1410,  -567,  -540,  +12965^,  iy^  =  0; 

which  is  what  the  preceding  expression  of  the  equation  of  differences  becomes  upon 
\mting  therein  a  =  6  =  c  =  d  =  c=/=  1.  Moreover,  upon  passing  (as  will  presently  be 
done)  to  the  standard  form,  and  then  writing  a  =  b  =  c  =  d  =  e=f=lf  all  the  coefficients 
(except  the  first  coefficient,  which  is  equal  to  unity)  should  become  equal  to  zero; 
these  two  tests  afford  a  complete  verification  of  the  result. 

The  following  corrections  have  to  be  made  in  Waring's  result,  as  given  by  himself 
and  Lagrange  (Waring,  Phil.  Trans.  1762). 

Waring,  MeditaUones  AlgAraicce,  p.  85 : 

for  4-    169  (/•«      read  4-196  q^a    (in  coefficient  ixf). 
Lagrange,  Equations  Numdriques,  p.  108 : 

for  4- 1200  CE    read  +  200  CE    (in  d) 

for-    169 £»i)   read- 196  B'D  (in  e) 

for-     25 B"      read+    25  £»      (in/) 

for+     27  C*I>  read-    27  OI>  (in  k). 

It  may  be  noticed,  that  if  in  the  coefficients  of  the  several  powers  of  0  (as  they 
are  written  down  in  the  columns,  without  regarding  the  power  of  a  which  multiplies 
the  entire  column),  we  attend  only  to  the  terms  independent  of  a,  we  have  the  series 

1,    6«-4,    6*4-6,    6«-4,     6»4-l,    6'd  4- 8,     b'f    4-   8,    &c. 

6V-3,  6«cc  -  2 
b^d^  4-22 
b^dd-16 
b'c"    4-   3, 

the  law  of  the  first  terms  of  which,  up  to  the  term  4-16",  is  obvious;  but  the  term 
4-16",  which  is  the  last  term  of  this  initial  series,  is  also  the  first  term  of  a  terminal 
series,  the  terms  of  which  are  deduced  from  the  coefficients  in  the  equation  of  differences 
for   the   quartic  equation  (a,  6,  c,  d  e\v,  1)*  =  0,  viz.  these  coefficients  are 


"i 


For  the  quintic  equation  (a,  6,  c,  d,  e,  /Jv,  iy=aO,  the  equation  of  differences  is, 


+  1 


^ 


100  a« 


ac  +  \ 
6«  -1 


6« 


50  a^ 


a»<5  +  1 
a'bd-  4 
aV  +  78 
a6«c- 150 
6*     +    75 


2500  a«  X 


a*ce 

c^bcd 

aV 

aVd 

ab*c 


1 
1 
1 
10 
32 
8 
-81 
+  75 
-25 


+ 
+ 


+ 
+ 


fl 


^ 


125 


€^df  + 
aV  - 
a»6c/  - 
a^hde  + 
aV«  + 
a^cd^  + 
a*^/  + 
«^6Ve  - 
a^W  - 
a'bc'd- 
aV  + 
«*6^tf  + 
« *^cc;  + 
a=*6V  - 
««&»<;  - 
a«6*c»  + 
citfic     — 


16 

19 

48 

72 

496 

736 

32 

980 

880 

6400 

7600 

450 

11600 

20800 

5000 

22500 

12500 

3125 


^ 


625 


a^cdf  + 
a\^  - 
a^d^e  + 
d^b^df  - 
a*ft*««    + 

a^bcde  — 
a*b(P  - 
o*c*«  + 
oVcjP  + 
a^U'cf  + 
a'fc'c/tf  - 
a»6  V«  - 
a^b*cd*  + 
a»6c*rf  - 
aV  + 
a>6»/  - 
d*b*ce  + 
a«6^rf«  - 
a«ft»c«rf  + 
dH>^e*  - 
ab^e  — 
ab^cd   - 

6V 


+ 

+ 


1 

10 

64 

144 

208 

44 

169 

192 

416 

832 

1568 

1888 

300 

100 

3600 

800 

17600 

10560 

120 

3300 

300 

38400 

26400 

1000 

33000 

24000 

10000 

7500 


. ^ v' 

2500  X         I 


aV*    + 

aV  + 
a^6V^  - 
a*bcef  — 
a*bdy  + 
a^bde"  + 

a*c^(^  - 
a*c€Pe  + 
a^d"  - 
a'b^ef  + 
a'bl'ct^  + 
c?h^cdf^ 
c^l^d^e^ 
a^b^f  - 
a^bt^de- 
c^bccP  — 
aVc  + 
oVcP  + 
a«6V/  + 
a«6V    - 

a*b^C€le+ 
a'b^d'  + 

aVc'd'-i' 
a^bc^d  - 
aV  + 
ab^cf  - 
o^cfo  - 
a6V«  + 
ab*cd}  - 
a6»c»rf  + 
a6V     - 

6y     + 

6*c«  - 

6«rf»  + 

6Vrf  - 

6V  + 


7 

19 
o 

13 

76 

71 

96 

522 

1416 

212 

32 

970 

394 

1890 

288 

4800 

3120 

3880 

2080 

165 

525 

970 

8250 

4600 

7600 

17400 

28000 

10000 

875 

2625 

4000 

36000 

50000 

18000 

250 

625 

13750 

20000 

7500 


+  1 


:fe  1 


:k  154 


=fc  117 


±  46627 


=k  91258 


:t  125515 


0  =  (3[tf,  ly^^O,  viz.  the  function  in  0  is 


■ 

6 

6250  X 

r 

62500  X 

^  < 

62500  X 

^ 

3125  X 

aV' 

3 

a^ceP 

^^ 

4 

a*dr 

^^ 

1 

a*/' 

+          1 

a*bd/^ 

+        12 

aWp 

+ 

3 

a'^f 

+ 

2 

aPbef 

20 

aH^f 

+        30 

a^d^f 

+ 

4 

a^bcP 

+ 

3 

a^dp 

-      120 

«V/« 

+        40 

aV 

+ 

4 

a^bdeP 

— 

1 

a^ct^p 

+      160 

a^cdef 

-      172 

c^U'ep 

+ 

4 

(^bf?f 

— 

20 

a?dJ^eP 

+      360 

a*c€* 

16 

cS'bcdp 

— 

2 

a^c'ef^ 

— 

30 

d?d^f 

-      640 

a*(P/ 

+      112 

a^bce^f 

+ 

28 

a^cd^p 

+ 

48 

aV 

+      256 

a^d^e" 

+      228 

a^bd^ef 

-- 

62 

d?cd^f 

+ 

8 

a^}^dp 

+      160 

d'b^cf 

98 

d^bd^ 

— 

84 

a^ce* 

+ 

32 

a^h'^P 

10 

(^b'def 

8 

aV/» 

+ 

28 

(j?^ef 

— 

36 

arbi^P 

+      360 

o»6^«» 

59 

aVcfo/ 

— 

132 

a?d^^ 

— 

8 

a^bcdep 

-    1640 

a'bc'ef 

+      116 

aVe» 

— 

72 

a'd'P 

— 

2 

a^bc/f 

+      320 

a^bccP/ 

-      320 

o?cd^f 

+ 

96 

a^U'c^P 

+ 

39 

a^bdp 

-    1440 

a^hcd^ 

-      316 

a^cd'^ 

+ 

384 

a^b^d^P 

— 

46 

a^bd^^f 

+    4080 

a^b(Pe 

-     2384 

a?d*e 

— 

216 

a^b^d^f 

+ 

117 

a^bd^ 

-    1920 

d^<?df 

+      128 

a^bMp 

— 

4 

a*6V 

+ 

18 

€?&ep 

-    1440 

C?i*^ 

-    1232 

a'6»cy 

— 

32 

a^bi^dp 

— 

168 

a^(?d}p 

+    2640 

(j^i^d^t 

+    4896 

drl^c'P 

— 

81 

a^b^^f 

+ 

276 

a^i?d^f 

+    4480 

€?cd^ 

-    1632 

a^l^cdef 

+ 

348 

a^bcd^ef 

— 

220 

a^i^e^ 

-    2560 

a^h^P 

+        49 

a^l^ct? 

+ 

200 

a^bcd^ 

— 

504 

d^cd^ef 

-  10080 

a^b'eef 

+      180 

a^l^d^f 

+ 

28 

a'bd*/ 

+ 

144 

a^cd^t^ 

+    5760 

a^l^d^f 

+      224 

a^¥d'^ 

+ 

275 

a^bd^e" 

+ 

276 

a^d^f 

+    3456 

a^hHf? 

+      460 

a^b&tf 

+ 

116 

a'c'P 

+ 

108 

a^d"^ 

-    2160 

a^b'c'df 

+      344 

a^bc^d^f 

— 

336 

a^<?def 

— 

264 

aJU'cP 

-      640 

a^W^ 

+    3880 

d'bc'df^ 

— 

780 

a^e^ 

— 

448 

ab^deP 

+      320 

a^b'ed^e 

+    3000 

a*bcd^e 

— 

960 

a^^d^f 

+ 

96 

ah^^f 

-      180 

a^b^d" 

+    6400 

a^bd^ 

+ 

864 

a^&d^^ 

+ 

1736 

ab'i^ep 

+    4080 

a^h^f 

-      384 

a^i^df 

+ 

64 

d^cd^e 

— 

1584 

aJl^cd^P 

+    4480 

a^b&dt 

-  20160 

a^f^^ 

— 

60 

a^iT^ 

+ 

432 

aJt^cd^f 

-  14920 

aV« 

+    8480 

c^<?d^e 

+ 

1120 

ah'ep 

— 

12 

ab^ce^ 

+    7200     \ 

aVcf» 

-    1120 

aVc^ 

— 

720 

ab^cdP 

+ 

264 

cd^iPef 

+      960 

oiV 

-      170 

ab^cp 

+ 

84 

ab^c^f 

— 

615 

ab^dJ'e' 

-      600 

ah^cdf 

-      860 

ah^def 

— 

100 

a¥d^ef 

— 

12 

ab^dp 

-  10080 

ah^c^ 

-    4450 

ah^^ 

— 

60 

ah'^d^ 

+ 

45 

abc'e*/ 

+      960 

ah*d^e 

-    2700 

at^i^ef 

— 

310 

ah^&P 

— 

180 

ab(?d}ef 

+  28480 

(dfc'de 

+  23400 

aU'cd^f 

— 

100 

ab^(?def 

+ 

1188 

cdx^de" 

-  16000 

cJt^&f 

+      680 

at^cd^ 

— 

890 

ab^c"^ 

+ 

1410 

abcd^f 

-  11520 

aJl^cd^ 

-29600 

aJt^^e 

— 

140 

ab^cd?f 

— 

616 

abcd^^ 

+    7200 

ah'c'e 

-  11200 

ai^c'df 

+ 

520 

ab^cd^^ 

— 

1140 

(^P 

+    3456 

ai^i?d^ 

+  44800 

aJt^i*^ 

+ 

1120 

ab^d^e 

+ 

120 

ac^def 

-  11520 

aJb(^d 

-  27200 

a6Vcr»« 

+ 

4920 

abc^ef 

— 

288 

atf*c» 

+    6400 

cuP 

+    6400 

ah\d^ 

— 

3120 

ahe^d^f 

+ 

192 

a^dJ"/ 

+    5120 

bHf 

+      400 

ah&f 

— 

192 

ab<?de^ 

— 

3720 

a^d^i? 

-    3200 

6V 

+    1625 

aJbf^de 

— 

6560 

ah(?d?t 

+ 

4640 

b'P 

+      256 

6V/ 

-      300 

ahi?d? 

+ 

4160 

ahcd^ 

— 

1440 

b'ceP 

-    1920 

6»c^ 

-    7500 

a/f?e 

+ 

1920 

ax^e" 

+ 

1440 

b*(Pp 

-    2560 

ft'ci' 

+  14000 

ac^d^ 

-. 

1280 

cbc*d^e 

— 

1920 

b'd^f 

+    7200 

6Ve 

+    4000 

}^P 

— 

28 

(U^d^ 

+ 

640 

6V 

-    3375 

^V(? 

-24000 

b'cef 

+ 

140 

bHP 

— 

96 

¥(^dp 

+    5760 

&»c*c^ 

+  16000 

l^d^f 

+ 

120 

b'^f 

+ 

270 

l^<?^f 

-      600 

6*c« 

-    4000 

l^d^ 

+ 

600 

b'cT 

+ 

72 

l^cd^ef 

-16000 

b'<?df 

— 

320 

b'cdef 

— 

600 

l^cde 

+    9000 

6V«» 

— 

625 

b^ce" 

— 

675 

Wd^f 

+    6400 

b^cd^e 

— 

2700 

b'd^f 

+ 

320 

6»rf»e» 

-    4000 

b*d^ 

+ 

1700 

b^d^^ 

+ 

450 

6V/« 

-    2160 

b^t\f 

+ 

120 

l^eef 

+ 

180 

}^<?def 

+    7200 

bVd€ 

+ 

3800 

}?<?d}f 

— 

120 

ft»c»«« 

-    4000 

l^c'cP 

— 

2400 

}?i?d^ 

+ 

2100 

6»c*d»/ 

-    3200 

We 

— 

1200 

l^cd^e 

— 

2600 

6VciV 

+    2000 

1 

b'd'd' 

+ 

800 

l^d" 

+ 

800 

6»cV 

— 

900 

6Vrf«« 

+ 

1200 

• 

b^c'd* 

— 

400 

=k  139884 

± 

23570 

db 

18666 

:t  128505 

$«.  1)- 
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[where   in   each   column   after    the    first    the  sum   of   the    positive    coefficients    is 
to   that   of   the   negative   coefficients,  and   I  have   inserted   at   the    foot    this    sum 
the  sign  4- .    A  single  coefficient  —  7500  in  place  of  —  3750  has  been  corrected.] 

The  coefficients  in  the  preceding  equations  of  differences  are  functions  c 
semin variants  of  the  quantics  to  which  they  belong;  for  instance,  in  the  case  < 
quartic,  the  coefficient  of  ^  is 


that  of  ^  is 


8a*  {a»  (a«  - -^W  4- .V)  +  96  (oc  -  6«)»j, 


32  {- 13a' (a(»  -  arf»  -  6»e  +  26cd  -  c«)  +  16a»  (ac  -  6»)  (atf  -  46d  +  3c»)  + 128  (ac  -  6»)»J 

and  so  for  the  other  coefficients  ,-*  and  by  replacing  each  seminvariant  by  the  co^ 
to  which  it  belongs,  we  pass  from  the  solution  of  the  original  problem  of  findii 
equation  for  tf  =  (a  —  /S)*,  to  that  of  the  problem  of  finding  the  equation  for 


0  = 


(oi-fiy 


{x^ayy{x^0yy 


The  results  are  as  follows: 


For  the  quadric  (a,  6,  c^x,  y)»,  the  equation  in  tf  is,  0  = 

(U\  405^,  1), 

where  U  is  the  quadric,  D  the  discriminant. 

For  the  cubic  (a,  b,  c,  d$a?,  yf,  the  equation  in  ^  is,  0  = 

(U\  ISU'H,  SIH\  270^^,  ly, 
where   U  is  the  cubic,  H  the  Hessian,  D  the  discriminant. 

For  the  quartic  (a,  b,  c,  d,  ej^r,  y)*,  the  equation  in  ^  is,  0  = 

S2 (- uu'j  +  i6U^m  +  USE"),     i^e,  ly, 

1 6  (-    lU'I'-  288  UHJ  +  384/f» 7), 
1152  (-   WIJ+2HI% 
256  (     /'    -27.7»),  ; 


where    U  is  the  quartic,  H  the   Hessian,  I  and  J  the  quadrinvariant   and   the 
variant  respectively. 
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We  have  thus  two  equations  mtional  in  a  and   0,  and  the   elimination  between  the 
of   the  quantity  a  leads  to  the  reijuired   equation    in    0,     But  it  is  proper  to  modi 
the  form  of  the  system ;  in  fact  the  two  equations  are,  as  regards  «,  the  first  of  th 
of  the  degree  /i,  the  second  of  the  degree  n  —  1 ;  but  if  we  write 

then  each  of  the  equations  will  be  of  the  same  degree  n  — 1  in  a. 

For    instance,   let    ^t;  =  (a,    6,   c,   d$t;,   Vf,   then    a;  =  i(«  +  \/^),    y  =  i(«  +  V^); 
equations  ^  +  ^y  =  0,   ?— "^??  =  0,  are 

«».a  +  3«* .  26  4- 3«(4c  4- ad)  4- 8d+ 66tf  =  0, 
3«».a-h8«  .4*4-      12c4-atf  =0; 

and  multiplying   the  first  equation   by   3  and  the   second  by  — «,  adding  and  diyicUno 
by  2,  we  have  an  equation 

«» .  36  4- «  (12c  4- 4atf)  4- 12d  4- 96d  =  0. 
The  second  equation  and  this  equation  may  be  written 

(3a,  126  12c  4- ad  \a,  1)*  =  0, 

(36,  12c4-4a«,      \%d  +  %0\a,  1)»  =  0, 


and  the  elimination  of  a  from   these  equations  gives  the  required  equation   in  A 
result  may  be  obtained  under  either  of  the  two  forms, 

{  a»^4-(15ac-276«)tf-36(6d-c«)}{a»«+   3(ac-6»)}  4-3  {2a6«4-3(ad-6c)}»=0 
and 

{4a«^4-(24ac-276«)tf-36(6d-c*)}  {a«d4- 12(ac«6»)}  4-3{  a6tf  4- 6  (orf  -  6c)}» «  0, 

the  expansions  of  which  respectively  coincide  with  the  before-mentioned  result. 

In  the  case  of  the  quartic  equation  ^t;  =  (a,  6,  c,  (Q[t;,  1)*  =  0,  we  have 

«*.a4-4s».26  4-6«»(  4c  +  ad)4-4«(8d4-66d)4-166  4-24cd4-a^«0, 
4s3.a4-6««.46  4-4«  (12c4-ad)4-     32d4-86d  =0, 

from  which  we  derive  another  cubic  equation;  the  two  cubic  equations  thus  are 

(4a,     246  ,     48c  4-   4ad,    32d4-   865  \a,  1)»  =  0, 

(46,     24c  4-  lOad,    48d  +  4465,     32e  4-  48c5  4-  2a5«$«,  If  =  0, 

from  which,  if  8  be  eliminated,  we  have  the  equation  in  0. 


!te 
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Hence,  substituting  for  A,  B,  A\  If  these  values,  we  have  the  expression 


2n 


which  is  of  the  form 


(  «o,o    ,    «..,i,..ao,  ,»-sl[«,  1)~"*(«,  1) 


n-i 


a 


1,0         t 


^n—ii  o> 


and  equating  to  zero  the  detenninant  formed  with  the  coefficients,  we  have  an  equation 
in  0  which  is  the  equation  of  diflferences  of  the  given  equation  ^  =  0.  For  instance, 
if  the  given  equation  is  ^v^{a,  6,  c,  dP^v,  1)*  =  0,  then  we  have 

8<^i(«  +  \^)=(a,  26  +  av^,  4^+46V^  +  a^,  8d -h  12cV^  4- 66tf  +  atf\^  $«,  1)» 

8^i(«  -  \^)=  (  tt,  26-aV5,  4c-46\/^  +  ad,  8rf- 12cv/5  + Gfttf-o^Vg  $«,  1)» 
and  the  function  in  «,  «'  is 


^ 

V^    ^ 


3(^5' 
+  3  {AC 

+  (^/y 

+  9{B(J 
+  3  (IfZ)' 
+  3  {CD' 


A'B)ifa'^ 
A'C)88'(8  +  a') 

A'D){^  +  g8'  +  8''') 
B'C  )  88' 
ED)  (8 +  8') 

CD) 


+^{A-A',  B-F.  C-C,  D-D^8,  If  (A -A',  B-F,  G-C,  D-U\if,  If. 


which  is  equal  to 


12, 


-12a6  ««'(«  +  »') 

+  (-  1 2ac  -  a'd)  is'  +  »«'  +  a'») 

+  (36ac  -  726»  +  9a'd)  ««' 

+  (24ad  -  726c  +  12ahd)  («  +  «') 

+  dGbd  -  144c-^  +  (-  48ac  +  726»)  ^  -  3a='tf> 


y 


+  4  (Sate'  +  1 26.9  +  12c  +  atf)  (S^w'^"  + 126«'  +  12c  +  a^)  ; 
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or  reducing  and  dividing  by  32,  this  is 

the  terms  in  «^,  «'*  disappearing,  as  they  should  do.     Writing  this  under  the  form 

(  9(ac  -l^)-\-Sa%      9(ad-bc)  +  6ab0  ^8,  1)(«',  1) 

9  (ad  -  be)  +  6abd,    36(6d-c*)  +  (- loac  +  276*)tf-a^^  . 

and  equating  the  determinant  to  zero,  we  have  the  required  equation  in  0 :  the  form 
is  that  obtained  by  the  ordinary  process  of  applying  Bezout*s  method  to  the  two  equa- 
tions (3a,  126,  12c  +  a0^8,  1)^=0,  (36,  12c +  4a^,  I2d  +  Sb0^8,  1)=^  =  0,  being  in  fact  the 
before-mentioned  equation 

(a«^  4-  (15ac  -  276^)  0  -  36  (bd  -  c-))  {a'0  +  3  (ac  -  fr*))  +  3  (2a6^  +  3  (od  -  6c)>  =  0. 

Bxit,  as  already  remarked,  this  elimination  process  is  less  convenient  for  the  complete 
development  of  the  result,  than  the  method  first  explained  in  the  present  memoir. 

[The  equation  p.  257,  changing   the   notation   and   inserting  the  omitted   coefficients, 
becomes  0  = 


^0 

d».100x 

^8 .  50  X 

$7 . 2500  X 

^ . 125  X 

e?« .  625  X 

^.J^2500x 

A^-hl 

A^C+l 

A^B  +    1 

A*BC  +    1 

A*JI     +     16 

A*G     +        1 

A'J     -      212 

A'(P  +  75 

A^F"  +    1 

A^B'    -     19 

A^B'C-   160 

A^BH-    1545 

A^C^    +29 

A^BC^+    450 
CF^     +   800 
C*        +  6325 

AFI    +     60 
AC'D-IUO 
BF^    +    280 
B(P     +  3620 

A^B"    -h      230 
AFI    +     275 
BEF  +    1225 
J5*C*    +11650 

C^H    +    1125 

1 

— 

d».J6250x           ^.62500x 

• 

^.62500x      ^.dl25x 

A^M  -    336 

ABJ  -  20 

'   ^ilf  -  16   1    Q'  +  1 

A^BG  -      27 

ADG  -    3 

\  B'G  -h    2 

AB'D- 2  AOO 

B*       +  24 

\  GU  -    \ 

ACJ  -1520 

BCG  +  19 

DJ  -48 

B'C    +3200 

B*Il   -36 

BCH  -  2800 

CM    -28 

CG     + 162 

5 

i 
I 

where   the  capital  letters  denote  the  covariants  of  the  (|uantic  as  explained  141  and  143.] 
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263. 


DEMONSTRATION    OF    A    THEOREM    IN    FINITE   DIFFERENCES. 


[From  the  Philosophical  Transactions  of  the  Royal  Society  of  London,  voL  CL.  (for  the 
year  1860),  pp.  321 — 323:  printed  as  a  note  to  Sir  J.  W.  F.  Herschel's  Memoir 
"On  the  Formulae  investigated  by  Dr  Brinkt.ey  for  the  general  Term  in  the 
Development  of  Lagrange's  Expression  for  the  Summation  of  Series  and  for 
Successive  Integrations,  pp.  319 — 321.] 

The  formula  (B)  [of  Sir  J.  W.  F.  Herschel's  Memoir],  substituting  therein  for  A^c  the 


value   r-i^""0*,  becomes 


V-'K)*=- 


[n-1] 


[x  4-  n] 


[[x  - 1]  [n  + 1] 


r,  2.3..wV- 


[x  +  n]       1 
[x  -  2]  [n  +  2] 


3.4...W+1  V« 


-&c.lo*; 


or,  as  this  may  be  written, 

[n-l]t 


1 


V-H 


1 


[1]  [x  -  1] (n  +  1)         [2]  [x-  2]  (n  +  2) 


V'*  -  &c. 


0*; 


or,  inserting  a  first  term  which  vanishes  except  in  the  case  a?  =  0,  and  which  is  required 
in   order   that   the   formula   may   hold   good   for   this   particular   value, 


V-^-     ^''-^''^  ]— i—  V<> ^ V  +  -__JL___ 

^         ['i-l]l[0]Mw  [l][;r-l](n4-l)     ^[2][^-2](n  +  2) 


V«  -  &C.I  0« ; 


where  the  series  on  the  right-hand  side  need  only  be  continued  up  to  the  term  con- 
taining V*0*  since  the  subsequent  terms  vanish.  [In  these  formulae  and  throughout  the 
present  paper  \x\  is  written  to  denote  the  factorial  [xY  or  11  {x\  and  so  in  other  cases.] 

Now   V-^0*,  or   f  j-     .1   ."aw      ^'   ^^   equal   to   [x\  x  coef    ^   in    ( — —J    ,   and   so 
V90*,  or  (f— rfXA^)^^^  is  equal  to  [x]  x  coef  t^  in  (^-'I-f  - 
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M  — «,   which   occurs  in  the  numerator  and  in  the  denominator  being  of  course   omitt< 
vanisl^es   for  each    of    the   values   n  =  0,  1,  2, ..ar,   except    only   for   the    value   n=8, 
which  case  it  becomes  equal  to  unity.     The  required  formula  is  thus  seen  to  be 


J»  =  2{'' 


^^^j«.«-l.«-2...n-.  1  I 

n  — »  ».»  — 1  ...  2. 1 .  — 2  ...  — (it— «)      j 


where  the  summation  extends  t<>  the  several   values  « =  0,  1,  2,...x;    or,  what  is 
same  thing,  it  is 

(  n  — «  1.2  ...  «.  1 .  2  ...  (a?  — «)     J 

or  changing  the  sign  of  n,  it  is 


R 


—n 


=  2!— — ■^^•^■^^-' "— ^""^ R'\ 

\  n+a  1 .  2  ...  «.  1 .  2  ...  ar  — «      j' 


or,  as  this  may  be  written, 


or  substituting  for  s  the  values  0,  1,  2, ..or,  the  formula  is 

[n-l]1[0]M»  [l][a;-l](»+l)'"  ^[2][x-2](n  +  2)^      -'l 

continued  up  to  the  term  involving  R',  which  is  the  theorem  in  question. 
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ON   AN   EXTENSION   OF   ARBOGAST  S   METHOD   OF   DERIVATIONS. 
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complete  series  of  columns  be  obtained.     Thus,  if  the  letters  are  (a,  6,  c,  d),  and  the 
operations  are  (as  before)  performed  upon  a^,  the  entire  series  of  columns  is 


a' 


a*b 


a'b' 


a^bc 


a*b<i  !  a*cd 
b*       6»c 


aW 

abiP 

ace/* 

abed 

<u?d 

b'd' 

ac^ 

b^cd 

b^d 

b'd 

be" 

c* 

6V 

1 

1 

1 

bed* 


bd* 
c'd' 


ed" 


N 


Nothing    can    be    more    convenient    than    the    process    when    the    entire    series 
columns  is  required;  but   it   is   very   desirable   to   have   a   process   for  the   formation 
any  column   apart    from    the    others ;    and    the    object    of    the    present    memoir   is 
investigate  a  rule  for  the  purpose.     But  as  Arbogast*s  rule,  applied  as  above,  depends  u 
very  similar  principles,  I  will  commence  by  showing  how  this  rule  is  to  be  demonstratF^^i^^ 
If    we    take    any   combination    b^d    and    operate    backwards  on   the  last  letter   (viz.    l^^ 
changing  it  into  its  immediate  antecessor  in   the  alphabet),  we  obtain  b^,  which  is     m 
term  in   the   next  preceding  column ;    b^d  is  therefore  obtainable   from  a  term   in  tlm  < 
next  preceding  column,  viz.  6^;,  and   the  process  is  to  operate  on  the   last   letter.    U^, 
instead    of   b^,   the    term    is    abc^    (the    last    letter   here    entering    as    a    powerX  tla-^ 
operation    backwards    on    the    last    letter    gives  a&^,    which    is    also    a    term    of  iHm^^ 
preceding  column ;    and  it  is  to  be  noticed    that    the    last  but    one    letter    b   is  her''^ 
the  immediate  antecessor   of    the    last    letter   c  (and    would    have    been  so   even  if       ^ 
had  not  entered  into  the  given   term   abc^,  thus  ac^  operated  on  backwards  woald  hai^^^ 
given  o&c).     Hence  aixf  is  obtained    by   operating  on  a  term    in    the    next   precedinv^^ 
column,  viz.   the   term  a6^  but  in   this    case   the   operation   is    performed   on    the 
but  one  letter.     Every  term  is  thus    obtained    from    the    next    preceding   column, 
the  terms  are  obtained  by  operating  on  the   last    letter,  and  (when  the  last  bat 
letter  is  the  immediate   antecessor  in    the    alphabet    of   the  last   letter)  then   also 
the   last  but  one  letter,  of  each  term  of  the  next  preceding  column,  and  the  oorrectn' 
of  the  rule   is  thus  demonstrated.     It  is  to  be  observed  that  the   terms  are 
upon    in   order,   the    operation    on    the    last    but    one    letter  (when  it  is  operated 
being  made  immediately  after  that  upon   the   last  letter   of  the  same  term,  and 
the  terms  of  a  column  are  thus  obtained  in  the  proper  alphabetical  order. 

I   pass  now  to  the  above  mentioned  question   of  the   formation  of  a  angle  ooI^:mj-xim 
by  it^^elf;  it  will  be  convenient,  by  way  of  illustration,  to  write  down  the  cdomns 


■T.) 


CiV 

,         arf-^ 

abd^ 

bee" 

ticV 

bd^ 

iicdrt 

(Me 

firf* 

cd*e 

Irc^ 

rf» 

b'd^ 

l<\ie 

hyp 
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"which    belong    to   the  set  (a,  6,  c,   d,   e\  and  are   of    the  degree    5   and    the  weights 
^2  and  15  respectively. 

Some  definitions  and  explanations  are  required.     I  speak  of  the  first  and  last  letters 

^f  the  set,  simply  as  the   first  and   the   last   letter:    there  is   frequent  occasion  to  speak 

of  the  last  letter;    and   to  avoid  confusion,   the  last   letter  of  a  term  will  be  spoken 

4Df    as    the    ultimate    letter;    it    is    necessary   also    to    consider    the    penultimate,  ante- 

])enultimate,  and  pro-antepenultimate  letters   of   the    term.      It  will    be    convenient    to 

distinguish    between   the    ultimate    letter    and    the   ultimate,   which    may  be    either  the 

xiltimate   letter  or  a  power  of  such  letter;  and  similarly  for  the  penultimate,  &c.     Thus 

In   the  term   bcd\  the  ultimate  letter  is    d    and    the    ultimate    is  cP,  the    penultimate 

&nd  the « penultimate  letter  are  each   of  them  c;    of  course   the   ultimate,  penultimate, 

^sa   letters  are  always  distinct  from  each  other.     We  have  also  to  consider   the  pairs 

43f  letters  contained  in  a  term;    ccPe  contains  the  pairs  (c,  d),  (c,  e),  (d,  d),  (d,  e),  and 

so  in  other  cases;    the  letters  of  a  pair  are  taken  in  the   natural  order.     A  pair  not 

containing  either  the  first  letter  or  the   last  letter  is  expansible;    thus  the  set  being 

as  before  (a,  6,  c,  d,  e),  the  pairs  (6,   c),  (d,  d)  are   expansible :   they  are  expanded  by 

retreating  the  prior  and  advancing  the  posterior  letter  each   one  step ;    thus  the  just 

mentioned  pairs  (6,  c),  (d,  d),  are  expanded  into  (a,  d)  and  (c,  e)  respectively. 

A  pair  composed  of  two  distinct  non-contiguous  letters  is  contractible ;  it  is  can- 
tmcted  by  advancing  the  prior  and  retreating  the  posterior  letter  each  one  step:  thus 
(a,  d),  (c,  e)  are  contractible  pairs,  and  they  give  by  contraction  the  pairs  (6,  c),  (d,  d) 
respectively:  the  processes  of  expansion  and  contraction  are  obviously  converse  to  each 
other. 

The  expression  the  Uist  expansible  pair  of  a  term  hardly  requires  explanation; 
(^»  d)  is  the  last  expansible  pair  of  the  term  bcc^,  or  of  the  term  6^e*,  (c,  d)  the 
^^sti  expansible  pair  of  the  term   c^  (the  set  being  always  (a,  b,  c,  d,  e)),  and  so  in 

^1     other  casea    The   expression  the   last  expansion,  in  regard  to  any  term,  means  the 
^^  pfcansion  of  the  last  expansible  pair  of  such  term. 

The  expansion  or  contraction  of  any  pair  of  a  term   leaves  unaltered  as  well  the 

^^^ight  as  the  degree,  the    resulting    term    belongs    therefore    to   the    same    column   as 

^^   original   one.    But  the  effect  of  an   expansion  is  to  diminish,  and  that  of  a  con- 

*'^'5^<»tion    to  increase  the  alphabetical    rank,  or   rank    in    the    column,   the   ranks  being 

*"^ciloned  as  the  first  or  lowest,  second,   third,  and  so  on,   up  to    the    last    or  highest 

'"'^^^k.     In  particular,  by  performing    upon    any  term   the    last    expansion,   we  diminish 

*^^   rank  in   the  column,  and  by  a  succession  of   last   expansions  we    bring    the  term 

to  the  head  of  the  column.     Such  term  is  not  susceptible  of  any  further  expansion; 

may  therefore  contain  the  first  and  last  letters  or  either  of  them,  and  it  may  also 

^^^'•^tain  a  single  intermediate  letter   in   the   first  power  only;    thus  the  first  and  last 

^"^tiiere  being  a,  e,  the  head  term  of  a  column  is  of  the   form   d^e9  or  a^cel^,  c  being 

e  intermediate   letter,  and   the  powers  a^,  e^  being  both   or  either  of  them  omit- 

e.    In   like  manner,  by  a  succession  of  contractions  of  any  term  we  obtain  the  term 

^      the  foot   of   the   column;    such   term   is  not   susceptible   of   any   further  contraction, 

^^  it  must    therefore    be  composed    either    of    a   single   letter    or  of   two    contiguous 

34—2 


i 


268  ON  AN  EXTENSION   OF   ARBOGAST's   METHOD  OF   DERIVATIONS.  [264 

letters,  that  is  it  must  be  of  the  form  c"*,  or  of  the  form  c*d^,  where  c,  d  are  anj 
two  contiguous  letters,  not  excluding  the  case  where  the  single  letter  or  each  or  eithei 
of  the  contiguous  letters  is  a  first  or  a  last  letter. 

It  is  to  be  observed  that  the  passage  up  fix>m  any  term  to  the  term  at  th< 
head  of  the  column  (or  top  term)  by  means  of  a  succession  of  last  expansions,  is  t 
perfectly  unique  one;  but  as  no  selection  has  been  made  of  a  like  unique  process  o 
contraction,  this  is  not  the  case  with  respect  to  the  passage  down  from  any  term  U 
the  term  at  the  foot  of  the  column  (or  bottom  term)  by  a  succession  of  contractions. 

Every  term  gives  by  the  last  expansion  a  term  above  it;  it  can  therefore  b< 
obtained  from  such  term  above  it  by  means  of  a  contraction.  But  the  cont^s^tion  oi 
the  upper  term  is  by  hjrpothesis  such  that,  performing  upon  the  contracted  term  the 
last  expansion,  we  obtain  the  upper  term;  a  contraction,  which,  performed  on  any 
term,  gives  a  lower  term  which  by  performing  upon  it  the  last  expansion  reproduces 
the  first  mentioned  or  upper  term,  may  be  called  a  reversible  contraction.  And  it  is 
clear  that  if  we  perform  on  the  top  term  all  the  reversible  contractions,  and  on  eacfa 
of  the  resulting  terms  all  the  reversible  contractions,  and  so  on  as  loug  as  the  proces 
is  possible,  we  obtain  without  repetition  all  the  terms  of  the  column.  The  columc 
is  in  fact  similar  to  a  genealogical  tree  in  the  male  line,  each  lower  term  issuing 
from  a  single  upper  term,  while  each  upper  term  generates  a  lower  term  or  terms 
or  does  not  generate  any  such  term,  and  the  top  term  being  the  common  origin  ol 
the  entire  series.  It  may  be  added  that  when  the  order  of  the  reversible  contractiom 
of  the  same  term  is  duly  fixed,  the  alphabetical  arrangement  of  the  terms  in  the 
column  agrees  with  the  order  as  of  primogeniture  (an  elder  son  and  his  issue  male 
preceding  all  the  younger  sons  and  their  respective  issue  male)  in  the  genealogical  tree. 

It  only  remains  then  to  inquire  under  what  conditions  a  contraction  is  reversible 
Now  as  regards  any  term,  in  order  that  a  contraction  performed  on  it  may  be 
reversible,  it  is  necessary  and  sufficient  that  the  pair  produced  by  the  contraction 
should  be  the  last  expansible  pair  of  the  contracted  term.  There  are  several  cases  tc 
be  considered.  First,  if  the  contraction  affects  the  ultimate  and  penultimate  letters  oi 
the  term:  this  implies  that  the  ultimate  and  penultimate  letters  are  not  contiguous 
Let  the  term  terminate  in  e^h,  the  contracted  term  will  terminate  in  6"*"*^,  and 
(/,  g),  the  pair  produced  by  the  contraction,  is  the  last  expansible  pair  of  the  con- 
tracted term;  the  contraction  ia  in  this  case  reversible.  If,  however,  the  term  terminate 
in  ^hP  ( /)  >  1),  the  contracted  term  will  terminate  in  e^^^fgh^^,  and  the  last 
expansible  pair  is  not  as  before  (/,  g),  but  it  is  (according  as  j>  =  2  or  />  >  2)  (g,  h] 
or  (h,  h):  unless  indeed  h  is  the  last  letter,  in  which  case  (/,  g)  remains  the  lasl 
expansible  pair  of  the  contracted  term.  In  the  example  e^  has  been  written,  but  the 
case  m  =  l  is  not  excluded;  moreover,  the  penultimate  letter  e  is  removed  three  step 
from  the  ultimate  letter  h,  but  the  result  would  have  been  the  same  if  instead  of  < 
we  had  had  any  preceding  letter,  or  had  had  the  letter  /;  by  hypothesis  it  is  not  g 
the  letter  contiguous  to  the  ultimate  letter  h.  The  conclusion  is  that  a  contractioi 
on  the  ultimate  and  penultimate  letters  (these  being  non-contiguous)  is  reversible  i: 
the  ultimate  is  a  simple  letter,  or  if,  being  a  power,  it  is  a  power  of  the  last  letter. 
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Next  let  the  contraction  affect  the  ultimate  and  antepenultimate  letters.     The  two 
letters  are   here  separated  by  the  penultimate  letter,  and  are  therefore  not  contiguous. 
Suppose  that  the  termination  is  Pgl^k  (/  and  g  contiguous),  the  contracted  term  termi- 
nates   in  /*"*  g^ji  and  (gr,  j)  the  pair  arising  from  the  contraction  is  the  last  expansible 
pair    of  the   contracted  term;   the  contraction  is  therefore   reversible.     In   the   example 
Y   has  been  written,  but  the  case   2  =  1   is  not  excluded;  moreover  the   ultimate  letter 
lb  is    taken  non-contiguous  to  the  penultimate  letter  g\  but   if  the  ultimate  letter  had 
been    the  contiguous  letter  A,  the  only  difference  is  that   the  pair  would  be  (^r,  g\  and 
the    conclusion    is    not    altered.     But    suppose    the    termination    of   the   term    is    ^^k 
(e,  gr,  non-contiguous),  then  the  contracted  term   terminates  in  ^"^fg'^j,  where   the  pair 
arising  from   the   contraction  is   (/,  j),  but   the   last  expansible   pair   is  (gr,  j) ;    the   con- 
traction therefore  is  not  reversible.     The  case  2  =  1   is  not  excluded ;  nor  is  it  necessary 
that  the  ultimate   letter  should   be   non-contiguous  to   the  penultimate;  if  the  ultimate 
letter  had  been  A,  the  pair  arising  from   the  contraction   would   have  been  (/,  g\  but 
the  last  expansible  pair  (g,  g\  and  the  contraction  is  still  not  reversible.     In  each  of 
the  cases  considered   the  ultimate   has  been  a  simple   letter;    if   in   the  first  case   the 
ultimate  had   been  Ajp  (p  >  1),   then   the   contracted    pair   would   terminate   in  JikP~^,  and 
(according  as  |>  =  2   or  j)<  2)  the   last  expansible   pair  would   be  ( j.  A;)  or  (A,  A;),  which 
is  not  the    pair  (gr,  j)  produced   by  the   contraction;    the    contraction    is    therefore   not 
reversible,  unless  indeed  k  is  the   last   letter,  in  which   case  it  continues   reversible.     In 
the  second    case    the    contraction,   which    is    not    reversible    when    the    ultimate    is    the 
simple  letter  fc,   remains  not  reversible  when  the  ultimate  is  a  power  of   such   letter. 
The  conclusion   is   that   a  contraction    on    the    ultimate    and    antepenultimate   letters   is 
reversible,   if    the    penultimate    and    antepenultimate    letters    are    contiguous,  and    the 
ultimate  is  a  simple  letter,  or  if,  being  a  power,  it  is  a  power  of  the  last  letter. 

A  contraction  on  the  ultimate  and  pro-antepenultimate  letters,  or  on  the  ultimate 
letter  and  any  letter  preceding  the  pro-antepenultimate  letter,  is  never  reversible.  To 
show  this,  it  will  be  sufficient  to  consider  the  case  where  the  term  terminates  in  efghy 
the  contracted  term  terminates  in  ffgg,  the  pair  arising  from  the  contraction  being 
(/,  j),  and  the  last  expansible  pair  being  (gr,  g) ;  and  A  fortiori,  if  the  letters  or  any 
of  them  occur  as  powers,  or  are  non-contiguous. 

Consider,  next,  a  contraction  on  the  penultimate  and  antepenultimate  letters;  this 
^mes  that  these  letters  are  non-contiguous.  Such  a  contraction  may  be  reversible 
II  only  the  ultimate  is  the  last  letter  or  a  power  thereof;  and  the  condition  is  then 
siniilar  to  that  in  the  case  of  the  ultimate  and  penultimate  letters;  only  as  the 
penultimate  cannot  be  a  power  of  the  last  letter,  it  must  be  a  simple  letter.  And 
the  conditions  in  order  that  the  contraction  may  be  reversible  then  are  that  the 
ultimate  is  the  last  letter  or  a  power  thereof,  and  the  penultimate  a  simple  letter. 

The  next  case  is  that  of  a  contraction  on  the  penultimate  and  pro-antepenultimate 
letters.  Such  contraction  may  be  reversible  if  the  ultimate  is  the  last  letter  or  a 
F^^er  thereof;  and  the  condition  is  then  similar  to  that  for  the  case  of  the  ultimate 
^d  antepenultimate  letters;    only   as   the   penultimate  cannot  be    a  power  of   the   last 
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letter,  it  must  be  a  simple  letter.  The  conditions,  in  order  that  the  contraction  may 
be  reversible,  are  that  the  ultimate  may  be  the  last  letter  or  a  power  thereof,  the 
penultimate  a  simple  letter,  and  the  antepenultimate  and  pro-antepenultimate  letters 
contiguous. 

A  contraction  on  the  penultimate  letter  and  on  any  letter  preceding  the  pro- 
antepenultimate  letter,  or  upon  any  two  letters  preceding  the  penultimate  letter,  is 
never  reversible.  If  the  ultimate,  penultimate,  antepenultimate  and  pro-antepenultimate 
letters  are  denoted  by  iJ,  P,  -4,  P'  respectively,  then  by  what  precedes,  the  following 
contractions,  viz.  f/P,  UA,  PA,  PF',  may  be  reversible,  and  they  will  be  so  under  the 
conditions  shown  in  the  annexed  Table.  It  is  to  be  noticed  that  the  conditions  for 
UA,  PA  are  mutually  exclusive,  and  consequently  that  the  number  of  reversible  con- 
tractions to  be  performed  upon  any  term  is  at  most  3.     The  Table  is 


A 


U 


Uy  P,  non-contiguous  letters. 

The  ultimate  a  simple  letter, 

or  a  power  of  the  last  letter. 


P,  il,  contiguous  letters. 
The  ultimate  a  simple  letter, 
or  a  power  of  the  last  letter. 


P,  Ay  non-contiguous  letters. 
Penultimate  a  simple  letter. 
Ultimate  the  last  letter,  or  a 
power  thereof. 


Ay  P,  contiguous  letters. 
Penultimate  a  simple  letter. 
Ultimate  the  last  letter,  or  a 
power  thereol 


The  contractions  are  to  be  applied  in  the  order  f/P,  TJA^  PA,  PR,  but  all  the 
contracted  terms  originating  in  a  prior  contraction  of  a  given  term  are  to  be  exhausted 
before  proceeding  to  a  posterior  contraction  of  the  same  term.  As  an  example  of  the 
process,  the  set  being  (a,  6,  c,  c2,  e\  I  will  take  the  column 


The  top   term   ab^  is  given.      The    contractions    applicable    to  it  are    UP,    UA.      And 
UP  gives    acd^.     The  only  contraction  applicable    to   this    is    UA,  giving    ad^e.      And 
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there  is  not  any  contraction  applicable  to  ad^e.  We  revert  therefore  to  UA  on  ofte*, 
this  gives  l^d^.  The  only  applicable  contraction  is  PA,  giving  bc^e^.  The  contractions 
applicable  to  this  are  UP,  UA.  And  UP  gives  bccPe,  The  only  contraction  applicable 
to  this  is  UA,  giving  M\  and  there  is  not  any  contraction  applicable  to  bd\  We 
revert  therefore  to  UA  on  Ix^e^,  this  gives  (fde,  and  the  only  contraction  applicable  to 
this  is  UA,  giving  c^e?.  There  is  not  any  contraction  applicable  to  this,  and  the 
process  is  therefore  complete.  It  may  be  remarked  that  the  example  presents  no 
instance  of  the  contraction  PP' ;  in  feet  the  only  terms  having  a  pro-antepenultimate 
are  acd^,  in  which  A,  P"  are  not  contiguous  letters,  and  bcd%  in  which  the  penultimate 
is  not  a  simple  letter,  so  that  the  contraction  PP*  is  in  each  case  excluded.  It  must 
be  confessed  that  a  considerable  amount  of  practice  would  be  required  before  the 
process  could  be  readily  made  use  of 
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ADDITION  TO  THE  MEMOIR  ON  AN  EXTENSION  OF  ARBOGASTS 

METHOD   OF  DERIVATIONS. 


[Now  first  published,  1891.] 

The  process  explained  in  the  foregoing  Memoir  is  not  easily  workable,  and  I  have 
in  fact  never  used  it.  I  have  devised  a  new  process  theoretically  less  complete,  and 
of  a  somewhat  mixed  character  consisting,  as  it  does,  in  the  analytical  reduction  of 
the  problem  to  the  same  problem  for  a  smaller  number  of  letters.  I  have  however 
found  it  very  convenient  for  obtaining  the  literal  terms  in  the  theory  of  the  sextic, 
viz.  where  we  have  the  seven  letters  (a,  b,  c,  d,  e,  /,  g) ;  and  I  propose  to  explain  the 
process  by  applying  it  to  the  determination  of  the  terms  of  the  discriminant,  degree 
=  6,  weight  =  18. 

Here  writing  a,  6,  c,  d,  e,  /,  g  to  denote   the  indices  of  these  letters  respectively 

in    a    term    such    as    a*Vc^.,,    (that    is,   writing   for   convenience   a,    6,   c, ...    instead    of 

a,  )8,  7, ...)  we  have 

a+   6+   c+   d+  e+  /+  g—   G, 

6  +  2c  + 3d +  46  + 5/+ 6flr  =  18, 

and  thence 

6a  +  56  +  4c  +  3d  +  2e+  /        =18. 

I  separate  oflF  from   the  others  the  first   three  letters  a,  6,  c.     The  equation   gives 
a  =  3  at  most.    And   then 

if  a  =  3,  then  56  +  4c  +  3d  +  2e  +/=  18,  6  =  0,    c  =*  0 ; 

if  a  =  2,  66  +  4c  +  3d  +  2e  +/=    6,  6  =  1  at  most ; 

if  6  =  1,  4c  +  3d  +  2e+/=    1,  c  =  0, 

„  6  =  0,  4c  +  3d  +  2e  +/=    6,  c  =  1  at  most. 
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if 


n 


n 


if 


0  =  1, 

if  6  =  2, 

6  =  1. 
6  =  0, 

0  =  0, 

if  6  =  3, 
6  =  2, 

6  =  1, 
6  =  0, 


>i 


tf 


56  +  4c  +  3d  +  2e4-/=  12, 
4c  +  3d  +  2e4-/=  2, 
4c  +  3(i  +  2e+/=  7, 
4c  +  3rf  +  2e+/=12. 

56+4c  +  3d  +  2e+/=  18, 

4c  +  3rf  +  2e+/=  3, 
4c  +  3rf+2«+/=  8, 
4c-h3d  +  2e+/=  13. 


6  =  2  at  most ; 

c  =  0, 

c  =  1  at  most, 

c  =  3  „      „ 

6  =  3  at  most ; 

c  =  0, 

c  =  2  at  most, 

c  =  3   „      „ 


4c  +  3d  +  2^+/=  18, 
Hence  considering   the  several  terms  as  arranged  in   alphabetical  order  and  writing 
down   only  the  factors  in  a,  b,  c,  we  obtain  col.   1    of  the   following  diagram ; 


Col.  1. 

Col.  2. 

Col.  3. 

o» 

W 

!  • 

a«6 

w 

a'6»c 

(d»)' 

2     1 

fO 

(d*)» 

5    7 

06V 

w 

2 

6  c' 

w 

3 

c» 

w 

!  » 

06V 

w 

c* 

w 

3 

c" 

(dr 

4 

c» 

w 

^    11 

a»6V 

w 

3      3 
1      ^ 

6V 

w 

c' 

w 

3 

c" 

w 

4      8 

6'c» 

w 

1      ^ 

c» 

{<py 

3 

c" 

w 

3 

c» 

w 

2      9 

6V 

i<PY 

2      ^ 

c» 

{d'f 

3 

c« 

{dr 

2 

c' 

w 

1 

c" 

w 

^   9 

58 


We  then  form  col.  2  by  annexing  to  each  term  a  term  (d*)*  which  denotes  the 
derivative  ^  of  d*;  the  value  of  0  being  such  that  the  whole  term  may  be  of  the 
proper  degree  6,  and  the  value  of  {f>  being  such  that  the  whole  term  may  be  of  the 
proper  weight  18.     Thus 

a'((?>»,  degree  is        3  +  3,  =  6 ;    weight  is  0  +  9  +  9        ,  =  18, 
a6»c^((?y,        „        1  +  2  +  3,  =6;         „      „    0  +  2  +  9  +  7,  =  18, 

viz.  d*  being  of  weight  9,  then  (d»)»  is  of  weight  9  +  9,  and  (cPf  of  weight  9  +  7. 

C.    IV.  35 
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The  derivatives  of  auy  power  of  <i  are  given  by  those  of  the  indeBnite  power  d", 
which,  omitting  therein  the  several  powers  of  d,  may  be  tabulated  thus.  I  remark  that 
the  table  is  carried  up  to  the  column  21  in  order  that  it  may  be  applicable  to  the 
calculation  of  the  literal  terms  of  the  degree  15  and  weight  45  which  belong  to  the 
highest  invariant  of  the  seztic. 

Subsidiary  Table  of  the  Debivatives  of  dr. 


lias 

0    19    9 


10 


14 


"s"  A' 

■f 

rs  v 

./»' 

•V9  'fg 

A, 

•f  r 

^■f 

■ft  ,<■/? 

«■/■» 

fp  fj' 

./■ 

«■/!'■? 

.'/« 

i  ..'y 

H' 

^"  I""/ 

f. 

ff 

if 

■! 

/y 
«■// 
■A 

r 

,y 

■fpl 
>■/• 
«■/» 


■f/W'i 


-/• 


'^' 

./■■;• 

/y 

'fn' 

•/•» 
/' 

•yy, 
<yV| 

«■/»•! 
••/■»: 

■fif 

-'•r 
«'■/ 


■/y 
/v 
•yy 
<"/'»' 

■'y 
«"/y 

«'/V 

<'/»■ 
<-/'? 
"■/■• 

••/•si 
•y 

•VjI 

<■/■ 

>"/■ 


/y  "■»• 
••A'i'/y 
'/y!/y 
/y  ;  "■/»■ 

■W  'JV 

■■/•»■/'» 

■/•si  I  ■'»' 


/  W  (/»■ 
-/»*  l/y  yv 
/•■/ 1  ""/y  '/y 
"■»■  l'/'yl/y 
.yyi/y  i-vs* 
,/vi^y  i^/y 


/' 
<■/»■ 

</■■» 

V 

it 

•■/y 

«■/'? 

ry 

ift 

«•/" 

.■y 

</■■? 

•■/• 

«"A 

.»/' 


'/y 
"■/■» 
«/■ 

'•/'s 

if 

■•y . 

•/*/ 

■■/'J 

••/• 

•■/»■ 

••/■» 

,'/• 

•■y 

■■yj 

■■/* 

-"Ai 
""/• 

«■■/■ 
.»/   t 


/•»■ 

•rs 

f 

«■»• 

"•/j" 

''/y 

■■/" 

</»• 

^/y 

«■/'» 

••/ 

•■»■ 

«•/■»• 

•/v 

'•/• 

''•// 

••/■s 

^y. 
«V 
''Tt 
,-/' 


•"/y/'y  iV* 


<'/*a'l  '■/■y/s 


^, 

,„,■. 

^v 

."to 

."^ 

,^v 

?.. 

."/■ 

.» 

"Vy 
<■/'» 

'/y 

.'/•s 

•■/• 

«•/»• 

■yy 

■'/'» 

«•/' 

•■/y 
••/^ 

•Vif 

.'•/■» 
•■/• 
•"«■ 
•r« 


■fg 

/- 
■w 
•■yv 
ifi' 

«■/• 

«y 

i/V 

«■/•» 
•y' 
«■// 
''/■»■ 

i/'g 

«•/' 

«■/* 
•>•/• 

•"/y 
•■yj 
«"/■ 
•v 
«"/•« 
«"/• 

.'•A 

."/■ 
.»> 
i-f 
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This  means  for  instance  that  the  derivatives  of  d'  are 


0 

1 

2 

3 

4 

5 

6 

d* 

de 

\ 

r 

fg 

f 

those  of  rf*  are 


0 

1 

2 

8 

4 

5 

6 

7 

6 

9 

cT 

cPc 

d^f 

<P<7 

rf«^ 

4^y 

i     ^ 

«</' 

/i^ 

J7' 

de" 

</</■ 
«» 

dr 

eP 

A 

and  so  on;  viz.  to  form  any  column  we  affix  to  the  terms  of  the  corresponding  column 
of  the  subsidiai-y  table  the  proper  power  of  rf,  so  that  the  degree  in  all  the  letters 
may  be  2,  3,  &c.  as  the  case  may  be,  using  from  each  column  of  the  subsidiary  table 
only  the  terms  which  are  not  of  too  high  a  degree ;  for  instance  for  coL  4  of  the 
derivatives  of  cP,  only  the  terms  egr,  /',  e"/  of  the  complete  column  eg,  f\  ^/,  c*. 

It  is  to  be  observed  that  these  tables  of  the  derivatives  of  (2*,  {2",  &c.  do  not  need 
to  be  actually  formed ;  any  column  which  is  wanted  can  be  written  down  at  once, 
currtnJte  calamo,  from  the  column  of  the  subsidiary  table.  And  if  we  require  only  the 
number  of  terms,  then  these  numbers  are  at  once  taken  out  from  the  Subsidiary 
Table.  Thus  for  the  numerical  column  of  the  diagram,  the  Subsidiary  Table,  col.  9, 
contains  but  1  term  g^  of  degree  3,  and  thus  the  number  set  opposite  to  (cPf  is  1 ; 
so  coL  8  contains  but  1  term  fg^  of  the  degree  3,  and  so  the  number  opposite  to 
(cPy  is  1 ;  coL  7  contains  2  terms  eg\  f^g  of  degree  3,  and  so  the  number  opposite 
to  (cPy  is  2 ;  and  so  on  :  we  have  in  this  way  the  numbers  1,  1,  2,  5,  2,  3,  4,  &c. 
the  partial  sums  of  which  are  1,  1,  7,  9,  11,  3,  8,  9,  9  giving  the  total  sum  58: 
viz.  this  is  the  number  of  the  terms  degree  6,  weight  18,  which  can  be  formed  with 
the  seven  letters  (a,  6,  c,  d,  e,  /,  g). 

When  the  literal  terms  are  required,  it  is  proper  in  the  first  instance  as  a  safe- 
guard against  accidental  omissions  in  copying,  to  take  the  numbers  in  this  manner; 
and  we  can  then  take  out  the  terms  themselves,  viz.  these  are 


and  so   on,   the  whole  number  being  = 


a» 

9' 

a^b 

f9' 

a^c 

eg^ 
P9 

a» 

d^g' 

defg 
df^ 

eg 

58  a£ 

J  just 

mentioned. 

35—2 
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ON  THE  EQUATION  FOR  THE  PRODUCT  OF  THE  DIFFERENC] 
OF  ALL  BUT  ONE  OF  THE  ROOTS  OF  A  GIVEN  EQUATION. 


[From  the  Philosophical  Transactions  of  the  Royal  Society  of  London,   vol.   cll   for  tl 
year  1861,  pp.  45—59.     Received  November  30,  I860,— Read  January  10,  1861.] 

It  is  easy  to  see  that  for  an  equation  of  the  order  n,  the  product  of  tl 
differences  of  all  but  one  of  the  roots  will  be  determined  by  an  equation  of  the  ord< 
n,  the  coefficients  of  which  are  alternately  rational  functions  of  the  coefficients  of  tl 
original  equation,  and  rational  functions  multiplied  by  the  square  root  of  the  di 
criminant.     In    fact,   if   the    equation    be    ^v  =  (a,    . .  .Jt;,    1)'*  =  a  (t;  —  a)  (t;  —  )8). . . ,    th< 

putting  for  the  moment  a  =  1,  and  disregarding  numerical  factors,  VQ,  the  squa 
root  of  the  discriminant,  is  equal  to  the  product  of  the  differences  of  the  roots,  ai 
^'a  is  equal   to   (a— )9)  (a  — 7)...,   consequently   the    product    of    the    differences  of   tl 

roots,  all    but    a,   is    equal    to   VD  -t-  <^'a,   and    the    expression    -—    is    the    root    of   i 

equation  of  the  order  n,  the  coefficients  of  which  are  rational  functions  of  tl 
coefficients  of  the  original  equation.  I  propose  in  the  present  memoir  to  determii 
the  ecjuation  in  question  for  equations  of  the  orders  three,  four,  and  live:  the  proce 
employed  is  similar  to  that  in  my  memoir  "On  the  Ekjuation  of  Differences  for  j 
E([uation  of  any  Order,  and  in  particular  for  Equations  of  the  Orders  Two,  Thre 
Four,  and  Five,"  Phil.  Trans.,  vol.  CL.  (1860),  [262],  viz.  the  last  coefficient  of  the  giv« 
equation  is  put  equal  to  zero,  so  that  the  given  equation  breaks  up  into  t;  =  0  and  in 
an  equation  of  the  order  ?i  —  1  called  the  reduced  equation ;  and  this  being  so,  t 
required  equation  breaks  up  into  an  equation  of  the  oixier  /i  —  1  (which  however 
not,  as  for  the  equation  of  differences,  that  which  corresponds  to  the  reduced  equatio 
and  into  a  linear  equation ;    the  equation  of  the  order  n  —  1  is  calculated  by  the  meth 
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to  write  as  follows : 


J:*(«./9)-     -V-(4ac-6») 


a 


«:*(«. /9,  7)=     ,7,V-(27aHi'  +  4ac'"+..)    =\V-n. 


f  *  («,  i8,  7.  «)  =  -  \  V256o»«»  -  27a«*  + . . 

Cv 


{;*(«,  i8,  7,  8,  e)  =  -  -^  V3125ay*  +  256aV  + . .  =  -  -\  Vq. 

where   it  is  to  be  observed,  for  example,  that  writing  iu   the   last  equation  e^O,  and 
therefore  /=  0,  we  have   f*  (a,  /3,  7,  S,  0)  =  —   ^  V256aV  + . .  ,   which  agrees    with   the 

equation  ^{a,  13,  7,  S,  0)  =  (1/878  ?*(«,  A  7,  S)  =  |f*(a,  )8,  7,  S),  if  for  f*(a,  A  7,  «)   we 
substitute  the  value  given  by  the  last  equation  but  one. 

For  the  cubic  equation  (a,  b,  c,  (T^v,  1)»  =  0; 

3.     We  have  to  find  the  equation  for  tf  =  f  *  (a,  )8)  =  a  —  )8 ;  the  roots  are 

To   apply  the   method  above  explained,  write  7  =  0,  and   therefore  also  d  =  0 ;   the  roots 
thus  become 

tf,  s=  ^,     ^2  =  —  a,     Oi  —  a  —  fi, 

and  we  have  the  quadric  and  linear  equations 
where  (a,  fi)  are  the  roots  of  the  equation 


Hence,  writing 


we  have 


(a,  b,  c^v,  1)»  =  0. 


Z  =  4ac-b^, 


a-/3  =  -V-Z, 
a 

and  the  two  equations  become 


-^  =  0; 


or  multiplying  the  two  equations  together, 
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vrViicli  is  what  the  required  equation  becomes,  on  putting  therein  d^O;  the  coefficients 
of  trlie  complete  equation  are  seminvariants,  and  the  terms  in  d  are  to  be  inserted 
\)y   means  of  this  property.     The  coefficient  Sac  —  fr*  is  reduced  to  zero  by  the  opemtor 

it.  is  therefore  a  seminvariant,  and  remains  unaltered.  The  coefficient  c  V  —  ^  is  what 
N  —  D  becomes  (D  being  the  discriminant  of  the  cubic  equation)  on  putting  therein 
cl  =  0,  it  is  therefore  to  be  changed  into  V  — D.     Hence 

4.    For  the  cubic  equation  (a,  6,  c,  cC^v,  ly  the  equation  for  ^(=?*(a,  /S))  is  0  = 


i 

1 

1 

V-  D  X 

1                                     A 

/■ 

+  1 

/- 

0 

oc  +  3 
!     6«   -  1 

! 

-NX*                                 "s 

'        +1 

1 

te,  ly 


5.    For  the  quartic  equation  (a,  6,  c,  d,  e^v,  1)*  =  0; 

e  =  -^(ci.  /8,  7)  =  -(«-/9)(«-7)(/8-7). 
the  roots  are 

e,=     ?*(S.  a,  /8). 

^.  =  -?*(«.  A  7). 

the  signs  being  in  this  case  (and  indeed   for  an  equation  of  any  even  order)  alternately 
positive    and    negative;    in    fact,   if    the    equation    is    represented    by   ^  =  0,   then    the 

roots  divided   by  f*(a,  /8,  7,  8)  should  respectively   be   ^'a,   ^'/8,   ^7,   ^'S,  and   this  will 
be  the  case  if  the  signs  are  taken  as  above. 

6.     Putting  now  8  =  0  (and  therefore  6  =  0)  the  roots  become 

^,  =  /87(/8-7), 
^1  ^loii'i  -  a), 
^,  =  a/9(a-i8), 

^.  =  -?*(«,  /8,  7), 

where    (a,  /3,  7)  are   the   roots   of  (a,  6,  c,   d3[y»   1)^  =  0.     Let  ^  denote   the  discriminant 

of  the   cubic  function,  then  f*(a,  /9,  7)=  -V  — Z,  and  we  have  thus  the  linear  equation; 

the  cubic  equation  is 

n,{^-/87(/8-7)}  =  0, 

the    coefficients   of  which   can   be   calculated   by  the  method  of  symmetric  functions  (see 
Annex  No.  1). 
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7.  The  cubic  equation  being  thuH  obtained,  we  have  the  two  equations 

=  0  !  =0; 

and  multiplying  these  together,  the  resultant  equation  is 

+  ^.0 

-f  ^ .  a«  (-  9a^  +  ^abcd  -I/d  +  Z) 
+  ^  .      (-  8a«d  +  4«6c    -  6»)  d  V^Z 
-  (?^=  0, 

where   the    coefficients   have    to   be    completed    by  adding    the   terms    which    contain   e. 

We   have  VD   in   the   place   of  d^^-Z,  and    D    in   the   place   of  —  d*^.     The  coefficient 
—  Sa^d  +  4a6c  —  6*  is  a  semin variant,  and  rei^uires  no  alteration.    The  coefficient 

-  9tt«cP-f    4abcd-   Ifd^Z 
is 

-  9a\?+   4a6cd  -6»d 

+  27a«fP  -  18</6cd  +  4ac»  +  46»d  -  6»c» ; 
that  is, 

a«cP  +18 

abed  — 14 

00^+4 

lid     +    8 

fr-c2,    -    1 

and   the    terms   in  e   to    be    added    to   this,   in    order    to    make    it   a    seminvariant,   are 

easily  found  to  be 

a}ce   -16 

a6*e  +    6 

8.  Hence,  for  the  quartic  equation  (a,  6,  c,  c^v,  !)*>  the  equation  for  ^  (=  f*  (^»  ^»  7)) 
is  0  = 


a*  X 

a-  Vd  X 

M 

a-  X 

Vd  >< 

D  X 

J. 

-•. 

t 

J 

• 

^ 

-^ 

^ 

/"                                                     "N 

.''                                                  "N 

/* 

a«+  1 

aO 

ffVp    -  16 
a«^  +  18 
ah^c  +    6 
abed-  14 
rtr'     +    4 
1M    +    3 
/>V«    -    1 

aH  -8 
o^c  +  4 
/>••'     -  1 

+  1 

\e,  ly 


For  the  quintic  eciuatiou  (a,  6,  c,  d,  e,  f\vy  1)^  =  0; 
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9.     We  have  e  =  C*  (a ,  A  7,  8 ),  the  roots  being 

^1  =  ?*  (A  7,  S ,  6  ),    which  for  6  =  0  becomes     ^78?*  (^,7,  S  ), 


tf«  =  ?*(6,a.^,  7), 


>f 


)) 


>l 


l> 


l> 


» 


» 


)} 


M?*(S,  a,  )8). 

-a/97?*(«,  )8,  7), 
?*  (a,  A  7,  S). 


10.     The    linear  equation    is    tfa'+V^=0;    the   quartic    equation    may  be    written 
n^  (^  —  ^j)  =  0,  for  the  determination  of  which  see  Annex  No.  2.     The  two  equations  are 


=  0; 


+  ^  -  a«  VZ 

+         e'Z 
=  0 

and   multiplying  these  together,  the  resulting  equation  is 

+  ^.0 

+  e»ZVZ  =  0, 

where    the  coeflScients  have  to  be  completed  by  the  addition   of  the   terms  in  /     We 
have   VO  in  the  place  of  e  ^Z,  and  therefore  D  in  the  place  of  ^Z. 

11.     The  value  of  ifc  -  -^  is 


aV 

+  96 

-256  = 

-160 

a^bd^ 

-60 

+  192  = 

+  132 

a^(?^ 

-40 

+  128  = 

+    88 

a^c(Pe 

+  27 

-144  = 

-177 

a^d* 

+    27  = 

+    27 

aJt^c^ 

+  47 

-144  = 

-    97 

ah^d^e 

+      6  = 

+      6 

ahc^de 

-18 

+    80  = 

+    62 

abcd^ 

-18  = 

-    18 

ad^e 

+    4 

-16  = 

-    12 

a^d^ 

+      4  = 

+      4 

6V 

-    9 

+    27  = 

+    18 

h^cde 

+    4 

-18  = 

-    14 

hW 

+      4  = 

+      4 

6V6 

-    1 

+      4  = 

+      3 

i 

-      1  = 

-      1 

IV. 
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X\^^. 


ad  the  terms  in  /  are  found  to  be 


c^def  +  300 
a^hetf-  130 
a^hd^f-  120 
aVf//'+  40 
a6V  +  28 
ah^cdf^  66 
oMf  -  24 
h'df  -  16 
^cy  +      6 


a»c/^   -  125 
a«6y«+    50 


12.     The  value  of  iVc+3f  is 


^ 


\ 


aV 

-  16 

+  96- 

+  80 

a<2^ 

+    6 

-  60  = 

-54 

aV« 

+    4 

-  40  = 

-36 

c^cd} 

+  27  = 

+  27 

ah^ce 

-    5 

+  47  = 

+  42 

ahc'd 

-  18  = 

-18 

ac' 

+    4  = 

+    4 

b'e 

+    1 

-    9  = 

-    8 

b*cd 

+    4  = 

+    4 

b-c" 

--    1  - 

-    1 

and  the  terms  in  /  to  be  added  thereto  are  found  to  be 


a^df  -  50 
n^bcf-¥  30 
a6y-    8 


13.     The  value  of  N+a?e  is 


a'tf 

^^^ 

15 

a^bd 

+ 

6 

aV 

+ 

4 

ab^c 

— 

5 

¥ 

+ 

1 

which  is  a  seminvaiiant,  and  requires  no  addition. 


;■! 


^5>: 


M 


•  « 


••'f. 
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The  equation  in  ^  is  thus  (^-6)»(tf+12)(^  + 108)  =  0,  or  multiplying  out  it  is 

(1,  0,  0,  +432,  -11664,  +466565^,  1)*  =  0, 

which  in  £Etct  (observing  that  VD  =  36)  is  what  the  preceding  formula  becomes  for 
the  equation  (1,  1,  1,  1,  1,  l^t;,  1)»  =  0. 

The  analogous  verifications  for  the  cubic  and  the  quartic  equations  are  as  follows: 

16.  For  the  cubic,  if  the  assumed  equation  is  t;*  +  t;"  +  t;+l  =  0,  the  roots  whereof  are 

—  1,  i,  —  i(t*  =  — 1),  then  we  should  have  f*(a,  )8,  7)  =  V  — n=4i,  which  will  be  the  case 
if  o,  fi,  ry  =  — 1,  h  —  *i  respectively,  and  the  roots  )8  — 7,  7  —  0,  a  —  S  of  the  equation  in 
$  then  are  2t,  — 1  +  1,  —  t  — 1,  so  that  the  equation  in  tf  is  (^  +  2itf  —  2)(^  — 2t)  =  0,  or 

(1,  0,  2,  4*5^,  1)«  =  0, 

which  (observing  that  '/0^4d)  is  what  the  formula  for  the  equation  in  0  becomes 
for  the  equation  (1,  1,  1,  l^t;,  1)*  =  0. 

17.  For  the  quartic  equation,  taking  this  to  be  t;*  +  t;"-ft;"-ht;  +  l  =  0,  the  roots 
are  o),  «*,  oi*,  ©*,  where  oi  is  an  imaginary  fifth  root  of  unity  (©*  -h  oi*  +  o)*  +  01  + 1  =  0), 
and  putting  a,  )8,  7,  8  equal  to  oo,  oi*,  «',  oj*  respectively,  we  have 

-Vn  =  f*(a,  )8,  7,  8)  =  -5(ft)  +  ft)^-ft)«-»»), 
giving,  as  it  should  do,  D  =  125.     The  equation  in  ^  is  therefore  by  the  formula 

(1,  0,  0,  -25(ft)  +  ft)*-a)»-(»»),  1253^^,  1)*  =  0. 
But  the  roots  are 

^1=     f*()8,  7,  S)  =  -.ft)«-»».ft)«-ft)*.a)»-»*=     2-    ft)+   a)»-2»«=     2-Z, 

tf,  =  -.f*(7,  B,  a)  =  -.(»'-ft)*.a)»-ft)  .a)*-ft)  =-l+3ft)  +  2ft)«+    0,3  =  - 1+F, 

^»=     ?*(8,  a,  /8)=     .a)*-»  .co^-co'.a)  -a)»  =  -4-3»-2ft)»-    ft,«  =  -4-F, 

tf4  =  -?*(a,  )8,  7)  =  -.» -ft)«.a)  -ft)».a)«-a)»=     3-f    cd-    ft)»  +  2ft)»=     3  +  Z, 

if,  for  shortness, 

Z  =  ft)  -  »'  +  2ft)»,     F=  3ft)  +  2ft)«  +  ft)». 

The  equation  in  tf  is  therefore 

(^-2  +  Z)(tf  +  l-y)(tf  +  4+F)(^-3-Z)  =  0, 

where  the  left-hand  side  is  the  product  of  the  factors 

(^-2-hX)(^-3-Z)  =  ^-5^  +  6-  Z-Z«  =  ^-5^+10-5(ft)  +  fti*) 
and 

(tf  +  l-F)(^  +  4+F)  =  ^  +  5^  +  4-3F-F«  =  ^-h5^  +  10-5(ft)»  +  ft)») 

and  the  equation  in  0  is,  therefore,  as  it  should  be, 

(1,  0,  0,  -  25(ft)  +  ft)*  -  ft)^  -  ft)'),  1253^^,  1)*  =  0. 
Passing  from  the  denumerate  to  the  standard  forms: 
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21.  I   remark,  with  respect  to  the   equation  in   0,  for  the  cubic,  that  it   leads  at 
once  to  the  equation  of  differences.     In  fiwt  we  have 

a»^  +  9(ac-6")tf  +  V-27D=n,{tf-.(a-/3)}, 

whence  changing  the  sign  of  6, 

a«^  +  9(ac-6")tf-V-Y7n  =  n,{^  +  (a-/9)}; 

or  multiplying  the  two  equations  and  putting  u  for  ^, 

u{a*u  +  9(ac-6«)}»+27n«n,{u-(a-)8)«}, 

that '  is,  the  equation  of  differences  is 

aV+ 18  (ac-6*)  aV  +  81  (oc  -  6«)«tt  +  27n  =  0 ; 

but  this  mode  of  composition  is  peculiar  to  the  case  of  the  cubic. 

If  in  the  several  equations  in  0  we  substitute  for  the  seminvariants  the  covariants- 
to  which  they  respectively  belong,  we  obtain  as  follows: 

22.  For  the  cubic  equation  (a,  6,  c,  d\v,  1)'  =  0,  the  equation  for  (^  =  08  — 7)(a?-ay)^ 


IS 


( 


U' 


+  1 


9x 
H 


'f^l 


O  X 


+  1 


\%  l)'-0. 


23.     For  the  quartic  equation  (a,  6,  c,  d,  c$r,  1)*  =  0,  the  equation  for 


C^x 

+  1 

X « s 

96{7«  X 

^ ' s 

-3JU 
+  2Iff 

512  Vox 

256d  x 

-* 

+  1 

5&,  i)*=o. 


24.     And  for  the  quintic  equation  (a,  6,  c,  d,  «,  /$t;,  1)"  =  0,  [denoting  the  covariao^*^ 
of  the  quintic  as  in  141,  ^  the  quintic  itself,  &c. ;  and  completing  the  expression  for  t. 
coefficient  of  &•]  the  equation  for 

^(  =  (/3-7)(i8-S)(^-«)(7-S)(7-e)(S-6)(a;-ay)')  is 

A", 

0   . 
625A*  (*8AJ  -  80i?  +  120BH  -  50CO, 

12500  VD  A*  {4>AB' -  AH  -  50CD},  d^,  1)»  =  0, 

15625     D       {SA'B +  25C}, 

76125     DVD 

where  the  covariant  which   enters  into   the  coefficient  of  ^   being  of  the  sixth  degree*** 
in  the  coefficients,  is  not  given  in  the  Tables. 
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Its  value  (completed  for  me,  from  the  first  term,  by  Mr  Davis)  is 


a^cf^    -        2 

o'c^   +      18 

ahp  -     30 

ay«     -      10 

a%P  -      30 

aV*   +      18 

a^dp  -        2 

(j^def  +      24 

c^^f   -      48 

a»6<^«+    210 

a^hep  +      30 

a«ce/'»+    210 

a»(i6/«  -      66 

aV/«  +        2 

«V       -      32 

a'ftcT  -      66 

a^h^f  +      60 

a»a(r+    680 

a«rf»/»+    180 

oV/   +      48 

oftc/^  +      24 

a-6V^  +        2 

d'hdef-^    348 

aV/«+    180 

aW/-    320 

a«(fo*/-    840 

a^/»  -      48 

dbdep-     52 

an>de'+    264 

a«6e»    +      48 

a'cdef+    120 

a«d»(5/-1320 

aV      +    480 

ahceP-¥    348 

a6ey  +      28 

a^hcef  -      52 

aVe/+    624 

a«c«»    -    480 

a»^    +    960 

a6««/«  +      60 

ahd^p^    624 

oG'eP  -      96 

a^hd*/-      96 

a»cc?/-   936 

aW/  -  1080 

ah^P-    320 

ahcdp+    120 

a^>«*     +    720 

occP/«  +     64 

\ah?df+      64 

a«afo>  -    576 

a»c^6^  +  1080 

a5V/+    290 

a6c<5«/-   540 

o^^/-  1596 

acd^f+    264 

iaVe«   +    352 

a»cP«    +    648 

afy'cP-    840 

a6cy»- 1320 

ahd^ef+    960 

(u^dp-    936 

ace*     -    160 

a^cd^e  -    936 

a^/»  +      48 

oZ^'cfe/-    540 

abcdef-^-^l^O 

a6c^e»  -    600 

a<^(5»/  -      48 

ad^ef  -    192 

uN^     +    432 

a6»cc/- 1596 

o^V    +    450 

abc^    -3200 

(u^p  -1080 

acd^ef+  3504 

a^e»    +    120 

(j^tf  +      28 

a6«e^+    210 

abc^ef  +    960 

abd^f-^    960 

oc«^/+4560 

o^/  -1728 

ft»/»    -     32 

\aJtrc^  -    970 

o^'c?/-      48 

abcd^f-¥  4560 

aW»c»-    600 

ac>e»    -2400 

occfe"   -1920 

h'cep  +    264 

(  a6^(?«  +    120 

ab<?df+  3504 

a^>c(ie»  -  4200 

oo'c/'   +    960 

accP/  -  2880 

ad"^    +1080 

62rf»/*+    352 

aiW/+    264 

a5c«(5»  +    720 

a<^ef/  -  2880 

ac«(/y-2560 

accP(5»  +  1800 

6^e/»    +      48 

l^d^f-    970 

a6c»(fe  +  2480 

o6cc^e- 2160 

oc^c*    +  2400 

oc'cfe*  +  1600 

mp  -    480 

V'cdP-   576 

6«<5*      +    450 

oMf  -    192 

ac^f    -1728 

¥P     +    480 

h(^P  +    960 

6V/  +    450 

6W/+    210 

ht^dp--    936 

o6«P  - 1440 

ac»cfe   +    960 

b'cef   -    600 

ft»<fe/  -3200 

6V/«  +  1080 

h'd^ef  +    720 

6c(^e/  +  2480 

ac^e    -   960 

1 

6V     +    720 

6»ef»/  -  2400 

6V      +  2250 

h^cdef  -  4200 

6»c^    -    450 

ftc^cy  +    120 

^€u^d?  +    640 

^a(/*  -1920 

U'd^    +2250 

6Ve/  -    600 

6»ce»     +2250 

6cy«  +    648 

6c(^   -1400 

!iW/   -    160 

b'ct?    -   450 

6»c»rf/  +  1800 

6«cd»/+1600 

6«^/  +2400 

6c»cfe/-2160 

Wy    -    960 

iV     +   450 

ft»c^«    +1200 

6Ve»   -1500 

6'crfe»  -  1000 

6»e£«e«  -1500 

6c»e»    +1200 

6ef^e»    +    600 

^cdls  -1400 

6V/   +1080 

hcd^f  +    960 

c*/«     +    432 

^V/  +    120 

5V(fe  -    600 

^d«e»  -    600 

(?def  -1440 

^cf*     +    800 

c»63      +    800 

^c^«    +    600 

c»e?/    +    640 

^c^rf^  -   400 

c«rf»e«   -    400 

H^:,  y)«. 


[viz.  this  is  =48^/- 80£»+ 1205ir- 50CG  as  above]. 

In  the  following  two  Annexes,  the  notation  of  the  symmetric  functions  is  the 
same  as  in  my  "Memoir  on  the  Symmetric  Functions  of  the  Roots  of  an  Equation," 
Phil,  Trans,  vol.  CXLVIL  (1857),  [147]  and  the  values  of  the  symmetric  functions  are 
taken  from  that  memoir,  the  powers  of  a  being  restored  by  the  principle  of  homogeneity. 
The  suflSxes  of  the  X  indicate  the  number  of  terms  in  the  sum ;  thus  in  the  first  Annex 

the  terms  2,  (^7*  +  07")  are  equal  to  X^^,  the  complete  S3rmmetric  function ;  the 
correct  result  will  be  obtained  (though  of  course  neither  of  these  equations  is  true) 
V  ^^ting  Sj/Sy  =  i2ea*)8,  SsC^y*  =  JSga'/S,  and  so  in  similar  cases;  the  insertion  of  the 
^ffix   to  the  2  very  much  £Eu;ilitates  the  calculation,  and  is  a  check  on  its  accuracy. 

-A^nnex  No.  1,  containing  the  calculation  of  the  equation  H,  (0  —  0i)  =  0,  where 

Oi^fiyifi-y),  ^,  =  7«(7-«X  «s  =  a/8(a-/8), 
*»»>•>  being  the  roots  of  the  cubic  equation  (a,  6,  c,  d^v,  iy  =  0. 
^^e  have 

2A  =  2)87(i8-7)  =  -(«--/9)()8-7)(7-«)  =  ?*(«,  A  7)  =  aW-Z, 
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and  restoring  the  powers  of  a  by  the  principle  of  homogeneity,  and  putting 


M 


a»«» 

+  96 

a^de 

-60 

aV« 

-40 

aFccP 

+  27 

alAee 

+  47 

ab<M 

-18 

€US* 

+   4 

b*e 

-   9 

\     b'ed 

+   4 

6»c» 

-    1 

we  have 


Next, 


t0A  =  a-^Me. 


2,tfA^,  =  2^7Sf*(/3,  7,  S)x-7Saf*(7,  8,  a)xBa0^(B,  a,  /9) 

=  24/97S09-7)(i8-8)(7-S)x-7So(7-a)(7-.a)(8-a)xSa/9(8-a)( 

«     a»)8V8'(a--/9)(«-7)(«-S)(i8-7)08-S)(7-8)2,a(a-/9)(a-r 
=    a»)8VS«f*(a,  Ar  8)24a(a-/9)(a-7)(a-S) 
=  -  a-»^  VZ24a(a  -  )8)(a  -  7)  (a-  8), 


and  obeerving  that 


and  therefore 


(a,  6,  c,  d,  «3[t;,  l)*  =  a(t;- a)(t;-/9)(t;-7)(t;- 8), 


iav*+  bi}^  +  2cv  +d-a(v-'l3)(v-y)(v-S)  +  SDC., 


which,  putting  t;  =  a,  gives 


we  have 


4aa»  +  36a»  +  2ca  +  rf  =  a  (a  -  /8)  (a  -  7)  (a  -  8), 
S^a  (a  -  )8)  (a  -  7)  (a  -  8)  =  -  (4a2a*  +  362a»  +  2c2a« -h  dSa 


=  4(4)-h36(3)  +  2c(2)  +  d(l), 


where  for  a  moment  a  is  put  equal  to  1.     This  is  calculated  by 


e 

-  16 

— 

-16 

bd 

+  16 

-9 

1     = 

+    6 

<r» 

+    8 

-4 

=-: 

+    4 

¥c 

-16 

+  9     +2 

= 

-     0 

b* 

+    4 

-3 

= 

+    1 
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ON  THE  PORISM  OF  THE  IN-AND-CIRCUMSCRIBED  POLYGON. 


[From  the  Philosophical  Transactions  of  the  Royal  Society  of  London,  voL  cll  (for  the 
year  1861),  pp.  225—239.    Received  February  20,— Read  March  7,  1861.] 


The  Porism  referred  to  is  as  follows,  viz.  two  conies  may  be  so  related  Xo 
each  other,  that  a  polygon  may  be  inscribed  in  the  one,  and  circumscribed  about  the 
other  conic,  in  such  manner  that  any  point  whatever  of  the  circumscribing  conic  may 
be  taken  for  a  vertex  of  the  polygon.  I  gave  in  the  year  1853,  in  the  Philosophical 
Magazine  (^),  a  general  formula  for  the  relation  between  the  two  conies,  viz,  if  t7  =  0 
is  the  equation  of  the  inscribed  conic,  F=0  that  of  the  circumscribed  conic,  and  if 
disct.  {U-\-iV),  where  f  is  an  arbitrary  multiplier,  denotes  the  discriminant  of  U+^V  in 
regard  to  the  coordinates  (x,  y,  z)  (such  discriminant  being  of  course  a  cubic  function 
in  regard  to  f,  and  also  in  regard  to  the  coefficients  of  the  two  conies,  U,  F,  jointly), 
then  if  we  write 

the  relations  for  the  cases  of  the   triangle,  pentagon,   heptagon,   &c.  are 


C  =  0, 


C.    D 

=  0, 

G,    D. 

E 

D.    e\ 

D.    E, 

F 

E,    F, 

G 

=  0,  &a 


^  See   the    papers — *'0n    the    Geometrical   Bepresentation    of    the   Integral    /cZx-^\/(x  +  a)  (x -h  6)(ar +  c)," 

Phil.  Mag.,  April  1858,  [118]. 

"Note  on  the  Porism  of  the  in-and-droumscribed  Polygon,"  PhiU  Mag.  August  1858,  [115]. 

**  Correction  of   two   Theorems  relating  to   the  Porism  of   the  in-and-circumsoribed  Polygon,*'   Phil.    Mag. 
November  1853,  [116]. 

"  Developments  of  the  Porism  of  the  in-and-circumscribed  Polygon,"  Phil.  Mag.  May  1864,  [128], 
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enneagon  are  in  the  memoir  obtained  in  a  form  which  puts  in  evidence  the  property 
in  question,  that  is,  the  series  of  equations 

(3)  =  [3], 

(4)  =  [*]. 

(5)  =  [5], 

(6)  =  [6]  [3], 

(7)  -  [7], 

(8)  =  [8]  [4], 

(9)  =  [9]  [3} 

To  do  this,  the  discriminant  is  represented,  not  as  above  in  terms  of  the  constants 
P,  7,  5,  but  in  a  somewhat  different  form,  by  means  of  the  constants  b  [—P\  c,  d,  the  last 
two  whereof  are  such  that  c  =  0  is  the  relation  for  the  triangle,  d  =  0  the  relation  for  the 
quadrangle;  thus  [3]  =  c,  [4]  =  d,  and  for  the  particular  cases  considered,  the  analytical 
theorem  consists  herein,  that  o  is  a  feu^tor  of  (6),  and  of  (9),  and  that  d  is  a  &ctor 
of  (8).  I  have,  for  the  sake  of  homogeneity,  inti*oduced  into  the  formulae  the  quantity 
a  (=  1),  but  this  is  a  matter  of  form  only. 

The  functions  [3],  [4],  &c.  have  been  spoken  of  as  prime;  they  are  so,  in  fa^t, 
so  far  as  they  are  calculated ;  and  that  they  are  so  in  general  rests  on  the  assumption 
that  for  a  polygon  of  a  given  number  of  sides,  there  is  but  one  form  of  relation:  if, 
for  instance,  in  the  equation  [12]  «  0,  which  is  the  condition  for  a  proper  dodecagon, 
the  function  [12]  could  be  decomposed  into  rational  fectors,  then  equating  each  of 
these  factors  to  zero,  we  should  have  so  many  distinct  forms  of  relation  for  a  proper 
dodecagon.  I  believe  that  the  assumption  and  reasoning  are  valid;  but  without  entering 
further  into  this,  I  take  it  for  granted  that  in  the  general  case  the  functions 
[3],  [4],  &c  are  in  fact  prime.  But  the  coefficients  /3,  7,  S,  or  6,  c,  d  instead  of  being 
so  many  independent  arbitrary  quantities,  may  be  given  as  rational  functions  of  other 
quantities  (if,  for  instance,  the  two  conies  are  circles,  radii  i2,  r,  and  distance  between 
the  centres  a,  then  yS,  7,  h  will  be  functions  of  i2,  r,  a):  and  it  is  in  a  case  of  this 
kind  quite  conceivable  that  the  functions  [3],  [4],  &c.,  considered  as  functions  of  these 
new  elements,  should  cease  to  be  prime  functions.  In  fact,  in  the  case  just  referred 
to  of  the  two  circles  (the  oiiginal  case  of  the  Porism  as  considered  by  Fliss),  the 
functions  [4],  [6],  &c.,  which  correspond  to  a  polygon  of  an  even  number  of  sides, 
appear  to  be  each  of  them  decomposable  into  two  factors :  the  memoir  contains  some 
remarks  tending  to  show  d  priori  that  in  the  case  in  question  this  decomposition 
takes  place.  I  was  led  to  examine  the  point  by  the  elegant  formulae  obtained  in  an 
essentially  different  manner  by  M.  Mention,  Bull,  de  I* Acad,  de  St  PiL  t.  i.  pp.  15,  30, 
and  507  (1860),  in  reference  to  the  case  of  the  two  circles  (it  thereby  appears  that 
the  decomposition  takes  place  for  the  quadrangle  and  the  hexagon) ;  and  these  formulae 
are  reproduced  in  the  memoir. 
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from  which  X,  ^  are  to  be  eliminated;  and  squaring  and  reducing,  we  have 

-  2X/A  ^bc^-ca^-ab-  (p0  +  kp-k0), 
^^^.a-hb-hc-hk  +  p  +  e, 
and  thence 

(bc  +  ca'¥ab-p0-kp-k0y-^(a  +  b  +  c  +  k+p  +  0)(abc  +  kp0)  =  O 

as  the  rational  form  of  the  original  equation.  But  the  same  rational  equation  would, 
it  is  clear,  be  obtained  from  the  system 

V(A;  +  a)(A;  +  i)(A;  +  c)=-i  +  ififc, 
V(p  +  a)(p  +  6)(p  +  c)  =  Z  +  Mp, 

sf{0~^(0Vbj(jr^)  ^L  +  M0, 

by  the  elimination  of  L  and  M.  And  it  follows  from  Abel's  theorem  (but  the  result 
might  be  verified  by  means  of  Euler's  fundamental  theorem  for  the  addition  of  elliptic 
functions),  that  if 


nf=/ 


then  the  last-mentioned  system  is  equivalent  to  the  transcendental  equation 

n0^Up±Uk, 

in  which  the  arbitrary  constant  which  should  have  been  inserted,  and  the  sign  of  110, 
are  determined  by  the  consideration  that  for  A:  =  oo  (which  gives  IIA:  =  0)  we  ought  to 
have  0=p,  and  therefore  110=  lip. 

There  is  of  course  a  similar  equation  in  0",  and  the  terms  with  IIA;  must  be 
taken  with  opposite  signs,  and  we  have  thence  the  theorem : 

"If  0,  ff  are  the  parameters  of  the  points  P,  V  in  which  the  conic  F=0  is 
intersected  by  the  tangent,  the  parameter  whereof  is  p,  of  the  conic  D'+A:F  =  0,  then 
the  equations 

n0  =  np-nA:, 
n0'=np  +  nA:, 

determine  the  parameters  0,  9  of  the  points  in  question."    And  again: 
"If  the  two  variable  parameters  0,  ff  are  connected  by  the  equation 

n0'-n0=2nA;, 

then  the  line  FF'  will  be  a  tangent  of  the  conic  D'+A:F=0." 
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The    foregoiDg    demonstration    relates    to    the    particular   forms    U  =  aa^  +63^  +  cz^, 

F=  a:"  +  y*  +  -2* ;  but  observing  that  the  function  V(f  +  a)  (f  +  h)  (f  +  c),  which  enters 
under  the  integral  sign  in  the  transcendental  function  11^,  is  the  square  root  of  the 
discriminant  of  U+^V,  the  theory  of  covariants  shows  at  once  that  the  conclusions 
apply  to  any  forms  whatever  of  U,  F,  the  expression  for  the  transcendental  function 
being 


J  a 


Vdisct.  (J7  +  fF)' 


Consider  now  a  triangle  inscribed  in  the  conic   F=0,  and  with  its  sides  touching 
the  conies 

U+k  F  =  0, 
then  if  0,  ff,  ff'  are  the  parameters  of  the  angles,  we  have 

nr  -  n^  =  2nifc , 
we  -nr=2nA?', 
n^  -  n^  =  2nr, 

and  thence 

as  the  relation  which  must  subsist  between  the  parameters  i,  A/,  V\  of  the  conies 
touched  by  the  sides ;  and  similarly  for  a  polygon  of  n  sides,  the  relation  between 
the  parameters  is 

But  by  Abel's  theorem,  this  transcendental  equation  is  equivalent  to  an  algebraical  one. 


In  fact,  calling  the  radical  VD^,  then  if  ^x,  'x?^  are  rational  and  integral  functions 
of  X  with  arbitrary  coefficients,  and  if 

(this  implies  that  ^^x  is  of  a  degree  not  exceeding  n  and  ')^x  of  a  degree  not  exceeding 
n  —  3 ;  that  is,  for  n  even  the  degrees  of  (f>x,  '^x  are  ^,  ^  (n  —  4) ;  and  for  n  odd  they 
are  ^  (n  —  1),  ^  (n  —  3)),  then  the  algebraical  equation  is  that  obtained  by  the  elimination 
of  the  arbitrary  coefficients  from  the  system  of  equations 

^^2  +  X^a  D  ^a  =  0, 

#n + yk^K  =  0 ; 
c.  IV.  38 
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or,  what  is  the  same  thing,  for  n  odd,  »  2p  — 1»  it  is 

{1,  0,... 0p-\  vn^,  e VU^, . . 0^ VQ^l  =  0, 

and  for  n  even,  =  2p,  it  is 

{1,  0,...eP,  ^JW0,  0^nd,  ..*^VD^}  =  0, 

where  the  expressions  in   {  }   denote  respectively  the  determinants,  of  2p  —  1  lines,  and 


2p  lines,  formed  by  substituting 
n«3,  the  equation  is 


and  for  n  =  4,  it  is 


or  0  the  values  A^,  ktf.kn   respectively.    Thus  for 


iki,     ^/^^l 


=  0; 


kt,    VDifc, 


K    h,\    VDA,  :  =  0, 

t 

A7|y      n^ ,      V  LJa^ 


and  so  on. 
Suppose 


K^f      K^ ,       ▼  L-I^f^ 


VTlf  =  il  +  5f  +  Gp  +  2)p  +  ^f*+...; 


then  substituting  the  corresponding  expressions  for  VDAji,  VDA,,  &c.,  the  determinant 
will  divide  by  {1,  0,  fi,  . .  0^^],  and  it  may  be  seen  without  difficulty  that  the  resulting 
equation  on  putting  therein  fc,  =  A:j...  A::n  =  0,  will,  according  as  7»  =  3,  4,  5,  6,  &c.,  be 

=  0,  &c.. 


G  =  0,    Z)  =  0, 

C,    D 

=  0, 

D,    E 

=  0, 

C.    D,    E 

D,    E 

E,    F 

D.  E,    F 

E,  F,    Q 

which  is  the  theorem  above  referred  to. 


II. 


Application  to  the  several  Polygons  up  to  the  Enneagon. 

If  the  equation  of  the  inscribed  conic  is  £7'=0,  and  that  of  the  circumscribed 
conic  is  r  =  0,  and  if  the  discriminant  {U-k-^V)  is  in  the  first  instance  represented  by 
1  +  4/9f  +  47^  -f-  4Sf ,  then  the  square  root  of  the  discriminant  is 


1  +  2/9f  +  2(7  -/8»)  p+  2  (S-2/87+2/8»)f'  +  &c.. 
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n-26f-2ac 

P+8a6c  ^+  4oV  ^-24a«W|^-     8aV 

?+  64a«6c»| 

^4.   16a*c* 

e- 

160 

+  V 

-86»       -24a6»c 

+64a^c 

+  96  a«6«c» 

-320o«ft«c»     -  320  a»6»c» 

+1280 

+  16ft« 

-32ft» 

-160a6*c 

+ 384  a6»c 

+960a«6V 

-2688 

•    +  646* 

-1286' 

-896a6»c 

+  2048 

t                                                                                                                  +2566* 

-  512 

2c»(if-c*^ 

fl-66f-    6ac 

^+48a^    ?+    24aVl 

^-240o«6c« 

f»-     80  aV 

e  + 

+  24i^ 

-80ft« 

-  240  a6»c 

+  960  o^c 

+ 1440  a«6»c» 

-h  240  6* 

-672ft«      ;     -3360a6*c 

^ 

+  1792  6« 

+  a*(2d»f*-6c»cPf»+ 6  c*cif^» -2<j*^fl-106f- 10  ac,£»+ 120  a6c    ?  -  &c.l 


\  +606»  ''  -2866«"  i  '  / 


+  a*  (-5(i*^+ &c.){l +&C.}  +  Ac ; 


and  the  values  of  the  coefficients  C,  D,  E,  &c  thus  are 


c 

D 

B 

F 

G 

H 

! 

/ 

•/ 

JT 

L 

d 

W-2 

aed-2 

ahP  -1 

a^W»  + 

6 

o'ccP  +   6 

rt*d»      +      2    a>bd}    -    20 

a^cd^    -     21 

c»  -1 

Vd  +  i 

abed+8 

aVd«  + 

6 

aV     -   5 

a«6c<i«   -    48 

oVc?   -    30 

aH>*^  +    121 

be'  +2 

a<f    +2 

aX^cd^ 

24 

a«6»rf»  -  24 

(i^<?d     -   20 

aVccP  +  240 

a*6c»c^  +   30 

W    -8 

aM    - 

8 

a«6c»(;- 36 

o«^e/»    +   80 

a?b(?d  +  160 

aVrf    +     7< 

ft'c*    -4 

6*i     + 

16 

aJi^od  +64 

a«6V(£  + 144 

a*c»       +    14 

aVcrf»-   96< 

^c»    + 

8 

a6V   +24 
W     -32 
b'i?     -16 

a^bi^     +   30 
a6*crf    -160 
a6V     -   64 
^•(^        +   64 
6V       +   32 

o«6*(?  -240 
o«6Vc^  -  480 
a^l^i^    -120 
o6»crf    +  384 
a6V     +  160 

a»6Vrf-  80 
a*6c»  -  11 
o«6»(?  +  67 
a«6Vc^+144i 
flWc*   +    40 

1 

bH       -  128 

a6«crf  -   89' 

i 

ft»c«       -    64 

a6V  -  38 
6«c?       +   25( 

• 

6V      +    12i 

+  1  +1 


-3 


+  4 


-3 


+  4 


-19 


+  60 


-124 


+  21 


But  in    the  sequel  only  the  coefficients  up  to  /  are   made  use  of:   the  expressic 
/,  K,  L,  M  may  however  be  useful,  and  they  are  given  accordingly. 

The  sums  of  the   numerical  coefficients  are  given   here  and  elsewhere,  as  th 
very  useful  for  verifications ;  thus,  putting  a  =  6  =  c  =  d=l,  we  have,  as  should  be, 

Vl+4f+8f>+12f=H-2f+2f'(l,  +1,  -3,  +4,  -3,  +4,-19,  +60,  -124,  +214,  -455,  &c.3! 

Proceeding  now  to  form  the  several  terms  of  the  matrix 

(  G,    i),    E,    F,    (?, . .  ), 
I  2),    E,    F,    (?,    H,.. 
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and  further,  the  determmants  of  the  matrix 

(  C,    D,    E, 

F,  . 

.). 

D,    E,    F, 

0 

E,    F,    G, 

H 

F,    0,    H, 

I 

in  the  present  case,  the  single  determinant 

1234=    C,    D. 

E. 

F   . 

D.    E. 

F, 

G 

E,    F, 

0. 

H 

1 

F.    0, 

H. 

/ 

we  have 


1234  =a-»  X 


3 

12 

4 

16 
14 
3 
8 
12 
6 
1 


-79 

The  conditioiis  for  the  triangle  and  the  quadrangle  are  c  —  0,  d  =  0 ;  those  for 
the  pentagon  and  hexagon  are  12  =  0,  23=0;  for  the  heptagon  and  octagon,  123  =  0, 
234  =  0;  and  that  for  the  enneagon  is  1234  =  0.  The  foregoing  values  show  that  23 
and  1234  (which  belong  to  the  hexagon  and  the  enneagon)  divide  by  c  (which  belongs 
to  the  triangle),  and  that  234  (which  belongs  to  the  octagon)  divides  by  d  (which 
belongs  to  the  quadrangle).  But  I  was  not  prepared  for  the  destruction  which  will  be 
observed  in  the  several  determinants,  of  the  terms  involving  the  lower  powers  of  a 
(that  is,  the  terms  of  the  highest  orders  in  b,  c,  d),  and  which  renders  these  expressions 
so  much  more  simple  than  they  would  otherwise  have  been. 

Representing  the  reduced  equations  for  the  several  polygons,  as  before,  by 

[3]  =  0. 

[4]  =  0, 
[5]  =  0, 
[6]  =  0. 
[7]  =  0, 
[8]  =  0. 
[9]  =  0, 
&c. ; 


304 


ON  THE  PORISM  OF  THE  IN-AND-CIRCUMSCRIBED  POLYGON. 


[267 


and  comparing  this  with 
we  have 


and  thence 


Vl  +  46f  +  4  (c  +  6«)  {>  +  4  (d  +  26c)  f», 

b  =t  +2, 

c+   6»  =t'  +  6i  +  i/  +  5, 

d  +  26c  =  4  (i^  +  2t  + 1;  + 1 ), 


6  = 

c  = 
d  = 


i  +2, 
2i  +1/+!, 
-  2ti/  -  2t ; 


and  by  means  of  these  values,  or  by  effecting  the  development  in  a  different  manner, 

we  find 

5  = 


(7=    r    i.2 

Z)  =  2{  i(-v-l)], 
E 


=    /' 


.      t* .  4i; 
J+»  .4(1/ 


I 


+  1) 
-(•'  +  1)'. 


Jf  =  2 


V 


©= 


t*.  —  4i/ 

+  t».-8i' 

+  t.(v  +  l)(3v-5) 

+  2(i/+l)', 

2r    t'.Si/ 
+  i» .  24i; 

+ 1» .  4v  (- Sv  +  5) 
+  t  .(v+l)  (-181/ +  14) 
[+      (V +  !)»(,;- 7). 


5  =  4 


i» .  -  By 
+  i*.-32v 
+  t».       4i/(5v-ll) 
+  t».     16v(3v-    1) 
+  t.     (v+1)  (v-7)(-5i/  +  3) 
-  4  (i;  + 1)»  (v  -  3). 
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These  values  give 


0  = 


l+i'+l. 


=  [3], 


D  =  2{i(-p~l). 


CE-D' 

= 

'     t».8v 

^ 

+  t^.4(i;  +  l) 

+  t  .2(i/  +  l)« 

.      -iy  +  iy. 

DF-E*=  /2i         \  /2i        \  Ji* .  4i; 

\+v+iA-i'-i/l+(i'- 

0. 

A    E 

s 

'    if.     64i/ 

D. 

E.    F 

+  t».-32i»(v  +  l)(v-l) 

E, 

F.    0 

+  t*.-16i/(i/  +  l)» 

1 

+  »'.-8(3i/-l)(i'  +  l)' 
+»•.     4(i;  +  l)« 
+t  .-4(v  +  l)' 
-    (i'  +  l)« 

D. 

E,    F 

=  t.(-v-l)  fl6tV 

E. 

F,    0 

F. 

0.    H 

[4]. 
[5], 


=  [3]  [6], 


[7], 


=  [4]  [8]. 


It  will  be  remarked   that  [4],==t(— v  — 1)»  breaks  up  into  the  fiwtors  %  and  i/4-l;  and 
so  [6],  =(2i-i/-l){4ia*4-(i/4-l)»},  breaks  up  into  the  factors  2i-i/-l  and  4ln'^-(J/4-l)^ 

It  may  be  added  that  the  developed  expression  of  [6]  is 

i».8i/ 
4- ^■.-4v  (1^4-1) 
+  i  .  2(1/4- ly 

so   that   the  difference   between  this   and   [5]   is  i* .  4  (i;  4- 1)',  which  is  =  d" ;   this  agrees 
with  a  former  result. 

M.    Mention   has    also   given,  but    not  in   a   developed   form,   the  formulas  for   the 
enneagon  and  the  endecagon,  and  the  following  formula  for  the  decagon,  viz. 

[16i*i/4-(i/4-l)*p4-16t^i/(i/4-l)'.{2i^(l-i/)-(j/4-l/}*  =  0. 

c.  IV.  39 
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IV. 

Cimnderations  as  to  the  form  of  relation,  in  the  caee  of  two  circles,  for  Polygons  of  an 

odd  and  even  number  of  sides  respectively. 

The  relation  between  the  two  conies,  or  condition  for  the  exifitence  of  the  polygon, 
is  the  same  whatever  point  of  the  circumscribed  conic  is  taken  as  an  angle  of  the 
polygon.  Take  for  an  angle,  a  point  of  intersection  of  the  two  conies.  Consider  first 
the  case  of  the  triangle ;  if  a  point  of  intersection  is  taken  as  a  vertex  A  of  the 
triangle,  then  the  sides  AB^  AC  coincide  in  direction  with  the  tangent  at  ^  to  the 
inscribed  conic  U,  hence  B  and  C  coincide  together  at  the  point  where  this  tangent 
meets  the  circumscribed  conic  F,  BC  is  therefore  a  tangent  of  F,  but  it  is  by 
hypothesis  a  tangent  of  U\  hence  for  the  triangle  the  relation  between  the  inscribed 
conic  U  and  the  circumscribed  conic  F  is  as  follows :  viz.  a  tangent  to  IT  at  a  point 
of  intersection  with  F  meets  F  at  a  point  of  contact  of  a  common  tangent  of  U  and  F. 

In  like  manner  for  the  quadrangle,  if  ^  be  taken  at  a  point  of  intersection,  the 
sides  AB  and  AD  will  coincide  in  direction  with  the  tangent  to  17  at  this  point,  con- 
sequently B  and  D  must  coincide  at  the  point  where  this  tangent  meets  F;  hence 
also  OjB,  CD,  the  two  tangents  to  U  firom  the  point  0,  must  coincide,  or  C  must  be 
a  point  of  intersection  of  the  conies  £7,  F  In  other  words,  the  pole,  with  respect  to 
the  inscribed  conic  U,  of  a  common  chord  AC  oi  the  two  conies  must  lie  on  the 
circumscribed  conic  F;  this  is  therefore  the  condition  for  the  quadrilateral. 

In  the  ordinary  mode  of  drawing  the  figures,  with  two  conies  which  do  not 
intersect,  the  points  and  lines  employed  in  the  foregoing  constructions  are  imaginary, 
but  the  conies  may  be  so  drawn  that  these  points  and  lines  are  all  real. 

In  general,  for  a  polygon  of  an  odd  number,  2n  +  l,  of  sides,  then  starting  fix)m  a 
point  of  intersection,  the  sides  will  coincide  in  pairs,  viz.  the  first  and  last,  second  and 
last  but  one,  and  so  on,  the  middle  or  (n  +  l)th  side  being  a  common  tangent  of  the 
two  conies.  But  for  a  figure  of  an  even  number,  2n,  of  sides,  then  starting  from  a 
point  of  intersection  of  the  two  conies,  the  nth  side  will  terminate  at  a  second  point 
of  intersection,  and  then  the  same  series  of  sides  will  be  repeated  in  the  reverse  order, 
so  that  the  sides  will  coincide  in  pairs,  first  and  last,  second  and  last  but  one,  nth  and 
(n  +  l)th.  For  a  figure  of  an  odd  number  of  sides,  the  relation  involves  only  a  single 
point  of  intersection,  but  for  a  figure  of  an  even  number  of  sides,  it  involves  two 
points  of  intersection. 

Now  in  the  case  of  two  circles,  for  a  polygon  of  an  odd  number  of  sides,  the  same 
relation  is  obtained,  whether  we  take  as  the  point  of  intersection  one  of  the  actual 
points  of  intersection,  or  a  circular  point  at  infinity,  and  the  relation  [2n+l]  =  0  does 
not  break  up  into  factors.  And  so  for  a  polygon  of  an  even  number  of  sides,  then 
taking  for  the  two  points  of  intersection,  the  two  actual  points  of  intersection,  or  the 
two  circular  points  at  infinity,  we  have  one  form  of  result;  but  taking  for  them  an 
actual  point  of  intersection  and  a  circular  point  at  infinity,  we  have  a  different  form 
of  result ;  and  the  equation  [2n]  =  0  does  break  up  into  factors. 
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and  therefore 

a   =^L  —  l, 


these  equations  give 


and  thence 


a 


^= 2^^ 


and 


V  =  i?-(--^     "y=^,(2a«i?  +  2aV*  +  2r^i?-iJ*-r*-a*) 


if  with  M.  Mention  we  write 


i  (r*  +  ii*  +  a*-  2r»i?  -  2r»a«  -  22Pa«)  =  -  v. 
r* 

The  equation 
thus  becomes 

that  is,  it  becomes  i>  +  l  =  0,  which  is  the  other  &ctor  of  the  complete  condition  t(j'+l)=  ^' 
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equation  may  be  called  the  Resolvent-Product  Equation.  But  the  recent  researches  of 
Mr  Cockle  and  Mr  Harley(^)  show  that  the  solution  of  an  equation  of  the  fiflh  order 
may  be  made  to  depend  on  an  equation  of  the  sixth  order,  originating  indeed  in, 
and  closely  connected  with,  the  resolvent-product  equation,  but  of  a  &r  more  simple 
form;  this  is  the  auxiliary  equation  referred  to  in  the  title  of  the  present  memoir. 
The  connexion  of  the  two  equations,  and  the  considerations  which  led  to  the  new  one, 
will  be  pointed  out  in  the  sequel;  but  I  will  here  state  sjmthetically  the  construction 
of  the  auxiliary  equation.  Representing  for  shortness  the  roots  (Xi,  x^,  ^,  ^4,  x^)  of 
the  given  quintic  equation  by  I,  2,  3,  4,  5,  and  putting  moreover 

12345  =  12  -f  23  +  34  +  45  +  51,  &c. 

(where  on  the  right-hand  side  12,  23,  &a  stand  for  XiX^,  x^,  &a),  then  the  auxiliary 
equation,  say 

CU,  ly = 0. 

has  for  its  roots 

4h  =  12345  -  24135,    <f>,  =  21435  -  13245, 

<^  =  13425  -  32145,     4>,  =  31245  -  14325, 

<^  =:  14235  -  43125,     <^  =  41325  -  12435, 

and,  it  follows  therefrom,  is  of  the  form 

(1,  0,  C,  0,  E,  F,  0\it>,  l)-  =  0, 

where  (7,  E,  0  are  rational  and  integral  functions  of  the  coefficients  of  the  given 
equation,  being  in  fact  seminvariants,  and  J*  is  a  mere  numerical  multiple  of  the 
square  root  of  the  discriminant 

The  roots  of  the  given  quintic  equation  are  each  of  them  rational  functions  of 
the  roots  of  the  auxiliary  equation,  so  that  the  theory  of  the  solution  of  an  equation 
of  the  fifth  order  appears  to  be  now  carried  to  its  extreme  limit.    We  have  in  £Eu;t 

^l<^8  +  ^2^6  +  ^8  =  (♦$^41     l)*i 

<^<^4  +  <^a<^8  +  <^,<^6  =  (♦$«?»,  ly, 

where  (♦$«?!,  1)*,  &c.  are  the  values,  corresponding  to  the  roots  Xi,  &c.  of  the  given 
equation,  of  a  given  quartic  function.  And  combining  these  equations  respectively  with 
the  quintic  equations  satisfied  by  the  roots  a^,  &c.  respectively,  it  follows  that,  con- 
versely, the  roots  Xi,  x^,  &c.  are  rational  functions  of  the  combinations  ^^  +  ^^4  +  ^s^s, 
<^i0a  +  ^^4  +  4>t<t^p  &c-  respectively,  of  the  roots  of  the  auxiliary  equation. 

1  Cookie,  "  Besearobes  in  the  Higher  Algebra/*  Manchetter  Memoin,  t.  xy.  pp.  181—142  (1S58). 
Harley,  "On  the  Method  of  Symmetric  Products,  and  its  Application  to  the  Finite  Algebxaio  Solation  of 
Equations/'  Manchester  Memoin,  t.  xv.  pp.  172—219  (1859). 

Harley,  '<  On  the  Theory  of  Qointics/'  Quart.  Math,  Joum.  t.  m.  pp.  843—859  (1859). 
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It  is  proper  to  notice  that,  combining  together  in  every  possible  manner  the  six 
roots  of  the  auxiliary  equation,  there  are  in  all  fifteen  combinations  of  the  form 
<t>i<l>i  +  <M^4  +  4>z4>9'  But  the  combinations  occurring  in  the  above-mentioned  equations 
are  a  completely  determinate  set  of  five  combinations:  the  equation  of  the  order  15, 
whereon  depend  the  combinations  ^^  +  ^^4  -4-  <f>^9,  is  not  rationally  decomposable  into 
three  quintic  equations,  but  only  into  a  quintic  equation  having  for  its  roots  the 
above-mentioned  five  combinations,  and  into  an  equation  of  the  tenth  order,  having 
for  its  roots  the  other  ten  combinations,  and  being  an  irreducible  equation.  Suppose 
that  the  auxiliary  equation  and  its  roots  are  known;  the  method  of  ascertaining  what 
combinations  of  roots  correspond  to  the  roots  of  the  quintic  equation  would  be  to 
find  the  rational  quintic  filter  of  the  equation  of  the  fifth  order,  and  observe  what 
combinations  of  the  roots  of  the  auxiliary  equation  are  also  roots  of  this  quintic  &ctor. 
The  direct  calculation  of  the  auxiliary  equation  by  the  method  of  symmetric  functions 
would,  I  imagine,  be  very  laborious.  But  the  coefficients  are  seminvariants,  and  the 
process  explained  in  my  memoir  on  the  Equation  of  Differences,  [262],  was  therefore 
applicable,  and  by  means  of  it,  the  equation,  it  will  be  seen,  is  readily  obtained.  The 
auxiliary  equation  gives  rise  to  a  corresponding  covariant  equation,  which  is  given  at 
the  conclusion  of  the  memoir. 

1.  I  will  commence  by  referring  to  some  of  the  results  obtained  by  Mr  Cockle 
and  Mr  Harley. 

In  the  paper  "Researches  on  the  ffigher  Algebra,"  Mr  Cockle,  dealing  with  the 
quintic  equation 

obtains  for  the  Resolvent  Product  d{=^foDf(o]fa>Yoi>*)  the  equation 

^  +  2Q^5»^  +  2Q*5^^+Q»^5^^^-(58Q»-^)^  +  5"Q«  =  0; 
and  he  remarks  that  this  equation  may  be  written 

(^ -f  5»  Q^^  +  5' Q*)»  =  5^<>  (108  Q»^  -  ^*)  ^, 

so  that  V  — ^  is  determined  by  an  equation  of  the  sixth  order,  involving  the  quadratic 

radical  V^(jB*  — 108Q*),  which   is  in  &LCt  the  square   root  of   the    discriminant  of   the 
quintic  equation. 

2.  Mr  Harley,  in  his  paper  "On  the  Symmetric  Product  &c.,"  makes  use  of  the 
functions 

T  =  aCiX^  -h  w^  +  x^4  +  X4XS  -I-  x^  (=  12345), 
t'  =  XiX^  +  x^^  +  x^i  +  x^4  +  x^i  (=  24135), 

and   he  obtains  for  the   form   v*  —  5Q^  +  E=0,  the  relation   0  =  5tt',  which,  since  here 
t  +  t'  =  0,  gives  ^  =  -57*. 
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Hence  t(=^— ^d)    is  the  root  .of   an  equation  of  the  sixth  order    involving   th 
radical  ^E{t>-  108Q»),  and  which  is  in  feet  (e  =  t  -^  Vs  =  ^  ^^^),  the  equation 

given  in  Mr  Barley's  paper  "  On  the  Theory  of  Quintics." 

3.  And  in  the  same  paper  there  is  given  a  system  of  equations 

^^  +  <A  +  e4«,  =  a?i(3>Q-a^»).  &c.. 
connecting  the  five  roots  of  the  given  quintic  equation  with  the  combinations 

of  the  roots  of  the  equation  in  t 

4.  I   quote  also,  with  a  slight  change  of  notation,  the  following  results  from 
paper    "On  the   Symmetric  Product  &c.,"   viz.   considering    the    quintic  equation  undl^ 
the  form 

(a,  6,  c,  d,  6,  f\v,  If  =  0, 
we  have 

where 

a" 

c 
and  thence,  observing  also  that  t  +  t'  =  -  , 

a^0  (=  a*fa)fa)^fa)*fa)*)  =  5a'c»  -  Sab^c  +  6*  +  5a*TT', 

or,  as  this  equation  may  also  be  written, 

4a*^  =  (5ac  -  26>)«  -  5a*  (t  -  rj ; 

and    hence    the  Resolvent  Product   0  (^fwfto^fca^foD^)  being  determined   by  an  equation, 
of  the  sixth  order,  this  is  also  the  case  with  the  function  (t  — t')'. 

5.  But  the  twelve  functions  ±(t  — t')  can  be  divided  into  two  sets  of  six 
functions  each,  so  that  each  set  is  determined  by  an  equation  of  the  sixth  order 
involving  a  single  quadratic  radical.  This  was  in  fact  suggested  to  me  by  Mr  Harley's 
equation  in  t;  for  in  the  case  considered  t  +  lf  was  =0,  or  2t^t'-t\  and  the  equation 
in  t  was  presumably  the  particular  form  of  the  equation  for  i(^  — 0  ^  tihe  general 
case.  But  it  will  presently  appear  in  what  manner  the  conclusion  should  have  been 
arrived  at  d  priori. 
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in  fact  exhibits  the  six  positive  pentagons,  each  accompanied  by  its  stellated  negative 
pentagon,  and  the  formation  of  the  system  of  equations  is  thus  completely  explained; 
the  order  of  arrangement  of  the  pairs  inter  se  (or,  what  comes  to  the  same  thing, 
the  order  of  arrangement  of  the  suffixes  of  the  ^'s)  is  wholly  immaterial 

10.  The  six  pairs  of  pentagons,  or,  what  is  the  same  thing,  the  ^'s,  correspond 
to  each  other  in  pairs  in  a  fivefold  manner,  quoad  the  numbers  1,  2,  3,  4,  5  respec- 
tively; thus,  qiuxxd  5,  the  pairs  are  0i  and  ^4,  ^  and  ^s,  ^  and  ^,  or  say  1  and 
4,  2  and  5,  3  and  6.  The  relation  is  best  seen  by  means  of  the  positive  pentagons; 
thus,  qtwad  5,  in  the  pentagons  12345  and  21435,  the  points  adjacent  to  5  in  the 
one  of  them  are  the  points  2,  3,  and  in  the  other  of  them  the  complementary 
points   1,   4;  and  so  in   the  other  cases.     The  fivefold  correspondence  is  shown  by  the 

symbolical  equations 

1  =  16,  24.  35, 

2  =  12,  34,  56, 

3  =  15,  23,  46, 

4  =  13,  26,  35, 

5  =  14,  25,  36, 

which,  in   fact,  indicate  the  combinations  of   the  ^'s  which  correspond  to   the  several 
roots  of  the  quintic. 

11.  It  is  proper  to  notice  that  the  right-hand  sides  of  the  last-mentioned 
equations  contain  all  the  duads  formed  with  the  six  numbers  1,  2,  3,  4,  5,  6,  each 
duad  once,  and  once  only.     There  are  in  all  six  such  synthemes  of  duads,  viz. 


12  .  34  .  56 

13  .  25  .  46 

14  .  26  .  35 
16  .  24  .  36 
16  .  23  .  46 


12  .  34  .  56 

13  .  26  .  45 
!  14  .  25  .  36 
,  15  .  23  .  46 


12  .  35  .  46 

13  .  24  .  56 

14  .  25  .  36 

15  .  26  .  34 

16  .  23  .  45 


12  .  35  .  46 

13  .  26  .  45 
14.  23.  56 
15  .  24  .  36 


12  .  36  .  45 

13  .  25  .  46 

14  .  23  .  56 

15  .  26  .  34  i 

16  .  24  .  35  ' 


12  .  36  .  45 

13  .  24  .  56 

14  .  26  .  35 

15  .  23  .  46 


16  .  24  .  35  I  16  .  25  .  34  i  16  .  25  .  34 


which  is  in  fact  the  theorem  whereon  depends  the  existence,  for  six  letters,  of  a 
6-valued  function  not  symmetrical  in  respect  of  five  letters.  There  is  not  any 
peculiarity  in  the  syn theme  of  duads  which  above  presented  itself;  the  occurrence  of 
this  particular  sjmtheme,  instead  of  any  other,  arises  merely  from  the  arbitrary  selection 
of  the  suffixes  of  the  ^'s. 

12.  It  is  hardly  necessary  to  remark  that  if  the  pentagon  12345  had  been 
assumed  negative  instead  of  positive,  the  only  difference  would  be  that  the  ^'s  would 
have  their  signs  reversed. 
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where  1234  denotes  the  product  of  the  four  roots;  the  functions  A,  B,  C,  and 
product  1234,  are  each  of  the  degree  zero  in  the  coefficients  {a,  b,  c,  d,  e)\  and  i 
put 

b  =  —   c, 

c  =  —  4fae  +  bd, 

d  =     4ac6  —  ad*  -  6*«, 
then  we  in  fact  have 

a  2-4    =  — b, 

a«  lAB  =     c, 

a»  ABC  =  -  d, 

a.l234=s     e. 

But   on    the    understanding   that    <f>   is   ultimately  to    be    changed    into   o^,  : 
allowable,  and  it  will  be  convenient  to  write 

lA  =-b, 
lAB  =  c, 
ABC  =  -  d, 
1234=     ae. 


16.    I  assume  also 


we  have  thus 


C+A-B^fi, 


(^  — 0i)(^  — ^^)  =  (^  +  a)(^  — /9)  +  4o6,  and  therefore  also 

(<^-<^.)(<^-*e)  =  (<^  +  7)(*-«)  +  4a«. 
so  that  the  equation  in  <^  is 

[(*  +  /8)(<^-7)  +  4a«][(<^  +  7)(<^-a)  +  4a«][(<^  +  a)(<^-/9)  +  4cM?]  =  0. 

17.     To   obtain   the  sjrmmetrical  functions  of  a,  0,  y  it   is  only  necessary  U 
that  if  in  the  identical  equation 

(1,  b,  c,  di[5,  ly^id-  A)  (0  -  5)  (^  -  c), 

we  put  ^(x  +  A  +  B+C),  =  i (x ~ b),  in  the  place  of  0,  the  equation  becomes 

(1,  b,  c,  d3[x-b,  2)»  =  (x  +  a)(x  +  /8)(x  +  7), 
so  that  we  have 

2a    =-b  =         c, 

2ai8  =  -  b^  +  4c  =  -  16o6  +  46d  -  c^, 

a^j  =     b'  -  4bc  +  8d  =     16ace  -  Sad^  -  86*e  +  46cd  -  c*. 
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21.    Eflfecting  the  developments,  these  are 


ae 

-20 

aV 

+  240 

aV      +  320 

hd 

+    8 

ahde 

-  112 

c?bd4?-    64 

c« 

-    3 

cu^e 

-      8 

aVc«  -  176 

acd^ 

+    16 

a\d^e  +  224 

b^ce 

+    16 

a'rf*     -    64 

b'd' 

+    16 

ab^ct^  +  224 

h^d 

-    16 

a^»<i»c-.128 

1 

c* 

+      3 

ah(?de^\\2 
abcd^  +    64 
ad^e     +    28 
€u^d'  -    16 
6V      -    64 
b'cde  +    64 
6V«    -    16 
ft»c«c/»  --    16 
h(^d    +      8 

1 

c«        -      1 

the  first    of   which   is  in    fact    complete;    the    others    being    completed,  we   obtain  th" 
equation  in  ^,  viz.: 

22.     For  the  denumerate  form  (a,  6,  c,  d,  e,  f  ^v,  1)'  =  0,  the  equation  in  ^  is 


a«-  20 
bd+  8 
c«  -    3 


«'  X 


0 


a'df 

acd" 

b^ce 
b^d" 
bc'd 


+ 
+ 


+ 
+ 


400 
240 
240 
112 
8 

16 
64 
16 
16 
16 
3 


-  800  J  5a*  Jo  X 


+  1 


a^def  - 
oV      + 

o«6y«  - 

a^bcef  — 
a*bd*/-\- 
a'bde'  - 
a^c'df  - 
aVc«    - 


4000 

1600 

320 

1600 

640 

640 

64 

80 

176 


oVrf'e  + 

224 

aW      - 

64 

ab^ef    + 

384 

al^cdf- 

192 

ab*c^   + 

224 

I   a6We  - 

128 

a6cy  + 

48 

ah<?de  — 

112 

'    o^c^   + 

64 

,    acH      + 

28 

oc'cP    - 

16 

6V       - 

64 

/I'crfe    + 

64 

6Vc     - 

16 

6Vrf«  - 

16 

^*e/      + 

8 

c« 

1 

?«>  ly 


where  D,  =a*/*  +  &c.,  denotes  the  discriminant  for  the  denumerate  form. 
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I  proceed  now  to  form  the  expression  for  ^^4  + ^2^0 +  ^8^6* 

23,  Writing  for  convenience  x  in  the  place  of  the  root  5,  we  have 

<^i  =  il-fi  +  {23-14  +  ic(l+4-2-3)} 
<^4  =  -4 -fi- {23 -14  +  a?(l +  4-2-3)}, 

OT 

<^<^4  =  (-4-£)»-{23-14  +  a?(l  +  4-2-3)}«. 

The  tenns  without   x  are,  as  before,  (il  —  fi)"- (?  +  4. 1234,  or  —0^  +  4. 1234,  and  we 
have 

<^<^4  =  -a/3  +  4.1234 

+  2a?(l  +  4-2-3)(14-23) 
-a;»(l4.4-2-3)»; 

<^a<^5  =  -/97  +  4.1234 

+  2a?(l  +  2-3-4)(12-34) 
-a;»(l  +  2-3-4)», 

<^<^e  =  -7«  +  4.1234 

+  ar(l  +  3-4-2)(13-42) 
-a^(l  +  3-4-2)». 

24.  The   roots   1,  2,  3,  4,  contained  in  these  expressions  explicitly,  and  in  a,  /9,  7, 
^re      the  roots  of  the  equation  (a,  5,  c,  d,  e,  f^v,   1)*  =  0,  or,   what  is  the  same 


and  in  like  manner 


and 


v  — a? 


th 


w 


(a\  h\  c\  d\  e^v,  Vf  =  0, 

a  =^af 
b'^dx  +6, 

d'=^ax^-hbx^-\-cx  +d, 
e'^^aa^  +  ba^-hca^  +  dx  +  e. 

Omitting,  as  before,  a  power  of  a,  which  is  ultimately  restored,  we  have 

0i<^4  +  <^a<^5  +  4>i4>e  =  -  Sa/8  +  12aV 

+  2a;2  (1  +  4  -  2  -  3)  (1 4  -  23) 
-aj»2(l  +  4-2-3)», 

where  the   2's  in  the    second    and    third   lines  denote   each  of   them  the  sum  of   the 
^w^^  terms  obtained  by  the  cyclical  permutations  of  2,  3,  4. 


i 
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The  first  line  is 


(16  aV  -  4  Vdf  +  cf^)  +  12  a'e 
=  28aV-45'ci'  +  lc'l 


The  second  line  is  2fl?  into  2 1*2  -  3  2 123, 


or  it  is 


=  (-6V  +  3a'd')+3a'd'; 
=  2a?(6a'd'-16V); 


and  the  third  line  is  —  a;»  into  32 1'  — 2  212, 


or  it  is 


=:3(6'«-2aV)-2aV; 
=  a;»(8aV-36'>). 


Hence,  combining  the  three  terms, 

0i<^4  +  iM>^  +  4hl^t  =  28  aV  -  4  b'd'  +  1  c'* 

+  a?  (12  a'd'- 2  6V) 
+  a!>(8aV-36'»), 

or  substituting  for  (a',  6',  c',  d',  ef)  their  values,  the  right-hand  side  is 

=  (40a«,  32a6,  28ac-86»,  44ad-86c,  28a€-4M  +  lc»5a?,  1)*, 
where  ^  stands  for  x^,  and  on  the  left-hand  side  the  fcu^tor  a'  is  to  be  restored. 

25.     Writing  for  shortness 

(♦5a:,  l)*  =  (40a»,  32a6,  28ac-86»,  44ad-86c,  28ae-4W  +  lc*5ir,  l)^ 

the  equation  is 

a'(<^i<^4  +  <^2<^5  +  <^^)  =  (*5a?5,  1)*; 


and  the  system  of  equations  to  which  this  belongs  is 

a'  (<^<^e  +  ^4  +  ^<^8)  =  {*\^ , 

a'  (<^i<^5  +  <^<^,  +  <^4<^e)  =  {'^\^f 


y. 


so    that    the    roots    Xi,  x^,  x^,  x^,  x^    will    be    rational    functions    of   the    combina 
0i<^6  +  ^2^4  +  ^8^6>  &c.  respectively,  of  the  equation  in  ^. 
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*i 


26.     Passing  now  to  the   standard  form  (a,  b,  c,  d,  e,  /$t;,    1)'  =  0,   the   equation  in 


18 


a'x 

-lOOa^x 

J. 

2000  a«x 

-  800  a^j5  Jd  X 

A 

40000  X 

r 

0 

ae  4-  I 
hd  -4 
c"    +3 

0 

a'd/-    2 
aV   +    3 
abc/+    6 
abde  —  14 
ac^e  -    2 
acd"  +    8 

6y  -  4 

h^ce    +  10 
b^d^   +  20 
bty'd  -  40 
c*       +15 

+  1 

aHp     +       1 
a?def    -      2 
oV       +      1 
a^b^P  -      1 
a^bcef  —      4 
o» W'/  +      8 
aV)de^  -      2 
a  V^  -      2 
a'cV    -    11 
a'ccPe   +    28 
a'd*      -    16 
abhf    +      6 
ah^cdf  -    12 
a6»ce«    +    35 
o^^c^^c   -    40 
ah<?f    +      6 
o^c^c/e  -    70 
ahcd^    +    80 
at^e      +    35 
ac»c^     -    40 
6V       -    25 
6»c(ie     +  100 
b'<?e     -    50 
6Vrf*    -  100 
6c  W      +  100 

c«          -    25 

$<^,  ir=o. 


where    n^  =a*/*-h&c.,  denotes  the  Discriminant  for  the  Standard  form. 

27.     And  if  we  put 

C*$«^>  iy  =  20(2aS  8a6,  22ac-106S  ISod-lOic.  7ac- 10W  + 5c«5ic,  1)*, 


then    ^^^  ijave 


a'  (<^l<^6  +  ^2^5  +  <^4^6) 


(»3[a^,  ly, 
{•\x„  ly, 

i*!^*.  1)*. 


■wbich  lead  to  rational  expressions  for  the  roots  a^,  ar,,  «,,  ajj,  a;,  in  terms  of  the  com. 
\)i»ation8  <^^  +  ^,^4  +  <f>^,  &c.  respectively. 
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28.     Consider  now  the  quintic  function 

ir=(a,  6,  c,  d,  e,/$a?,  y)"  =  a(a:-ay)(a?-/9y)(a? -7y)(a?-Sy)(a?-€y); 
and  treating  the  numbers   1,   2,   3,   4,   5  as   corresponding  to  a,  0,  7,  8,  €  respective 


write 


where 


4>  =  12345 -24135, 


12345  =  12  +  23  +  34  +  45  +  51,  &c., 


in  which  12,  &c.  denote  respectively 


y«a?-ay  *  x-0y 


,  &C. 


Then  we  have 


a 


where 


and 


and  where 
and 


<^  =  12345 -24135, 

12345  =  12  +  23 +  34+ 45  + 51  =a/8  +  /97  +  7S  + 86  +  60, 
24135  =  24 +  41 +  13 +  35 +  52  =  /9S  +  Sa +  07  +  76  +  6/8, 

X  =  (12345) -(24135), 

(12345)  =  123  +  234  +  345  +  451  +  512  =  0/37  +  /3yB  +  ySe  +  S60  +  60^, 
(24135)  =  241  +  413  +  135  +  352  +  524  =  /3Sa  +  817  +  076  +  76/8  +  6/38. 


29.     In  fact, 


4>- 


^j(12345)- (24135) 


where 


(12345)  =  123  +  234  +  345  +  451  +  512, 
(I4I35)  =  241+413+135  +  352  +  524, 
where  123,  &c.  denote  respectively 

-  (x  -  oy)  (x  -  /3y)  (x  -  7y),  &c., 

and  (12345)  — (24135)  thus  presents  itself  as  a  cubic  function  divided  by  y^.  But 
this  cubic  function  the  coefficients  of  xi^,  x^y  vanish.  For  the  coefficient  of  any  pc 
of  X  will  be 

123  +  234  +  345  +  451  +  512  -  241  -  413  -  135  -  352  -  524, 


324  ON    A    NEW    AUXILIARY    EQUATION  &C.  [268 

respectively.  The  last  coefficient  [now  given  in  the  form  AJ — 252>],  being  of  the 
degree  6  in  the  coefficients  (a,  6,  c,  d,  e,  /),  is  not  given  in  the  Tables ;  it  is  there- 
fore merely  indicated  by  (81,  93,  S,  2),  (S,  %  ®\x,  y)»,  the  leading  coefficient  81  being  of 
course  the  last  coefficient  in  the  equation  for  ^,  to  the  standard  form. 

I  refrain   frt)m    at    present    entering    into  the    consideration    of   the   values  of  the 
expressions  *i4>  -h  4>,*5  +  *8*i,  &c. 


Addition,  Nov.  10,  1862.     [Originally  printed   in   a   later   memoir  "On  Tschimhausen's 

Transformation**  post,  275.] 

I  take  the  opportunity  of  remarking,  with  reference  to  [the  foregoing]  memoir^ 
that  I  recently  discovered  that  the  auxiliary  equation  there  considered  is  in  fact  du^- 
to  Jacobi,  who,  in  his  paper,  "  Observatiunculae  ad  theoriam  sequationum  pertinentes,'"* 
Crelle,  t.  xiii.  (1835),  pp.  340 — 352,  under  the  heading  "Observatio  de  sequatione  sext 
gradus  ad  quam  sequationes  quinti  gradus  revocari  possunt,"  gives  the  theory,  an 
observes  that  the  equation  is  of  the  form 

<^*  +  (h4>*  +  a^4>*  +  a«  =  32  VD^, 

and   mentions   that   the    value  of  a,  is  easily  found  to   be  (I   adapt  his  notation  to  t 
denumerate  form  (a,  b,  c,  d,  e,  f^v,  l/  =  0) 

=  40a€-166d  +  6c» 

(this  ought,   however,   to   be    divided  by  -2),   but   that    the    values   of   a^,  a^   "pau! 
ampliores  calculos  poscunt." 

The    value   of   the    coefficient   in   question   is  correctly  obtained  (page    270   of 
memoir  [as  printed  in  the  Philosophical  Transactions])  in  the  form 

+  2  (-  16ae  +  46d  -  c») 
+  12  a«; 

but  the  reduced  value  is  given  in  two  places  (page  271)  as  equal  to 

—  32  ae,  this  should  be  —  20  oe, 
+   Sdb,  „  +    8  6d, 

The  last-mentioned  correct  value  was  used  in  obtaining  the  coefficient  for  the  stand^^ 
form,  which  coefficient  is  given  correctly,  page  274.  [The  correction  here  indicated  —  ^^ 
in  place  of  —  32,  is  made  ante  p.  318.] 
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'rom  the  Philosophical  Transactions  of  the  Royal  Society  of  London,  vol  CLI.  (for  the 
year  1861),  pp.  277—292.     Received  February  28,— Read  March  14,  1861.] 

The  present  memoir  relates  chiefly  to  the  theory  of  ternary  cubics.     Since  the  date 

my  Third   Memoir  on  Quantics,  [144],  M.  Aronhold  has  published  the  continuation  of 

3   researches  on   ternary   cubics,   in   the   memoir   "  Theorie   der   homogenen   Functionen 

itten   Grades   von   drei   Veranderlichen,"   Crelle,   t.   LV.  pp.  97 — 191    (1858).     He   there 

nsiders    two    derived    contravariants,    linear    functions    of    the    fundamental    ones,    and 

liich   occupy   therein   the   position   which    the   fundamental   contravariants  PU,   QU  do 

my   Third   Memoir;    in    the    notation    of   the   present  memoir  these   derived   contra- 

Lriants   are 

YU=       ST.PU-^S.QU, 

ZU=-^SS',PU+   T.QU; 

ad  for  the  canonical  form  a:^ '\- y^ -^  z^ '\- 6lxyz,  they  acquire  respectively  the  factor 
I  +  Spy,  viz.  in  this  case 

7I7=(1  +  8P)M  I    {^  +  rf  +  ^)-    3   fi7?}, 

Zn  =  {l  +  Spy  {(1  +  2P)  (f  + 1;3  ^  ^)  + 18  P^^}. 

'he  derived  contravariants  have  with  the  co variants  U,  HU,  even  a  more  intimate 
annexion  than  have  the  contravariants  PU,  QU;  and  the  advantage  of  the  employment 
f  YUy  ZU  fully  appears  by  M.  Aronhold's  memoir. 

But  the  conclusion  is,  not  that  the  contravariants  PU,  QU  are  to  be  rejected, 
ut  that  the  system  is  to  be  completed  by  the  addition  thereto  of  two  derived  cova- 
lants,  linear  functions  of  U,  HU;  these  derived  covariants,  suggested  to  me  by 
[.  Aronhold's  memoir,  are  in  the  present  memoir  called  CU,  DU\   their  values  are 

GU=     '-T.U-\-2^S.HU, 
DU=     SS".  U-  ST.HU: 
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and   for   the    canonical    form    ar*  +  y*  +  ^  +  Glxyz,   they   acquire    respectively,    not    indeed 
(1  +  Sl*y,  but  the  simple  power  (1  +  8P),  as  a  factor,  viz.  in  this  case 

(7I7'=(1+8P){    (-H.4/>)(a:»  +  y»  +  -g»)+  ISlxyz], 

2)  ?7  =  (1  +  SI*)  {P  (    5  +  4P)  (a:»  +  y»  +  ^)  +  3  (1  -  lOP)  «y^} ; 

it  was  in  fact  by  means  of  this  condition  as  to  the  fisu^tor  (1  +  SP),  that  the  foregoing 
expressions  for  CU,  DU  were  obtained  (*). 

The  formulaB   of  my  Third   Memoir  and  those  of  M.  Aronhold  are  by  this  means 
brought  into  harmony  and  made  parts  of  a  whole ;    instead  of  the  two  intermediates 

in  Tables  68  and  69  of  my  Third  Memoir,  or  of  the  intermediates 

aU-h6fiHU,    -2aYU+2l3ZU, 

of  M.  Aronhold's  theorj',  we  have  the  four  intermediates 

aU+6fiHU,    ''2aYU+2fiZU,    2aCU-2fiDU,     GaPU+fiQU, 

in  Tables  74,  75,  76,  and  77  of  the  present  memoir.  These  four  Tables  embrace  the 
former  results,  and  the  new  ones  which  relate  to  the  covariants  CU,  DU\  and  they  are 
what  is  most  important  in  the  present  memoir.  I  have,  however,  excluded  firom  the 
Tables,  and  I  do  not  in  the  memoir  consider  (otherwise  than  incidentally)  the  covariant 
of  the  sixth  order  ©t/",  or  the  contravariant  (reciprocant)  FU. 

I  have  given  in  the  memoir  a  comparison  of  my  notation  with  that  of  M.  Aronhold. 
A  short  part  of  the  memoir  relates  to  the  binary  cubic  and  the  binary  quartic,  viz. 
each  of  these  quantics  has  a  covariant  of  its  own  order,  forming  with  it  an  intermediate 
aL^-f  iSTT,  the  covariants  whereof  contain  quantics  in  (a,  ^),  the  coefficients  of  which  are 
invariants  of  the  original  quantic.  The  formulae  which  relate  to  these  cases  are  in  fact 
given  in  my  Fifth  Memoir,  [156],  but  they  are  reproduced  here  in  order  to  show  the  relations 
between  the  quantics  in  (o,  fi)  contained  in  the  formulae.  As  regards  the  binary  quartic, 
these  results  are  required  for  the  discussion  of  the  like  question  in  regard  to  the  temar)' 
cubic,  viz.  that  of  finding  the  relations  between  the  different  quantics  in  (a,  fi)  contained 
in  the  foimulae  relating  to  the  ternary  cubic.  Some  of  these  relations  have  been 
obtained  by  M.  Hermite  in  the  memoir  "Sur  les  formes  cubiques  k  trois  ind^termin^es," 
(Liouville,  t.  iii.  pp.  37 — 40  (1858),  and  in  that  "Sur  la  Resolution  des  Ajuations  du 
quatrifeme  degr6,"  Comptes  Rendus,  XLVi.  p.  715  (1858),  and  by  M.  Aronhold  in  his 
memoir  already  referred  to;  and  in  particular  I  reproduce  and  demonstrate  some  of  the 
results  in  the  last-mentioned  memoir  of  M.  Hermite.  But  the  relations  in  question 
are  in  the  present  memoir  exhibited  in  a  more  complete  and  systematic  form. 

1  M.  Aronhold,  in  a  letter  dated  Berlin,  17  Jane  1861,  has  pointed  out  to  me  that  the  covariants  CU,  DU 
are  in  his  notation  Pg.,  Pt^,  and  that  they  belong  to  the  forms  called  Conjugate  Forms,  §  27  of  his  memoir. 

But  the  explicit  development  of  the  properties  of  these  covariants  is  not  on  this  account  the  less  interesting. 
Added  20  Sept.  1861.— A.C. 
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It  may  be  noticed  that  Q  is  what  the  left-hand  side  of  the  equation 

(see   Fifth   Memoir,  No.   128)   becomes  on   writing  therein  o,  —6/9,   for    Z7,   HU  respec- 
tively, and  throwing  out  the  factor  4. 

234.  I  take  the  opportunity  of  remarking  with  respect  to  a  binary  quartic 
U=(a,  6,  c,  d$a?,  yY,  that  the  Hessian  of  the  cubico variant,  to  fix  the  numerical  factor, 
say  -i;{d^'^U.dy'4>U-(d^y^Uyi  is 

=  /«t^>-36J.  U.HU^\2I{HU)\ 
which  is 


=  (lU'-^HU^-¥^ (/3 .  27 J») {HUy ; 


or  if  /'  —  27*/*  =  0,  that  is   if  the   quartic   has  a  pair  of  equal   factors,  the   Hessian    ^ 
the  cubicovariant  is  a  perfect  square. 

235.     Coming   now   to   the   ternary  cubic    C/'=(a,  6,  c, /,  gr,  h,  i,  j,  k,  lj[x,  y,  zf, 
give    in    the    first    place    the     following     comparison     of    my    notation    with     that 
M.   Aronhold. 

Aronhold.  Cayley. 

/  u 

t^f  -  6HU 

8  *S 

T  -    T 

R  -   R 

S^  6PU 

T,  -  2QU 

J  64«S»-t-T» 

P,  -  2YU 

Of  2ZU 

CU 

DU 
0 
M 

F  -    FU 

^  2(&„U-TU*+*SU.HU), 

where  the  notations  YU,  ZU  (to  correspond  to  M.  Aronhold's  P/,  Q^  and  **' 
notations  CU,  DU  are  first  employed  in  the  present  memoir.  I  remark  in  regard  '<• 
Pf{=  —  2YU),  where,  as  already  mentioned, 

FJ7  =  (1  +  8Z»)'  [I  (r  +  ^'  +  D  -  ^vK\> 
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that  in   my   Memoir  on   Curves  of  the   Third  Order  (Phil.  Trans,  t.  CXLVii.  (1857),  see 
p.  427),  [146],  I  was  led  incidentally  to  the  curve 

^(r  +  ^'  +  (?)-3fi7C=0, 

and  that  I  there  gave  the  equation 

3r.Ptr-4Sf.QZ7=(l  +  8/»)»{i(f +  i7»+?»)-3fi;fl. 
But  the  curve 

(1  +  2?)  (f  +  ^»  +  f3)  +  i8?f^f  =  0, 

irhich  corresponds -to  (Q/=2Z[7),  does  not  occur  in  that  memoir. 

236.  I  remark,  further,  in  regard  to  M.  Aronhold's  6,  H,  that  these  are  what 
he  calls  "  Zwischenformen,"  viz.  they  are  covariants  of  the  cubic  and  of  the  adjoint 
linesr  form  ^x  +  riy '\- ^z^  or  as  they  might  be  termed  Contracovariants.  For  the 
can.onical  form  U  =  x^  +  y^  +  2^  +  6lay2,  the  value  of  J0  is 

(yz  -  t'af,  zx  -  Zy,  xy  -  ?2^,  l^yz  -  la^y  Pzx  -  ly\  Pxy  - 12?^^,  17,  5)*, 

which  is  a  form  which  occurs  incidentally  in   my  memoir  last  referred  to  (see  p.   427). 
TYl^   value  of  H  in  the  same  case  is 

(-2^(1  +  2?)^- 6Zy^, .  , .  ,  -(1  +  4i»)a^+2Ul  +  2P)y^, . ,  .$?,  V.  Kf. 

which  does  not  occur  in  that  memoir.     In   my  Third   Memoir  on  Quantics  I  purposely 
abstained  from  the  consideration  of  any  such  forms. 

237.  My  covariants  %U  and  ^^U  involved  unsjonmetrically  the  cubic  and  its 
Hessian,  and  it  did  not  occur  to  me  how  a  similar  covariant,  such  as  M.  Aronhold's 
"^f  vrhich  involves  the  two  functions  sjrmmetrically,  was  to  be  formed.  Let  (A,  B,  C) 
^  the  first  derived  functions,  (a,  6,  c,  /,  g,  h)  the  second  derived  functions  of  the  cubic 
^9  3nd  {A\  E,  C)  the  first  derived  functions,  (a\  b\  c\  /',  g\  K)  the  second  derived 
*^^ctions  of  the  Hessian  HU,  then  disregarding  numerical  factors,  we  have 

e  tr  =  (6c   -f\..,  gh  -af  ,,.  \A\  F,  C')\ 

^,U^{h'c  ^f\...^h'^ar,..^A,B,CY, 

^  =  (6c'  +  6'c-2;y',..,  gh'^-^h^af^a:i..\A,  B,  Cn^A',  B,  CT); 

^^    considering    ^7=0  as  the  equation  of   a  curve    of  the    third  order,  the   equations 

^=0,  0^Cr=O,  -^  =  0  have  the   following  significations,  viz.  ®I7'=0  is  the  locus  of  a 

^^^^t,  such   that  its  second  or  line   polar  with  respect  to  the   Hessian   touches  its  first 

^  conic  polar  with  respect  to  the  cubic:  B,J7  is  the  locus  of  a  point  such  that  its 
^^^ond  or  line  polar  with  respect  to  the  cubic  touches  its  first  or  conic  polar  with 
^X>€ct  to  the  Hessian:  and  -^  =  0  is  the  locus  of  a  point  such  that  its  second  or 
,2^^  polar  with  respect  to  the  cubic,  and  its  second  or  line  polar  with  respect  to  the 
^^^Bsian  are  reciprocals  (that  is,  each  passes  through  the  pole  of  the  other  of  them) 
^^'th  respect  to  the  conic  which  is  the  envelope  of  a  line  cutting  the  first  or  conic 
^^lajr  of  the  point  with  respect  to  the  cubic,  and  the  first  or  conic  polar  of  the  point 
^^th  respect   to  the  Hessian,  in   two   pairs  of  points  which   are   harmonically  related  to 

^^^h  other:    such   being  in   fact   the   immediate  interpretation  of  the  analytical  formula. 

*^^t  this  in  passing. 

C.  IV.  42 
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238.  The  formulae  (Tables  68  and  69  of  my  Third  Memoir)  for  the  discrimimmts 
of  the  intermediates  aU+6ffHU  and  6aPU  +  /3QU  respectively  are 

R(  aU    +6fiHU)  =  [(l,         0,  -24S,  -   ST  ,  -  48S»        ^a,  fiyfR, 
Ri6(iPU+   PQU)  =[(485,  8r,  -96S*,  -2475,  -r*-16S*5a,  fiYJR. 

In  M.  Hermite's  paper  in  the  Comptes  Rendus,  already  referred  to,  there  are 
given  between  these  quantics  in  (a,  0)  certain  relations  which  (although  less  simple 
than  the  relations  that  will  afterwards  be  obtained)  I  now  proceed  to  investigate. 
Putting  in  the  first  formula  a-^fi^p,  and  in  the  second  formula  o-i-)9  =  tf,  we  have 

R  (pU      +  6HU)  =  0,  if  (1,         0,  -  24S,  -    87  ,  -  48S»        5/),  ly  =  0, 
R{60PU+   Qt7')  =  0,  if  (4&8f,  87,  -96S»,  -2475,  -r»-16iS*5tf,  1)*  =  0, 

which  equations  in  p,   0,  are  about  to  be    considered    in    place  of   the   quantics    from 
which  they  respectively  arise. 

239.  It  is  convenient  to  write  (*) 

^  =  45, 

5=^IV-64S* 
(so  that  2^  =  il*  +  JB*  and,  for  the  canonical  form, 

A^-U  +  W,    5-1  +  8P). 

Making  this  change,  and  joining  to  the  equation    in  p  that   derived  from    it  by 
writing  q  for  p,  and  interchanging  A,  B,  we  have  the  three  equations 

(1,  0,  -6il,  "ST  ,  -32l«  1Sj>,  1)*  =  0, 
(1,  0,-65,-87  ,  -3fl»  5g,  1)^  =  0, 
(12^,  87,  -6A\  -67^,  -7*-iil>5tf,  1)*=0. 

240.  The  signification  of  the  equation  in  g  is  as  follows,  viz.  if  the  quantic 

£/'=(*$a?,  y,  zy 
is  transformed  into  the  canonical  form 

X' +  Y' +  Z' +  61XYZ 
by  means  of  the  linear  equations 

(X,  y.  -?)  =  (A$Z,  F,  Z), 

^  A  is  (Aronhold's  and)  Hermite's  S,  B  ia  Hermite's  S^^  and  p,  g,  9,  A  are  Hermite's  d,  d^,  A,  d:  there 
a  slight  inaocoracy  in  three  of  his  formalsB,  which  should  be 

corresponding  to  formolad  in  the  present  memoir. 
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where    A  is  a    matrix,   then    using    the    same    letter  A    to  represent    the    determinant 
formed  out  of  this  matrix,  or  determinant  of  substitution,  we  have 

3 

«  =  Ai' 

80  that  the  equation  in  9  is  one  that  presents  itself  in  the  question  of  the  reduction 
of  the  cubic  to  its  canonical  form. 

In  fact  the  linear  transformation  gives 

SA*  =  -l  +  l*, 

TA'  =  1  -  20Z'  -  8i«, 

£Uid  thence 

(2*-64S»)A''  =  (l  +  8^)>, 

■vThich,  writing  B'  in  the  place  of  2^  —  64/8',  becomes 

B'A'*  =  (1  +  8Py,  or 

BA*  =  1+8?  ,  or  8l^  =  BA*-l, 

tvhence  also 

8TA'  =8-20  (BA*  - 1)  -  (BA*  - 1)» 

=  27-18  BA*         -  B'A', 

or,    as  this  may  be  written, 

81_545_242'_ 

A«      A*        A«  ' 

.3 

vrliich,  putting  therein  ?  =  -r^ ,  becomes 

(1,  0,  -65,  -Sr,  -35»5g,  1)*  =  0, 
the^    above-mentioned  equation  in  q. 

241.     The  relation  between  0  and  q  is 

T       B^ 

^K^ay  be  verified  without  difficulty.     That  between  0  and  p  is 

appears  by  the  identical  equation 

(12il,  8T,  -  6A',  -  6TA,  -T*-  iil»3[i  (p  +  ^),  1)* 

^^(3il,  82",  -\2A\  -72TA,  -i6A'-64>T'.  -12TA*,  -UA*,  8TA\  SA'Jip,  If 


^(1,  0,  -6A.  -8T,  -34»l[i),  iy.(3A,  8T.  6A\  0.  -A'^'^p,  ly. 


42—2 


332  A  SEVENTH   MEMOIR   ON   QUANTICS.  [269 

where  the  second  factor  of  the  product  on  the  right-hand  side  is 

-?(i,  0,  -6ii,  -sr,  -3^«5-,  ly. 

A  p 

The  relation  between  p  and  q  is  then  at  once  found  to  be 

A 
^~        A     2T' 
'^      p      A 

or  (since  p,  q  and  A,  B  may  be  simultaneously  interchanged) 

2A* 

B 

P-        B     2T' 
^'-q'^B 

242.     Let    the    equations   in  jp,  g   be    represented    by  ^/)  =  0,   ^  =  0   respectively; 
then  we  have 

ifyp^p^-  SAp'  -  STjp-  3il», 
and  therefore 

J<^'p=jp>-3ilp  -27; 
whence 

3Ap^  +  6Tp  +  3A\ 

and  therefore 

2iftp  ^24^ 

with  a  like  formula  for  p,  that  is  we  have 

245»  24il» 


?  =  -:i7:r'l»  = 


which  with  the  equation 


f^  » 


0 


are  the  system  of  equations  connecting  0,  p,  q. 

243.    As  already  remarked,  we  have  to  consider  the  two  derived  covariants 

CU==-T.U+2*8  .HU, 
DU=8S'.U-   ZT.HU, 

and  the  two  derived  contravariants 

TU=       3T.PU-i8.QU, 
ZU  =  - 'iSS' .  PU  +    T.QU, 
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which  for  the  caDonical  form  a:^ + y*  + 1^  +  6lxi/z  are  as  follows: 

Table  No.  70  (addition  to). 

CU  =(1  +  8Z')  [(-  l  +  ^)(x>  +  f  +  z')+  181   xyz], 

DU  =  il  +  81*)  p  (5  +  4Z»)  («i»  +  y*  +  ^)  +  3  (1  -  lOP)  leyz], 
7U  =  (l+8l^y[  l(^  +  rf+^)    -3^;?], 

ZU  =  (1  +  8P)»  [(1  +  2P)  (^  +  y  +  {:»)  +  ISi'fv?]. 


244.     We  have  conversely 

SR.     U^ST  .CU+2^S.DU, 
5R.HU=8S'.CU+     T.DU, 

-iR.PU=     T  .YU  +  ^.QU, 
-SR.QU  =  *8S'.7U  +  ST.PU, 


and 


and  also  the  following  formula;,  viz.  if 

2aCU-  2^BU=c^U+6^HU; 


then 


■which  give,  conversely. 


a'=         -  2Ta  -  16S»/8, 
^'  =  88a  +      T0, 

«  =  ^  (      Tc^  +  16-SP/3'). 


and  moreover,  if 


then 


which  give,  conversely, 


iS  =  gi  (- 8S«' -   2T/9'); 


-  2a7U  +  2fiZU  =  6c^PU  +  0'QU, 

a'  =       -  (      Ttt+  IQS'^), 
^  =       _  (_  8Sa  -   2Tfi), 


a  =  -  2^  (-  2Ta'  -  IQS'^ 


^*^  that  the  relation  between  (a,  /8)  and  (a',  /9')in  the  present  case  is  similar  to  that 
o^tween  (a',  /30  and  (a,  /3)  in  the  former  case.  It  may  be  noticed  that  in  all  these 
'^>~stem8  of  linear  equations,  the  determinant  of  transformation  is  a  multiple  of 
^^^*-T'i=R). 
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245.    It  will  be  convenient,  before  giving  the  Tables  for  the  covariants  of 
aU  +  6fiHU,    2aCU-20DU.    6aPU+fiQU,    2a7U-2ffZU. 

which  replace  Tables  68  and  69  of  my  Third  Memoir,  to  give  the  following  separate 
Table  of  the  quantics  in  (a,  ^)  which  enter  into  the  expressions  of  the  invariants  m 
Tables  68  and  69,  and  in  these  new  Tables. 


Table  No.  73. 

(1,0,-  24S  ,-8T.       -  ^»\oi,  ^y, 
(S,  T,      24S»,   4ra ,  2*  -  48S»3Ja,  /9)«, 
{T,  96S»,  602*5,  20T»,  2402'/S*,  -482*5  +  46085',  -  82^  +  o762'iS*3[a,  fiy. 


(485,  8T,  -  965»,  -  242*5,  -  2*  -  liiS'\a,  ffy. 

2"      +192S»  !] 
128  75*, 

18  2'»5    +  384  5«  ,  <^o,  ^y, 
T>      +   64  2'5», 
(^     oT^S*  -   64S»  ,y 

''  -8  2"    +   4608  2'5», 
1920  2*5*  +  73728  5»    , 
360  2*5  +  38400  75* , 
20  2*     +   8960  2*5»,  <^a,  /9)', 

840  2*5*+   7680  rS", 
36  2*5  +     384  2*5*  +  24676  5', 
12*     -       40  2*5»+   2560  2*5",; 

where  the  first  part  of  the  Table  contains  the  quantics  in  (a,  /3)  which  relate  to  the 
forms  aU+Q^HU  and  2aYU—2fiZU,  and  the  second  part  of  the  Table  contains  the 
quantics  in  (a,  /3)  which  relate  to  the  forms  QaPU+^QU  and  -2ttCU+2ffDU. 

The  quantics  in  (a,  ^)  contained  in  the  foregoing  Table  are  in  the  sequel  indicat 
by  means  of  their  leading  coe£5cients;  as  thus, 

(1,  0,  -  245, .  .$a,  5)*,    (5.  T, .  .3[a,  0y.    (2"  + 1925», .  .l[a.  /3V,  &c. 

246.  It  is  easy  to  see  what  transformations  must  be  performed  on  the  results  i 
Tables  68  and  69,  in  order  to  obtain  the  new  Tables.  Thus,  in  the  formation  of  Tab! 
74,  Table   68  gives  aU-\-6l3HU  and   H{aU+6^HV),  and   from   these   C{aU+6fiH 
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No.  75. 

R  (-  2a7U  +  2fiZU)  =  -  4096i?  x  [(S,  T, . .  "^a,  ffyy, 

S  (- 2aYU+  2fiZV)=       -   B*x  (I,  0.  -  2iS. . .  l^a,  fiy, 

T (- 2aYU+  2^ZU)  =       -%R*x  (T,  96-Sf, . .  3[a,  /S)*. 


-  2(iYU+  20ZU  =  -  2aYU+  2^ZU, 


H(-2aYU+2^ZV)»-  i  R  x  f      df(8,  T,..  l[a,  ffy.  YU 

[+  8.(5.  T,..\a,fiy.ZU, 


C  (-  2aYU+  2I3ZU)  -  - 16  iJ'  (S,  T,..  ^a,  0y  x 

3,1  (1,  0,  -2*S,..\a,  fiy.YU 
+  3.(1,  0.  -245. . .  3[a.  ^y.ZU 


{ 


D  (-  2ar£/'+  2/9ZI0  =  -¥■«•  (-S.  2',  •  •  ![«,  /9)*  x 

8,(2'.  96S»...'5a.  /9)«.  FI/" 
+  3.(2',  96S»,..3[a,  /9)».ZI7; 


{ 


P(-2aFE7'+2/9^£0=     * -R*  x  f      3,(1,  0, -245. ..  3[a, /9)«.     fT 

t  - 63.  (1,  0,  -  245, . .  Jitt,  py.HU, 

Q(-2aYU+2l3ZU)  =  -lR^x  j      3,(2*,  965», . .  3[a,  ^S)*.     U 

t  -  63.  (2',  96S», . .  l[a,  ^)« .  fl^ir, 

F  (-  2aYU+  2fiZU)  =     256iJ'  [(5,  T. . .  IJa,  ^S)*]'  x 

Z  (-  2aF?7'+  2^ZU)  =  -  .512ii'  [(5,  T. . .  l^a,  /3)«]'  x 

f       3,  (5,  T, . .  lla.  ^y .     £r 
1-63.(5,  T,..\a,  ^y.HU. 
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No.  77. 

R  {6ttPU+ PQU)  =  B?x  [(48fif,  %T  ...  '$0,  /3)*]', 

S  (daPU  +  ^QU)=  (2*  +  1928*  , . .  "^a.  ffY, 

T  (6ttPU  +  fiQU)=  (-8T»  +  4608r-S», . .  "j^a,  fiy. 


QaPU+^QU)^  GaPU  +  fiQU, 

H(6aPU+  fiQU)  =  -  ^  X  J     6df  (48/S,  8T,  ..\<x.^y.PlT 

[-  a.(48S,  ST,..\a,^Y.QU, 


C  {6aPU  +  ^QU)  =  -  (485,  82*, . .  3[a,  fiy  x 

63,1  (2*  + 1925»,  ..\a,fiy.PU 

-  d.(T*+n2S^,..\a,py.qu, 


{ 


D  {<aaPU  +  PQU)=  ii  (485,  87, .  .\a,  ^y -k 

69,1  (- 82*  +  4608 rS*.  ..\a,  fiy.PU 
-  8. (- 82*  +  46082'S', . .  3[a,  ^y.QU, 


{ 


^^ (2*  +  192<S», . .  3Jce,  fiy.CU 
192S»...'5a,  ^y.DU, 


**""    \+a.(2*+ 

QiQaPU^fiQU)=     ^x/     8*(-82-  +  4C082'S^. . .  l^o,  /9)'.CC^ 

I  +  a.  (-  82*  +  46082'<S*, . .  31a,  /9)» .  DtT, 

Y  (6etPI/'+ /8QI7)  =     -  ^iZ .  [(48S,  82*, .  .  3[a.  ^y]*  x 

(-2aC£/"+2/3i)C0, 


Z  (6aPy  +  /SQfO  =     -  i-B  [(^S-S.  87, . .  ![«,  /8)*p  x 

^^(485,  ST,..^a,  fiy.CU 
+  a.(48S,  82", . .  Jia,  ^y.DU. 


{ 
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247.  It  will  be  noticed  how  Tables  74  and  75  form  a  system  involving  only 
the  quantics  in  (o,  fi)  contained  in  the  first  part  of  Table  73,  and  how,  in  like 
manner,  Tables  76  and  77  form  a  system  involving  only  the  quantics  in  (a,  fi)  con- 
tained in  the  second  part  of  Table  73 ;  and,  moreover,  how  in  each  pair  of  Tables 
the  covariants,  &c.  correspond  to  each  other  as  follows,  viz. 

i2,  fif,  r,  1,  H,  C,  D,  P,  Q,  F,  Zto 
fif,  iJ.  r,  Y,P,Z,  Q,  H,  D,  1,  a 

Thus  in  Table  74,— the  formula  for  H(aU     +6I3HU), 
and  in  Table  75,— the  formula  for  P  (2aYU-2l3ZU), 

ea.43li  of  them  involve  the  same  factor 

a^(l,  0,  -24fif,..5a, /9)*.[7 

- ea. (1,  0,  - 24fif, . .  5a,  isy.HU, 

and  so  in  all  the  other  cases. 


{ 


248.  The  quantics  in  (a,  j8)  in  each  part  of  the  foregoing  Table  73  are 
covariantively  connected  together.  In  fact,  considering  the  function  (1,0,—  24/S, . ,  ^a,  /9)*, 
vrhich  for  shortness  I  call  6,  we  have 

G=    (1,  0,  -  24fif, . .  $«. /S)*, 

IG=    0, 

JG=    4(64S»-r*)  =  4E, 
DG=     (IGf    -27(/G)'  =  -432i?, 
HG  =  -^iS.T,..  \oL.fff, 

^G=     2  (T,  96S», . .        5a,  /Sy. 

The    last-mentioned   formulae,  by  the  aid  of  Table   72,  give  rise  to   the  following  more 
general  system  in  which  they  are  themselves  included. 


Table  No.  78. 

\G  +  6fiHG  =  \G  +  6nHG, 
H(\G  +  6fiH0)=  Sefi'G  +  X'HG, 
<P  (\G  +  6,iHG)  =  (V  -  216iJ/t')  2  (T,  96/S»,  ...^a,  0y, 
I  (\G  +  6fiHG)  =  72i2V. 

J  {\G  +  6ixHG)  =  4,R  (X»  +  216Bfi*), 

D  (\G  +  6fiHG)  =  -  432i?  (X*  -  216iJ/i*')». 

43—2 


L 
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The  expression  for  H(X0  +  6^0),  putting  therein  \  =  0,  shows  that,  to  a  numerical 
factor  pris,  H .  HO  is  equal  to  (7,  and  hence,  disregarding  numerical  fitctors,  we  may 
say  that  each  of  the  quartics  (1,  0,  24S, .  .  \^,  fiy,  (S,  T, . .  5«f  fiY,  is  the  Hessian  of 
the  other  of  them,  and  that  the  sextic  (T,  96S^, .  .  lj[a,  fiy  is  the  cubicovariant  of 
each  of  them. 

249.  Similarly,  if  the  function  (48S,  ST,  .  .  3[«,  fiY  is  for  shortness  called  O,  then 
we  have 

0  =  (48S,  ST, . .  3[a,  fiY, 
70  =  0, 

/G  =  4  (645*  -  T^y  =  4/P, 
DO  =  (loy  -  27  (JOy  =  -  43212*, 

irG  =  -4(r«  +  i92S*,..5a,  ^y, 
<i>o = -  2  (-  ST* + 4608riS*, . .  3[a,  ^y. 

The  last-mentioned  formulae,  by  the  aid   of  the  same   Table   72,  give   rise   to  the  mo: 
general  system  in  which  they  are  themselves  included. 


Table  No.  79. 

\G  +  6fiHG  =    \G  +  6fiH0, 
H  (kO  +  6fiH0)  =     36i?/A»(?  +  X^HO, 

<E>  {\0  +  6fiH0)  =     (X'  -  216i?/A»)  X  -  2  (-  8T*  +  4608^/8*, . .  3[a,  fiy, 
I  {XQ  +  6/iirG)  =     72i?\/A, 
/  (Xff  +  6/jlHG)  =     4iP  (X»  +  216i?/i»), 
D  (Xff  +  6/iirG)  =  -  43212*  (X»  -  2l6R'fiJ. 

The  expression   for  H  (\0 -{- 6/jlHG),  putting   therein   X  =  0,   shows   that,  to   a   numeric 
factor  pr^,  H .  HO  is   equal   to  (? ;   so  that,  disregarding   numerical  factors,  we  may 
that  each  of  the   quartics   (48iS,   T, .  .\a,  fiy,  (T' + 192/8*, ..  ^a,  fiy,  is   the   Hessian 
the   other  of  them,  and  that  the  sextic  (—  8^'  +  4t60STS*, .  .  ^a,  fiy  is  the   cubicovariaK:====^ 
of  each  of  them, 

250.     But  besides   this,   the   quantics   in   (a,  fi)  in  the   two  parts  of  the   Table 
are    linearly    connected    together:    the     linear    relations    in    question    are    in    fact    i 
equations   whereon   depend   the   expressions  for   the   invariants   in   Tables   76   and   77 
deduced   from   those   in   Tables   74   and    75 ;    and   in    the   order   of    proof,   they   preo 
the  formulae  in  these  four  Tables.     The  linear  relations  are 
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(1,  0,  -  2iS. 

(S,  T, . . 
{T,  96S», . . 


Table  No.  80. 

Ji-2Ta-  I68>ff,      88a  +   TfiY  =  -  16iJ  (2"  +  192S», . .  3[a,  $y, 

"g- 22'«  -  le-SfyS,      8/Sf«+    r^)«=         i?  (48/8,  ST, . .  "^a.  fiY, 

3[_  2Ta  -  IQS'ff,      8/Sa  +    Tfiy  =  -  8^  (-  82*  +  46087/8*, . .  "Ja,  )8)«. 


(48,8,  87, . .  5      2'a  +  16S^/3,  -  8,8a  -  27)8^  =  -  UBr-  (S,  T, . . 

(T»  +  192£l», . .  5      r«  +  16S*j8,  -  8fifa  -  2Wy  =  -      ^(1,0,-  24£f, . . 

(-  87'  +  46082'iS», .  . '^     Ta  +  16S»/3,  -  8Sa  -  2T^y  =  -   8R*  (T,  965*, . . 


5«.  /3y. 

5«.  ^y- 


Hence,   attending   to   the   remarks   on   the    Tables    78   and    79,   we    may  say   that   the 
quartics 

(1,  0,  -  245. .  .  3[a,  ^y, 
(485,  T...         5a,  fiy, 

which   belong  to  the  two  parts  respectively  of   Table   73,   and  which  are    related,  the 

first   of  them  to  the  discriminants  of  aU-^G^HU  and   2aYU—2l3ZU,  and  the  second 

to   the    discriminants    of   6cLPU-\-fiQU,  —2aCU+2l3DU,  have    these    relations    to    each 

other,   viz.   each   is   a  linear   transformation   of  the   Hessian   of  the   other  of  them,  and 

the  cubicovariant  of  each  is  a  linear  transformation  of  the  cubicovariant  of  the  other. 
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ON  THE   DOUBLE    TANGENTS  OF    A    CURVE   OF  THE    FOURTH 

ORDER. 

[From  the  Philosophical  Transactions  of  the  Royal  Society  of  London,  vol.  CLL  (for  the 
year  1861),  pp.  357—362.     Received  May  30,— Read  June  20,  1861.] 

The  present  memoir  is  intended  to  be  supplementary  to  that  "On  the  Double 
Tangents  of  a  Plane  Curve  {Phil.  Trans.,  vol.  CXLix.  (1859),  pp.  193—212)  [260]."  I 
take  the  opportunity  of  correcting  an  error  which  I  have  there  fallen  into,  and  which 
is  rather  a  misleading  one,  viz.  the  emanants  J7i,  CT,, . .  were  numerically  determined 
in  such  manner  as  to  become  equal  to  U  on  putting  (xi,  y^,  Zi)  equal  to  (x,  y,  z); 
the  numerical  determination  should  have  been  (and  in  the  latter  part  of  the  memoir 
is  assumed  to  be)  such  as  to  render  Hi,  H^,  &c.  equal  to  H,  on  making  the  substitu- 
tion in  question;  that  is,  in  the  place  of  the  formulae 

CTi  =  -  (x^dx  +  yidy  +  ^ A)  U, 

U2  =  y^ .  _  -^v  (^A + yA + zAy  u,  &c., 

there  ought  to  have  been 

Ui  =  ^  2)  (^A  +  yA  +  zA)  U, 

^«  =  (n-2)(n-3) ^^^* "^ ^'^^ "^ ^'^'^  ^'  ^^' 

[this  error  is  corrected  ante  p.  189]. 

The  points  of  contact  of  the  double  tangents  of  the  curve  of  the  fourth  order 
or  quartic  U=0,  are  given  as  the  intersections  of  the  curve  with  a  curve  of  the 
fourteenth  order  IT  =  0 ;  the  last-mentioned  curve  is  not  absolutely  determinate,  since 
instead    of    IT  =  0,  we    may,  it    is    clear,  write    11  +  MU  =  0,  where  Jlf  is  an    arbitrary 
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function  of  the  tenth  order.  I  have  in  the  memoir  spoken  of  Hesse's  original  form 
(say  III  =  0)  of  the  curve  of  the  fourteenth  order  obtained  by  him  in  1850,  and  of 
his  transformed  form  (say  11,  =  0)  obtained  in  1856.  The  method  in  the  memoir  itself 
(Mr  Salmon's  method)  gives,  in  the  case  in  question  of  a  quartic  curve,  a  third  form, 
say  115=0.  It  appears  by  his  paper  "On  the  Determination  of  the  Points  of  Contact 
of  Double  Tangents  to  an  Algebraic  Curve  (Quart  Math.  Joum.  vol.  III.  p.  317 
(1859)),"  that  Mr  Salmon  has  verified  by  algebraic  transformations  the  equivalence 
of  the  last-mentioned  form  with  those  of  Hesse;  but  the  process  is  not  given.  The 
object  of  the  present  memoir  is  to  demonstrate  the  equivalence  in  question,  viz. 
that  of  the  equation  113  =  0  with  the  one  or  other  of  the  equations  ni  =  0,  nj  =  0, 
in  virtue  of  the  equation  ?7=0.  The  transformation  depends,  1st,  on  a  theorem  used 
by  Hesse  for  the  deduction  of  his  second  form  Ha  =  0  from  the  original  form  Hi  =  0, 
which  theorem  is  given  in  his  paper  "Transformation  der  Gleichung  der  Curven 
14ten  Grades  welche  eine  gegebene  Curve  4ten  Grades  in  den  Beriihrungspuncten 
ihrer  Doppeltangenten  schneiden,"  Crelle,  t.  Lii.  pp.  97 — 103  (1856),  containing  the 
transformation  in  question ;  I  prove  this  theorem  in  a  different  and  (as  it  appears 
to  me)  more  simple  manner;  2nd,  on  a  theorem  relating  to  a  cubic  curve  proved 
incidentally  in  my  memoir  "On  the  Conic  of  Five-pointic  Contact  at  any  point  of 
a  Plane  Curve  (Phil.  Trans.,  vol.  CXLIX.  (1859),  see  p.  385  [261]),"  the  cubic  curve 
being  in  the  present  case  any  first  emanent  of  the  given  quartic  curve:  the  demon- 
stration occupies  only  a  single  paragraph,  and  it  is  here  reproduced;  and  I  reproduce 
also  Hesse's  demonstration  of  the  equivalence  of  the  two  forms  Hj  =  0  and  Hj  =  0. 

Let  fr=(»$a;,  y,  zY  be  a  quartic  function  of  (x,  y,  z);  (a,  6,  c, /,  g,  h)  its  second 
differential  coefficients ;   (A,  B,  c,  F,  G,  h)  the  reciprocal  sjrstem 

(6c-/»,  ca-f,  ab-h\  gh-af,  hf-bg,  fg-ch); 

and  let  H  be  the  Hessian  of  U,  or  determinant  abc  —  a/^  —  bg^  —  ch^-h  2/gh  (H  is 
of  course  a  sextic  function  of  a?,  y,  z) ;  (a\  b\  c',  /',  ^,  K)  the  second  differential 
coefficients  of  H\  (a',  b',  </,  f',  g',  h')  the  reciprocal  system 

(6V  -/^  cV  -  ^»,  a'V  -  h:\  gfh!  -  a/',  Kf  -  6y,  /V  -  c'K). 

Then  J7=0  being  the  equation  of  a  quartic  curve,  the  equation  of  the  curve  of 
the  fourteenth  order  which  by  its  intersections  determines  the  points  of  contact  of  the 
double  tangents  of  the  quartic  curve,  may  be  taken  to  be  (Hesse's  original  form) 

ni=   (A,  B,  c,  F,  G,  n^JS,  dyH,  dtHy-SH(A,  b,  c,  f,  g,  H]j;a»,  dy,  dzYH^Oi'). 

Or  it  may  be  taken  to  be  (Hesse's  transformed  form) 

0^  =  5  (A,  B,  c,  F,  o,  H$a^,  dyH,  d^Hy-S(A.\  B',  c',  F',  g',  H'$a,i7,  dyU,  d,U)'  =  0. 

And  moreover,  if  Ui  =  i^  (xidx -^^  yidy  +  Zidz)  U,  and  if  Hi  be  the  Hessian  of  Ui,  and 
{a",  b'\  c!\  f",  ^',  h")  the  second  differential  coefficients  of  H—SHi,  where  in  the 
differentiations  (xi,  y^,  z^  are    treated   as    constants   but    after    the    differentiations   are 

1  In  quoting  this  formula  in  my  former  memoir,  the  numerical  factor  3  is  by  mistake  omitted.    [This  cor- 
rection flhould  have  been  made  ante  p.  1S7.] 
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eflfected  they  are  replaced  by  (a?,  y,  z),  and  if  (a",  b",  c",  f",  o",  h")  be  the  reciprocal 
system 

(6V'-/"«,  d'a"-f\  a"6"-r«,  ^T'-a"/",  K'f"  ^h"f,  f'f '-c"K'\ 

then  the  equations  of  the  curve  of  the  fourteenth  order  may  be  taken  to  be  (Salmon's 
form) 

n3=(A",  B",  d\  F",  o'',  H"$a,[7,  Zyjj,  d.uy^o, 

I  have  preferred  to  write  the  three  equations  in  the  foregoing  forms;  but  it  is  clear 
that  the  terms 

(A,  B,  c,  F,  o,  H][a«,  dy,  d,yH  ;  (A',  B',  c/,  F',  o',  R-ja,,  dy,  d,y  u 

might  also  have  been  written 

(A,  B,  c,  F,  o,  H$a',  h\  c',  2/',  2g\  2A');  (a',  b',  d,  f',  o',  H'Ja,  6,  c,  2/  ig,  24). 

As  already  noticed,  it  has  been  shown  by  Hesse  (and  his  demonstration  is  to  be  here 
reproduced)  that  the  two  forms  IIi^O  and  11,  =  0  are  equivalent  to  each  other.  And 
the  object  of  the  memoir  is  to  show  that  the  third  form  11,  =  0  is  equivalent  to  the 
other  two.  The  equivalences  in  question  subsist  in  virtue  of  the  equation  17"=  0,  that 
is,  the  functions  IIi,  n„  11,  are  not  identical,  but  differ  from  each  other  by  multiples 
of   U. 


Demonstration  of  Hesse's  Theorem, 

Let  (a,  6,  c,  /,  g,  h),  (a',  b',  &,  /',  g\  K)  be  any  systems  of  coefficients  of  a  ternary^ 
quadratic   function;   (A,  B,   c,   F,   o,  H),   (a',   b',   c',   f',  o',   h')   the   reciprocal   S3rstems 
above,  (rr,  y,  z)  arbitrary  quantities.     Consider  the  function 

□  =(a,  6,  c,  /,  g,  h'^x,  y,  ^)«.(a',  b',  c',  f',  g',  H'$a,  6,  c,  2/  2g,  2A) 

-(a',  b',  c',  f',  g',  n'^ax  +  hy -^ gz,  hx  +  by-k-fz,  gx-^tfy^-czf. 

The  term  involving  A'  is 

a  (a,  6,  c,  /,  gy  )i\x,  y,  ^)»  -  (cw?  +  Ay  +  gzj, 
which  is 

=  iah  -  h^)f  +  (ac-^«)^+  2  {af^gh)  yz, 

^^Gy^-^Bz^-ZFyz] 
and  the  term  involving  2F'  is 

/(a,  6,  c,  /,  g,  A$a?,  y,  zf  -(hx  +  by  +fz)  (gx  ^-fy  +  cz\ 


which  is 


=  (f'Z-  9^)  ^  +  (/'  -  ^)  yz  +  ^fg  -  c/0  ^^  +  ( //-  hg)  xy, 
=  _  i?V  -  Ayz  +  fl^^.r  +  Gay ; 
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we  may  eliminate  any  one  of  the  three  terms 

(A',  B',  (f,  F',  o',  Bjd^U,  dyU,  d,uy, 
H.(iL,  B,  c,  F,  o,  H$3,    ,  dy       dt^H, 
(A,  B,  c,  F,  o,  H$a,jy,  dyH,  dtHy; 
and  in  particular  if  the  second  term  be  eliminated,  we  obtain  the  equation 

n,=5(A,  B,  c,  F,  o.  H$a,jy,  a^fl,  a,H)«-3(A',  b',  </,  f',  o',  h^'^b^u,  dyU,  d,uy, 

and  the  equivalence  of  the  two  forms  Hi  =  0  and  n,  =  0  is  thus  established. 

But  Hesse's  theorem  leads  also  to  the  demonstration  of  the  equivalence  of  the 
third  form  U,  =  0.  To  use  it  for  this  purpose,  I  remark  that  if  (a'\  h'\  c",  f'\  g'\  A") 
are  the  second  differential  coefficients  of  H—  3J7i,  where  after  the  differentiations  (xi,yi,  s^) 
are  to  be  replaced  by  (x,  y,  z),  then  the  theorem  gives 

i2ir.(A",  B",  c",  F",  o",  H"$a„  dy,  d,y  U'-^ik",  b",  cf\  F",  o",  H"$a,[7,  dyU,  d,uy 

=     (a",  V\  d\f'\  f,  A"$^,  y,  ^)^.(A,  b,  c,  f,  o,  H$a.,  9,,  d,y{H--ZH,) 
-(A,  b,  c,  f,  o,  H$a"a:  +  A"y+flt"^,  K'x-^Vy+rz,  fx^fy^d'tf. 

But  on  putting  (or,  y,  z)  for  (x^,  yi,  z^  we   have   (since   J7  is  a  homogeneous  fiincti 
of  the  order  6,  and  H^  before  the  change  is  a  homogeneous  function  of  the  order  3 
(^1  y%  ^y)  ^"^  +  A"y  +  ^'z  =  53jfjEr  —  3. 2dx^i  =  5dxH^  Sd^H  (since,  on  making  the  substituti 
Hi  =  H,  but  a, JSTi  =  ia,ir)  =  2d^H ;  and  thus 

(a"^  +  A"y  +  fir-^,  K'x^Vy^rz,  fx^ry^d'z)^{^^E,  ^yH,  2d^H); 
and  similarly,  on  making  the  substitution, 

(a",  6",  c",/".  ^\  h^Jix,  y,  ^)»  =  6.  5fi^-3.3.2iri  =  (30-18)if  =12Jy. 

Hence  writing  therein  17  =  0,  the  foregoing  equation  becomes 

-9  (A",  b",  c",  f",  o",  H"][a,I7,  dyU,  d,uy 

=    125^. (A,  b,  c,  f,  a,  B^d^   ,  dy   ,  dty{H^3H,) 

—  4  (a,  B,  c,  F,  G,  H$3,cr,  Syir,  dgUy, 

which  may  also  be  written 

-9  (A",  B",  c/',  F",  G",  H"][a,C7,  gyt/,  a,£7)> 

=   i2ir.(A,  B,  c,  F,  G,  u^dx  ,  dy  ,  a,)»ir 

-  36J? .  (a,  b,  c,  f,  g,  H$3a5    ,  dy    ,  9,)«  jETj 
-  4    (A,  B,  C,  F.  G,  H][9«Cr,  dyll,  dgUy, 

where  (xi,  yi,  Zi)  are   ultimately   to  be  replaced   by  (a?,  y,  z).     The  second  line  in   ^^ 
vanishes,  which  I  show  as  follows : 
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Demonstration  of  my  Theorem  for  a  Cubic  Curve. 

Let    Cr=  (♦$«?,  y,  zY  be  a  cubic  function;  it  may  by  a  linear  transformation  of  the 
ordinates  be  reduced  to  the  canonical  form  a^  +  y^  +  2^  +  Qlxyz,  and  we  then  have 

(A,   B,  C,   F,  O,   H$aa.,  By,  9,)'  jy-f-6» 

+     (zx    -iy).-6Z«y 
+     (xy   -  l^z*) . "  et'z 

+  2(Pzx-lf).(l+2l^)y 
+  2(Pxy-ls^).(l'^2l')z 

-ISfixyz  +6^  (a^  +  y»  +  jf») 

+  Gl^(l  +  2t')xyz-  21  (1  +  21*)  (x'  +  f  +  :^) 

=  (-  12P  +  12i»)  xyz  +  (-21  +  21*)  (a^  +  y'-^z') 
=  2  (-  Z  +  i*)  (a;»+  y»  +  -«•+  6lxyz); 

since  —l  +  l*  is  equal  to  the  quartinvariant  8,  and  the  equation  is  an  invariantive 
,    we  have  for  any  cubic  function  whatever 

(A,  B,  c,  F,  o,  H$afl.,  dy,  d,y  if  -r  6»  =  2/S .  CT, 

ch  is  the  theorem  in  question.  There  is  a  difference  of  notation,  and  consequently 
ifferent  numerical  factor,  in  the  theorem  as  stated  in  the  memoir  on  the  conic  of 
-pointic  contact,  referred  to  above. 

If,  as  above,    i7  is  a  quartic   function  (*$x,  y,  zY,  and    i7i  =  J  (xfix  +  yidy  +  Zidt)  U, 
i    ?7i  is  a  cubic  function,  and  we  have 

(Ai,  Bi,  Ci,  Fi,  Oi,  Hi $3,,  dy,  d,YSi-^Q'=-2S,.U,, 

'X*e  it  is   to  be   noticed  that  81  denotes  a  quartic  function  in  the  coefficients  of   Ui, 
consequently    a    quartic    function    in    (xi,    yi,    Zi),    the    coefficients    being    quartic 
-tions   of  the   coefficients   of   U.     On   writing  (x,  y,  z)  in  the   place   of  (Xi,  yi,  Zi),  81 
otnes  a  quartic  function  of  (x,  y,  z),  which  is  in  fact  a  quarticovariant  quartic  of  U. 

If  in   the   foregoing  equation   we   write   (x,  y,  z)  in   the   place   of  (xi,  yi,  Zi),  then 

t>ecomes  equal  to  2U;  and  consequently,  if  ?7  =  0,  the  right-hand  side  of  the  equation 

^hes.     Moreover  (oi,  61,  Ci,/i,  g^  Ai)(the  second  differential  coefficients  of  Ui)  become 

44—2 
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equal  to  (a,  6,  c, /,  g,  A),  and  consequently  the  coefficients  (Ai,  b,,  Ci,  Fj,  Gi,  Hi)  become 
equal  to  (a,  b,  c,  f,  o,  h).    Hence,  assuming  always  that  U^O,  the  equation  becomes 

(A,  B,  c,  F,  o,  H$a«,  dy,  d;fHy^O, 

where  after  the  differentiations  {xi,  yi,  z^  are  replaced   by  (^,  y,  z).    This  is  the  form 
which  is  required  for  the  present  purpose. 

Returning  to  the  foregoing  expression  of  -9  (a",  b",  Qf\  f",  o",  H"$a,Cr,  dyll,  dtUy, 
this  now  becomes 

-9n,  =  -9(A",  B",  (f\  r,  o",  Bf'^d^U,  dyU,  d,Uf 

=    4{3jy.(A,  B,  c,  F,  o,  H$a.,  dy,  d,yH^(A,  b,  c,  f,  o,  R$d^u,  dyU,  d,uyi 

so  that  the  equation  n,  =  0  gives 

ni  =  (A,  B,  c,  F,  o,  H$a,cr,  dyU,  dgVy-3H.(A,  b,  c,  f,  o,  H$a«,  a^,  d^yH^o, 

and  the  equivalence  of  the  equations  ni  =  0  and  n,sO  is  thus  established. 
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SUE  L'INVARIANT  LE  PLUS  SIMPLE  D'UNE  FONCTION  QUAD- 
RATIQUE  BI-TERNAIRE,  ET  SUR  LE  RESULTANT  DE  TROIS 
FONCTIONS  QUADRATIQUES  TERNAIRES. 


(From  the  Journal  filr  die  reine  und  angewandte  MathenutHk  (Crelle),  torn.  Lvn.  (1860), 

pp.  139—148.] 

M.  Stlvesteb  a  trouv^  depuis  longtemps,  pour  le  r^ltant  des  trois  fonctions  quad- 
latiques  temaires 

(a  ,  b  ,  c  ,/  ,  g  ,  h){x,  y,  zY, 

{a'.h',c',f',^.h')ix.y,zf, 

(a",  b",  c",  /".  g",  h")  (X,  y.  zy, 
une   expression  remarquable 

1212  =  160^- Ce», 

oh.  Cis,  (7e  reprdsentent  des  fonctions  donnas  des  coefficients  qui  sont  non  seulement 
des  invariants  mais  aussi  des  combinants  des  trois  fonctions  quadratiques  (Voir  le 
m^moire  de  M.  Sylvester,  "  On  the  Calculus  of  forms  otherwise  the  theory  of  Invariants," 
§  vn.  Camb.  et  Dvb.  Math.  Joum.,  t.  vin.  pp.  266—269  annfe  1863,  Aquation  (A.), 
p.  267).  Pour  expliquer  la  formation  de  la  fonction  C«,  il  convient  de  consid6rer  la 
fonction  quadratique  bi-temaire 

£7^=(  a  ,    b  ,    c  ,   f  ,    g  ,    h     )(^,  y,  zYd  17,  ^ 

_//    J.//    jf   /»//  ^/   1// 

o   .  0  ,  c  ,  J  ,  g  ,  h, 

A  .  B  ,  C .  F ,  0  ,  H 

A',  E,  C,  F,  0',  H' 

A",  B",  C",  F'.  0",  H" 


850 
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cette  notation  repr&ientant  la  fonction 

(a   ,  6  ,  c  ,f,g   ,  A    ){x,  y,  zf.^ 
+  (a'  .h\(f  ,f\gr  ,  A'  ){x,y,zy.rf 

+  (il  ,  fi  ,  O  ,  ^,  G  ,  fl  ){x,  y,  zf.  2i7f 
+  (^',  F,  C^,  F,  0',  jy'Xo:,  y,  r)«.2ff 
+  {A'\  B\  C\  F\  Q'\  H")  (X,  y,  z^ .  2fi7, 
ou,  oe  qui  est  la  m^me  chose, 

(a   a^  +  b  y"  +  c^+2/yr  +  2^  ra?+2A  icy)f* 
+  (a'  a^  +  V  y^  +  cf  z^  +  if'yz  +  2gr  zx  +  2h'  xy)ff 
+  {a"a^  +  6"  y»  +  c/V  +  2/ V  +  V«»  +  2A''a:y)  5» 
+  (^«»  +  J8  y»  +  0^+2Fyr  +  2G«a:  +  aff  ay)2i;? 
+  (ilV  +  5'y»  +  C^««  +  2i"y«  +  20'«r  +  2iray)2?f 
+  (-4  V  +  ^'y  +  (7V  +  2F>  +  2(?''^  +  2JJ"a:y)  2fi7. 


Soit  123  le  determinant 


'«i» 


'«.» 


'«i» 


9in,    K 


'y%* 


'if»» 


et  1'2'3'  le  determinant 


3*.. 

K> 

9f. 

9<.. 

K. 

9<i 

9|.. 

9,. 

\ 

et  soient  £7i,  t/a,  ?7,  ce  que  deviant  17  loraqu'on  y  ^crit  a^,  yi,  Zu  fi,  ^n  ?i;  ^i  Vv  ^' 
fj,  ^51,  ?«;  sh,  y»>  Zty  fs,  178,  ?»  au  lieu  de  a?,  y,  r,  f,  17,  f ;  on  a  alora  cet  invariant  (ana- 
logue k  Imvariant  quadratique  d'une  fonction  binaire  d'ordre  pair),  savoir: 

oh  comme  k  Tordinaire  les  valeurs  x,  y,  z^  f,  1;,  f  sont  retablies  apr^  les  diflKrentiations 
au  lieu  de  x^,  yi,  «i,  fi,  i/i,  fi,  etc. 

Je  repr^sente  cet  invariant  par 


< 


a   , 

b  . 

c  , 

f  • 

9  . 

h 

a'  . 

v  , 

c'  . 

/'. 

^  . 

h' 

a". 

b". 

c". 

/". 

f> 

h" 

A  , 

B, 

c. 

F  . 

0  , 

H 

A'. 

B', 

c, 

r. 

G'  , 

H' 

A", 

B", 

C". 

F", 

G". 

H" 

] 
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'oit  sans  peine  que  rinvariant  pent  6tre  d^velopp^,  et  qu'alors  il  prend  la  forme 

a',     6',      c',    /',    g\    K 


e  premier  terme 


>te  la  fonction 


// 


a  , 


'",      c".    /",    g",    h"  J 


—  < 


(a,      b, 
A,     B 


>       c,     /,      g,     h     ^ 

:      C.     F,     0,    H   t 
C,     F.     G,     H  ) 


a',     v.     c',    f,     cf,     h'   \ 
A',     R,     C,     F,     G'.    H' 
U'.     R,     a,     F,     G',    H' ) 


'a".    6".    c",    /",    fir",    h"  ^ 

-  ^  A",    R',    C",    F'.    G",    H"  I 

^A",    B".    C,    F',    G",    H") 


'A.    B, 

+  2^  A',    R, 
.A",    R'. 


C,  F,  0,  H 
C,  F',  0',  ff 
C",    F",    G",    H" 


\ 


a  ,      h  ,     c  ,    f  ,     g  ,    h    \ 
a',      b-.     c'.    /',     g',    h' 
\a  ,     0  ,     c  ,    /  ,     g ,    n    ) 


o6'c"  +   ab"c'  +  a'b"c  +  a'bc"  +  a"b<f   +  a"b'c 

-  2  a/'f"  -  2a'/"/-  2a"//' 
-ibg'g"   -  %'</'g  -  2b"gg' 

-  2ch'h"  -  2e'h"h  -  2&'kh' 

+  2/g'h"   +  2/fK  +  2/y'/i  +  2/'firr  +  2/"gK  +  2/"^h 

e  mSine  pour  les  autres  termes.     L'invariant  contient  les  termes 

ah'd'  +  2ARC  "  +  %f^h"  +  ^FG'H" 

-  2a/'/"  -  2aBG  +  2aF' 

-  iAF'F"  +  4/AF-  4/GH. 
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et  on  d^uit  de  ]k  son  expression  complete  en  y  ^crivant 


oftV  +  oft  V  +  a'V'c  +  a'bc"  +  a"bc'  +  a"Vc 


au  lieu  de  oftV; 


au  lieu  de  af'f'\  et  ainsi  de  suite ;  la  somme  des  coefficients  est  6+2.6  +  2.6  +  4.6 
+  2. 9  +  2. 9  +  2. 9  +  4. 9  +  4. 9  +  4. 9»216,  ce    qui   est    exacte,  car    il   n'y    a    pas    de 


termes  qui  se  d^truisent,  et  dans  I'expression  Koi123  1'2'3    UiUtUiA^  nombre  des  termes 

qui  composent  le  produit  des  deux  determinants  carr&  est  36  x  36 » 1296,  chacim  de 
ces  termes  est  multiplid  par  le  £Eu;teur  8  x  8 » 64  introduit  par  la  differentiation,  et 
Ton  a 

1 


384 


X  64x1296 -216. 


L'invariant  qui  vient  d'etre  donn^  est  li^  avec  Tinvariant  T  de  M.  Aronhold  (lequel 
se  rapporte  k  une  fonction  temaire  cubique).  C*est  pour  cola  que  je  le  d^signe  par  la 
m^me  lettre  T,  et  pour  fixer  sa  valeur  j'^ris 

2r=a6V'+etc 
Cela  pos^,  je  forme  les  deux  combinants  (?«  et  C„  de  la  mani^re  suivante. 

Combinant  du  sixihne  ordre   (?«.    Soient    U,  V,  W  les  trois  fonctions  quadratiques 
temaires;  consid^rez  la  fonction  syzyg^tique  XU-^fiV+vW,  oil  X,  fi,  v  sent  des  quantity 
arbitraires;  formez  avec  les  variables  f,  17,  if  le  reciprocant  (>)  (multiplid  par  2)  de  oette 
fonction,  le   r&ultat  sera  de   Tordre    2   par  rapport    aux    coefficients   de    CT,    F,    IT,  dl^^ 
Tordre   2  par  rapport  k  \   fi,   v,  et  de  I'ordre   2  par  rapport    i   f,   17,   ?;    aid. 
r^ltat  sera  une  fonction   quadratique  bi-temaire  de  X,  /i,  y  et  f ,  1;,  (f  dont  Tin 
2T  (lequel  sera  par  cons^uent  de  I'ordre  6   par  rapport  aux  coefficients  de  U,  F, 
est  le  combinant  C^  qu'il  s'agissait  de  trouver. 


Combinant  du  dauziime  ordre  Cw    Considdrez  comme  auparavant  la  fonction  syzy\ 
tique  XCT  +  zaF  +  i^TF,   formez  le   discriminant    (multipli^    par    6)  de   cette    fonction; 
r^sultat  sera  de   Tordre  3  par  rapport  aux  coefficients  de   U,  V,  W,  et  de  Tordre  3 
rapport  k  \,   fi,   p ;    c.  k  d.   il    sera    une    fonction    cubique    temaire    de   X,   /a,   y,  d. 


le 


>nt 


1  Le  r6oiprooant  de  (a,  6,  e,  /,  g,  h)  (x,  y,  zf  est 


i,    a,    h,    g 
Vf     *i     ^    / 

i"»    P.    /,    e 


=  -  (%  «,  «,  »,  ©,  «)  tt,  ,,,  rt«. 
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Le  r6cipTocant  (multipli^  par  2)  est 


=  -2 


^ ,   n  , 

f 

f.     X,     vl. 

^ 

V,     fl,    ft  , 

X/ 

?,     fd.     XZ, 

V 

lequel,  en  forme  d^velopp^,  donne  le  r^ltat 


(-  2PX' 

+  (  . 
+  (  • 
+  ( 
+  ( 
+  ( 


'-2tK' 


+  2ftv       .  .        )P 

-2ZV  .      +2i'X  )i;* 

-2fv'  +2Xm   )f 

+  2^^     .  .        )2^v 

-2lfi*      .  +2Pi;X      .        )2fC 

-2lv*  +2PXA»)2»?f 


que  Ton  peut  aussi  ezprimer  comme  fonction  quadratique  bi-ternaire,  savoir 

.     -2P    .  .  1  . 

.     -21*  .  .  1 

-21      .  I*  .  . 

.    -21     .  .  I*  . 

.     -21  .  .  I* 


En    repr^ntant   I'mvariant    2T   par    le    d^veloppement    incomplet    donn^   ci-des8L:» 
on  obtient  dans  le  caa  dont  il  s'agit 


2T  = 


(-21*     . 
.     -21*    . 


1   .   .^ 
.   1  . 


.     -2P     .      .     ij 


—  -( 


^-2P 
-21 

[-21 


+  2  I 


-21      . 
.   -21 


1 

I* 
I* 


> 


►  —  etc.  etc. 


.    -21       .      .     I*  } 
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ce  qui  se  r^uit  k  la  valeur  finale 

-.(4Z« +  «»  +  «») 

-  (4Z«  4-  4Z»  +  4Z») 

-  (4Z«  +  4f»  +  4f») 
+  2(-8P  +  2Z«) 

=    2  (1  -  20f»  -  8Z«). 

Les  invariants  8  et  T  de  la  fonction  cubique  «•  4-  y*  4-  j8*  +  6^2^  sont 

y=l-20Z»-8i«; 

rinvariant  27  de  la  fonction  quadratique  bi-temaire  est  done    pr^is^ment   ^gal   k  2T, 
ou  T  est  rinvariant  qui  vient  d*6tre  donnd,  et  on  a 

Ci  =  2r. 

Le  discriminant  (multipli^  par  6)  de  la  fonction  XU -{- fiV -{- vW  est 

=  6     \ ,    Ip,    Ifi 
l\,    fif    tk 

Ifl,      Iv,     V 

=  6 .{-  Z«X»  -  ZV  -  ZV  4-  (1  +  2?)  X/Ai/}, 

oil  la  fonction  en  parentheses    est   ce    que  devient  le  Hessien    de  la  fonction   cubique 
xr»  +  y*  4-  ^  4-  Qlxyz,  lorsqu'on  y  substitue  X,  /a,  v  au  lieu  de  a?,  y,  z.    Son  invariant  iS  est 

=  (1  4-  2Z»)  216Z«  4-  (1  4-  2Z»)* 
=  1  4-  8Z»  4-  240Z«  4-  464Z*  4-  16K 

dette  quantity  est  en  mSme  temps  un  invariant  de  la  fonction  cubique 

a?*  4-  y*  4-  -g:*  4-  6lxyz, 

^t  comme  tel  elle  doit   s'exprimer   en  fonction    des   deux  invariants  iS  et   jT  de  cette 
demifere :   en  efiTet  elle  se  r&luit  k 


^ous  avons  done 


(l«20Z»-8Z«)«-.48(-Z4-Z*)»=T*-48S*. 
(7,,=  r«-48S*, 


^t  comme  nous  venons  de  trouver 

I'^uation  12E  =  16(7u- C,>  se  r^uit  k 

12i2  =  16(r»-48iS»)-4r' 
=  12r«-768/S', 


45—2 
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ou  enfin  k 

R  =  T*^  64S*, 

^uation  qui  fait  voir  que  le  r^ultant  R  dont  il  s'agit  est  effectivement  ^al  k 
i2  =  (l+82')',  c.  &  d.  au  discriminant  de  la  fonction  cubique 

af  +  y*  +  z*  +  6lxyz, 

ce  qui  donne  la  verification  du  th^r^me  g^n^ral.  Je  m'dtais  servi  d'abord  d'une 
analyse  moins  simple,  en  consid^rant  le  cas  dans  lequel  on  prend  pour  les  troiB 
fonctions  les  formes 

«"  +  y*  4-  ^  +  2li/z  +  2mzx  +  2nxy, 

II  vaut  la  peine,  je  crois,  de  donner  les  expressions  correspondantes  de  Cg,  0^,  R 
On  a  ici  ^  consid^rer  la  fonction 

laquelle  peut  s'&rire  comme  suit, 

(/i  +  X,  /i-X-i/,  fA  +  p,  Z/A,  m/A,  nfi)(x,  y,  zy. 
Le  r^iprocant  (multipli^  par  2)  est 

=  -2     f   ,  17  ,  ? 

f,  /i  +  X,  n/A  ,  i»M 

17,  n/A  ,  /I  —  X  —  1/,  Ifi 

^,    m^    ,  Ifi  ,  fA  +  v 

et  en  ^crivant  a,  6,  c,  /,  g,  h  au  lieu  de  1  —  P,  1  —  m\  1  —  n\  mn  —  /,  nZ  —  m>  im  — », 

fonction  est 

(2a/A«  -  2X/A  -  2j/X  -  2i/«)  p 

+  (26/A»  +  2X/I  +  2/Ai/  +  2i;X)  i7« 
+  (2c/a"  -  2i;/A  -  2i/X  -  2X«)  C« 
+  (2//Lt»  -  2tkfi  )  2i7f 

+  (2gfi*  +  2m\fi  +  2in/Ai/    )  2^ 
+  (2 V*  -  2nvfi  )  2fi7, 

ou,  ^crite  en  forme  de  fonction  quadratique  bi-temaire, 

=  (     0,  2a,  -  2,      0,       1,-1  )(X,  /i,  i/y(f,  17,  0». 

0,  26,       0,       1,       1,       1 

-  2,  2c,       0,-1,-1,      0 

0,  2/,       0,       0,      0,   -Z 

0,  2gf       0,     wi,       0,     m 

0,  2A,      0,  -  n,      0,       0 
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ce  qui  implique   12  =  — 21,  11=0,  etc.,  et   en   introduisant   la   variable   auxiliaire  t,  qui 
doit  6tre  ^limin^e,  le  systfeme  est 

0  =  Xidxi  +  X^ix^  +  X^ixt  +  X^dx^, 
Xidt  =  *  12dXi  +  ISdx^  +  14da?4 , 
X4t  =  2ldxi  *  +  23da^  +  24da74 , 
X4t  =  Sldxi  +  S2dXi  *  4-  34(ii?4 , 
X4t  =  iildxi  +  42da:,  +  43da^        *     , 

lequel   ne  contient  que  quatre  Equations  ind^pendantes.     On  donne   k  ce  syst^me  une 
forme  plus  sym^trique  en  dcrivant  Xq  au  lieu  de  t,  et  en  y  mettant  de  plus 

Zi  =  01  =  -10,  etc. 

les  ^nations  deviennent  par  ce  moyen 

0  =      *        Oldxi  4-  02dXi  +  03da^  +  O^dx^, 

0  =  10(iro         *     -^IZdx^  +  lSdxj  +  lidx^, 

0  =^  20dxo -{- 2ldx^        *     +  23da?,  +  24da?4, 

0  =  SOdxo  +  Sldxi  +  S2dXi        *     +  3Mx^, 

0  =  Wdxo-¥^ldxi  +  4i2dx^+^Sdx        *     , 
et   on  d^duit  delll 

dxo  :  dxi  :  dx^  :  dx^  :  dx^  =  1234  :  2340  :  3401  :  4012  :  0123, 

ou.    1234,  etc.  sent  les  fonctions  de  Jacobi  que  j'ai  nomm^  **  Pfaffiens,"  savoir  on  a 

1234  =  12  .  34  +  13  .  42  +  14 .  23, 

2340  =  23.40  +  24.03  +  20.34,  =  ♦  - Za34 - Z,42  - Z423, 
3401  =  34.01+30.14  +  31.40,  =  Zi34  ♦  +Z,41  +  Z4l3, 
4012  =  40 .  12  +  41 .  20  +  42  .  01,  =  -Zx24  -  Z,41  ♦  -  Z4I2, 
0123  =  01.23  +  02.31  +  03.12,=    Zi23  +  Z^l  +  Z,12        ♦   . 

Cetite  transformation  se  trouve  en  eflfet  dans  le  m^moire  de  Jacobi  "Ueber  die 
I^fiBi-fische  Methode  eta"  (t.  11.  de  ce  Journal  p.  347  et  suivantes,  1827),  ou  cependant 
Ja<5obi  ne  s'est  pas  servi  de  I'algorithme  Zi  =  01  =  — 10  etc.  au  moyen  duquel  la 
fonaae  de  la  solution  devient  si  simple. 

Faisons  attention  k  present  k  ce  que  I'^quation 

a  =  <f>  (aJi,  a?2,  cCi,  X4) 

^®^     suppos^e    6tre    une    int^grale    des    Equations   diiBR^rentielles.     On   en    d^uit    d'abord 
'*==  fonc.  {xi,  ajj,  a?„  a),  et  de  Ik  en  traitant  a  comme  constante 

C.  IV.  46 


X 


^=0, 
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^uation  qui  doit  6tre  satisfaite  par  les  valeurs  qu'on  vient  de  trouver  f 
dxi  :  dx^  :  dx^  :  dx^,  et  qui  par  cons^uent  donne: 

0  =  0123-^*  2340--*  3401-^*  4012. 
CUT]  ax^  dx^ 

En  y  substituant  pour  0123,  eta  leurs  valeurs,  modifi^  en  sorte  que  tons  les  ten 
deviennent  positifs  (oe  qui  se  £ut  k  I'aide  des  relations  12  =  —  21  eta),  on  trouve 

^*(     *       Z,34  +  Z,42  +  Z4  23) 

+  ^(Z,43        *     +Z,14  +  Z431) 

+  ^(Z,24  +  Z.41       ♦      +Z,12) 

+       (Z,32  +  Z,13  +  Z,21       *    ) 

^nation  aux  differences  partielles  ^  laquelle  satisfait  la  variable  x^,  lorsqu'au  moj 
de  r^uation  a^(f>{xi,  x^^  x^j  x^  (qui  est  une  int^grale  des  ^nations  diff^rentielles 
PfiEiff)  elle  est  donn^  en  fonction  Aq  Xi^  x^,  x^.  Nous  allons  voir  que  e'est  ce 
demi^re  ^nation,  dans  laquelle  est  contenu  le  th^r^me  dont  la  demonstration  i 
I'objet  de  cette  note.     En  effet  Texpression  diff^rentielle 

V  Si Xidxi  +  Xtdx^-^- Xidxs  +  X^dx^ 
ayant  ^t^  transformee  en 

V,=  F,cia?i  +  Y^dx^+Y^dxt  +  Ada 

par  la  substitution  de  a  au  lieu  de  x^,  il  s'en  suit  qu'on  a  les  relations: 

^-^_  ^_^  ^_      vCiMv^ 

■*  a  =  Zj  4-  Z4  T--  , 

la  variable  x^  contenue  dans  les  quantit^s  Zi,  Zj,  Z3,  Z4  doit  etre  remplacde  par  i 
expression  en  fonction  de  Xi,  a*^,  X3,  a, 

Cela  pose,  la  condition  pour  que  T^quation 

Fi(iri  + Fada?,4- F,dfl7,  =  0 
soit  integrable  par  un  facteur  etant  designee  par 

Z  =  0, 
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[From  the  Journal  filr  die  reine  und  angewandte  MathenuUik  (Crelle),  torn.  LVilL  (18fr  I^B- ). 

pp.  239—262.] 

On  trouve  dans  le  m6moire  de  M.  Hermite  "Sur  quelques  thdor&mes  d'alg&bre  ^t 
la  r^lution  de  TAjuatioii  du  quatrifeme  degr^"  {Camptea  Bendus,  t.  XLVI.  p.  961,  18^^  S) 
un  thdorfeme  trfes-important  relatif  k  la  transformation  de  Tschimhausen,  k  Taide  ^^e 
laquelle   line   Equation  /(a?)  =  0  est   transform^e    en    une    autre    du    mSme   degr^   en  y 

par  la  substitution  y  =  ^,  oil  ^  d^gne  une  fonction  rationnelle.  En  consid^rant  pc^'^Jr 
fixer  les  id^es  une  ^nation  du  quatrifeme  degr^ 

(a,  6,  c,  d,  e^x,  1)*  =  0, 

M.  Hermite  donne  k  T^quation  ^  =  <^  la  forme  que  voici, 

y^aT  -¥(ax  +  46)  T^  +  (cm^4-  46aj+  6c)  Ti  +  (cw^  +  4&r»  +  6ca:  +  \d)  T„ 

et  il  fait  voir  que  les  coeflBcients  de  la  transform^  en  y  ont  la  propri^t^  suivariB-*^®: 
toute  fonction  de  ces  coeflBcients,  laquelle  exprim^e  en  fonction  de  a,  b,  c,  d,  e,  T,  To*  ^i  »  ^* 
ne  contient  pas  T,  est  un  invariani,  c.  k  d.  un  invariant  des  deux  fonctions 

(a,  6,  c,  d,  e\l  fiY.    (^0,  r„  2;$i7,  -f)«. 

Cela  revient  k  dire  qu'en  supposant  la  valeur  de  T  d^termin^e  de  manifere  k  f^efc-^^^e 
^vanouir  dans  T^uation  en  y  le  coeflBcient  du  second  terme  (de  y*),  les  autres  coeflSci^^*^^ 
seront  des  invariants,  de  sorte  que,  si  dans  le  polynome  en  y  qui  est  dgal^  k  z&x>  ^° 
considfere  y  comme  une  constante  absolue,  le  polynome  tout  entier  sera  un  invariant  <^^ 
deux  fonctions  ci-dessus  mentionn^es.  On  trouve  sans  peine  la  valeur  que  doit  e^'^^^^ 
T,  elle  est  donnde  par  T^quation 

0  =  ar+367'o  +  3cri4-dr„ 
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ce  qui  conduit  pour  y  k  la,  valeur 

y  =  (flw?  +  6)  To  +  (cw^  +  46a;+  3c) Ti  +(a^+  46a;»  +  6cx  +  Sd)  T^, 
et  en  mdme  temps  la  transform^e  en  y  aura  la  propri^t^  dont  il  s'agit. 

Par  rapport  k  la  forme  de  Texpression  que  Ton  vient  de  trouver  pour  y  il  est 
bon  de  remarquer  que  les  coefficients  numdriques  qu'on  y  rencontre,  hormis  ceux  du 
terme  en  a^,  ou  de  iTo  +  302^  +  3dr„  sent  les  coefficients  de  la  puissance  (1,  1)*,  tandis 
que  les  coefficients  qui  ont  etd  d&ign^  comme  faisant  exception  sont  ceux  de  la 
puissance  (1,  1)'.  Une  remarque  pareille  s'applique  au  cas  g^n^ral.  Pour  ddmontrer 
le    th^or^me    dnoncd,    je    repr6sente    Tdquation    qui    vient    d'etre    Ajrite    par    y=^V.  la 

oil  Fj,  Fj,  Fg,  F4  sont  ce  que  devient  F  lorsqu'on  y  substitue  successivement  pour  x 
les  quatre  racines  de  T^quation  (a,  6,  c,  d,  e\x,  1)*  =  0.  Or,  en  consid^rant  y  comme 
une  constante,  pour  que  Texpression  qui  forme  la  premiere  partie  de  I'^uation  que  Ton 
vient  d'^rire  soit  un  invariant,  les  conditions  k  remplir  consistent  en  ce  que  cette 
expressioli  se  r6duise  k  zdro  au  moyen  de  I'un  et  Tautre  des  opdrateurs 

aa6  +  269c  +  3c9d  +  4dae-(  T, a^.  +  2^1 82;), 
4Wa  +  3ca6  +  2dac+   ead-(2ri9r,+    ToSri). 

Ces  conditions  seront  satisfaites  si  chacun  des  facteurs  y  —  Fj,  etc.  est  dou6  de  cette 
mSme  propri^te,  c.  k  d.  si  y  -  F,  ou  plus  simplement  si  F,  en  y  faisant  a?  dgal  i  I'une 
des  racines  de  T^quation  en  x,  se  r^uit  k  z^ro  au  moyen  de  Tun  et  Tautre  des  deux 
op^rateurs  ci-dessus  Merits.  Je  considfere  le  premier  des  deux  op^rateurs  et  pour  abr^ger 
je  le  d&igne  par 

Pour  avoir  AF,  il  faut  d*abord  former  la  valeur  de  Aa?.  On  Tobtient  en  operant  avec 
A  sur  r&juation  (a,  6,  c,  d,  e^x,  1)*  =  0,  ce  qui  donne 

(a,  6,  c,  d\x,  l^Aaj  +  Ca,  6,  c,  dja?,  1)'  =  0,  ou  Aa?  =  — 1. 

Xa  partie  de  AF  qui  depend  de  la  variation  de  x  est  par  cons^uent 

-  aTo  +  (-  2aa?  -  46)  T;  +  (-  3aa;>  -  bbx  -  6c)  T;. 

^our  Tautre  partie  de  AF  on  trouve  ais6ment 

aTo  +  (4aa?  +  66)  T^  +  (4aa^  +  126a;  +  9c)  2^, 
^ti     de  \k  en  ajoutant 

AF=  2  (oa;  +  6)  Ti  +  (oa;*  +  46a?  +  3c)  T, 

^^    qui  est  prAjis^ment  ^gal  k 
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Done  V  se  r^uit  k  z^ro  par  Top^rateur 

De  mdine  en  repr^ntant  le  second  opdrateur  par 

v-.(2r,ar.+ro32^) 

on  trouve  d  abord 

(a,  6,  c,  d$a?,  iyVx  +  x.{b,  c,  d,  e^x,  1)*  =  0, 

mais  en  ayant  6gard  k  T&iuation  (a,  b,  c,  d,  e$x,  ly^O   la  valeur  de  Vx  se  r^uit 
Ax=:a^,     La  partie  de  VF  due  k  la  variation  de  a?  est  par  cons^uent 

(w;»To  +  (2cw:»  +  46a:")  2\  +  (Sour*  4-  8&c»  +  6c«»)  T,. 
L'autre  partie  de  VF  est 

(46a;  +  3c)  To  +  (46a?  +  12(w  +  6d)  Ti  +  (4fta?»  +  12cflJ«  +  12(ia;  +  3c)  r,. 

En  les  ajoutant,   le   coefficient  de   1\  s'^vanouit  en  vertu    de    T^quation    en  a?,  et  1  '^ 

trouve 

VF  =  (aa:»4-46a;+ 3c)ro+ 2  (a«»+ 46a:»  + 6ca?  + 3d)2\, 

ce  qui  est  pr^is^ment  dgal  k 

V  se  r&iuit  done  k  z^ro  au  moyen  de  TopA^teur 

v-(2r,ar.+  ro9r.), 

ce  qui  ach^ve  la  demonstration  dont  il  s'agissait.     II  va  sans  dire  que  la  demonstrate! 
serait  conduite  d'une  mani^re  semblable  pour  une  Equation  de  degrd  quelconque. 
avoir  Texemple  le  plus  simple,  je  prends  les  Equations 

(a,  6,  c,  d^x,  ly  =  0, 
y  =  (aa?  +  6)ro  +  (aa?  +  36a?  +  2c)Ti, 

et  pour  effectuer  Teiimination  j'^cris 

yx  =(a3f  +  bx)  To-¥  (-CX -- d)  Ti, 
ya^^i-  26a;»  -  3ca: - d)  To  +  (-  car»  -  dx)  T,. 

Maintenant  on  a  les  trois  Equations 

0  =  6ro+2cTi-y  +  a?(aro  +  36ri)  +af'.aTu 
0=  -  dT,  -hxibTo"  cT,^y)  +  a^,aTo, 
0=       -   dTo       +x{^3cTo-dT,)     +a?(-.262;-.cT, -y). 

done  r^quation  en  y  est 

y-bT,-2cTu       -aTo-SbT,,  -aT,  =0. 

dT,        ,    y-bTo+   cT,,  -aT, 

dT,        ,         ScTo  +  dTu    y  +  2bT,  +  cT, 
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En  ordonnant  ce  determinant  suivant  les  puissances  de  y,  les  coeflScients  de  y*,  y*,  y,  y° 
-^eviennent  dea  formes  binaires  en  Tq,  Ti,  des  ordres  0,  1,  2,  3.  En  calculant  les 
"valeurs  de  ces  quatre  coeflScients  on  les  trouve  respectivement 

=  1, 
=  0, 

=  3(ac-6»,  ad-bc,  bd-d'^To,  2\)», 

=  (a^d  -  3a6c  +  26»,  3a6d  -  6ac>  +  36«c,  -  3acd  +  66«d  -  36c»,  -a<?  +  36cd-2c»][To,  r,)», 

«^3*e8t-i-dire  que  T^quation  en  y  est  celle-ci: 

y»  +  3y(ac-6»,  ad-bc,  bd-d'^To,  T,y 
+  (a«d  -  3a6c  +  26»,  3aW  -  6ac»  +  36^,  -  Socd  +  66»d  -  36c>,  -  oc?  +  36cd  -  2c»][ro,  2\)*  =  0, 

^^uation  qui  remplit  en  etTet  la  condition  ci-dessus  mentionnde,  d'avoir  pour  coeflScients 
^es   invariants  des  deux  formes: 

(a,  6,  c,  d$f,  i7)»,    (To,  r,$i;,  -  f). 

J)ans  le  cas  particulier  dont  il  s'agit,  la  fonction  (To,  Tiji?,  —  f)  est  lin&dre,  et  Ton  pent 
:meme  dire  que  les  coeflScients  sont  des  covariants  de  la  seule  fonction  (a,  6,  c,  d][ro,  TiY 
'^n  y  consid^rant  Tq,  T^  comme  les  variables. 

J'ai  cm  qu'il  y  avait  de  Tint^rfit  de  donner  cette  verification.  D'ailleurs  je  re- 
jniarque  qu'au  moyen  du  th^orfeme  mfime  on  aurait  pu  trouver  tout  de  suite  T^quation 
"^n  y,  en  ^crivant  d'abord  T^  =  0,  ce  qui  donne  le  systfeme 

(a,  6,  c,  d'^x,  1)'  =  0, 

y  =  (cw?  +  6)ro, 
^t  de  \k 

\ia,  6,  c,  dly^bT,,  aT^^^O 

ou  enfin 

y«  +  3y  (6»  -  oc)  To'  +  {a?d  -  3a6c  +  26»)  2\»  =  0. 

les  valeurs  des  coeflScients  peuvent  6tre  compiet^es,  eu  ^gard  k  ce  qu'ils  doivent  6tre 
^68  invariants  de  (a,  6,  c,  d$f,  fjf,  (To,  2\][i7,  -  f)  (ou,  comme  on  vient  de  le  dire,  des 
-covariants  de  (a,  6,  c,  dJTo,  2\)»).  Mais  ce  n'est  que  dans  le  cas  particulier,  oil  les 
coeflScients  T^,  2\  sont  au  nombre  de  deux,  que  Ton  pent  rdduire  la  seconde  Equation 
it  une  ^nation  lindaire. 

Landres,  18  Avril  1860. 
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TSCHIRNHAUSEN. 


[From  the  Journal  fWr  die  reine  und  angewandte  Mathematik  (Crelle),  torn,  lviil  (186X) 

pp.  263—269.] 

A  LA  fin  de    ma   premiere    note    sur  ce  sujet  j'ai    appliqu^  la    transformation     di 
Tschimhausen  k  T^uation  du  troisi&me  degrd  mise  sous  la  forme 

Oic*  +  36a:»  +  3ca?  +  d  =  (a,  6,  c,  d^x,  1)»  =  0. 

En  y  substituant  ^,  ^  au  lieu  de  6,  c,  cette  ^nation  se  change  en 

aa^'\-ba^-¥cx  +  d  =  (a,  6,  c,  (T^x,  1)*  =  0, 

et  en  mSme  temps  le  r^sultat  obtenu  dans  ma  premiere  note   s'^nonce  de  la  mani^re 
suivante : 

En  calculant  pour  T^uation 


la  transform^e  en 
on  obtient 


(a,  6,  c,  cPSx,  1)»  =  0, 
y  =  (ax  +  ^)To  +  (aa!'-hbx-^^)T^, 


f 


+  iyi 


+  i«V 


0 

1  +  ^.' 


3oc  -6*)] 
9ad  -  6c) 
36d-c>) 

27a'«-  9a6c  +  26»)>i 
27a6d  -  18oc"  +  Sfc) 
-  27acd  +  186'd  -  Sic") 
-27ad»+   96cd-2c'  )J 


)■ 


=  0. 
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Je  vais  me  servir  de  cette  formule,  pour  en  d^uire  Tdquation  qui  d'une  maniere 
analogue  est  la  transformde  de  Tdquation  du  quatri^me  ordre 

(a,  b,  c,  d,  e$x,  1)*  =  0. 
J'6cris  d'abord 

(a,  6,  c,  rf,  e^x,  1)*  =  0, 

et  je  remarque  qu'en  faisant  ^  =  0,  le  systfeme  propose  se  partage  en  deux,  dont  le 
premier  est: 

yr=i(bTo  +  2cT,  +  3dT,), 
et  le  second: 

(a,  6,  c,  cP^x,  1)*  =  0, 

y  =  (ax  +  ib)To  +  (a^+bx  +  ^c)T,''ldT,] 

ou,  ce  qui  est  la  mSme  chose, 

(a,  6,  c,  d^x,  1)'  =  0, 

y  +  ^(bTo  +  2cT,  +  SdT,)  =  (ax  +  jfi)To'^(a^+bx  +  ^)T,. 

Une  circonstance  analogue  a  lieu  dans  I'dquation  en  y,  rdsultat  de  I'dlimination  du 
fiystfeme  propose.  Pour  e  =  0  son  premier  membre  se  rdsout  de  mSme  en  deux  facteurs 
qui  ^gal&  k  z4to  sont  les  rdsultats  de  T^limination  du  premier  et  du  second  syst^me 
ci-dessus  ^rits.    Le  premier  de  ces  deux  facteurs  est  done 

y^i(bTo  +  2cT^  +  3dT,); 
et  le  second  (en  vertu  de  la  formule  donn^e  ant^rieurement) 

{y  +  ^(bTo  +  2cT^  +  3dT,)Y 
+  i  [(3ac-5»)ro«  +  etc.]  {y  +  r^(bTo  +  2cT,  +  SdT,)] 
+  ir  [{27 a^d  -  9abc  +  26»)  To'  +  etc.] ; 

done    en    multipliant    les   deux    facteurs,  et  en    ^galant  k  z6to    leur    produit,   on    a    la 

transform^e  en  y  de  la  forme  (a,  6,  c,  d,  O^x,  1)\     Or  dans  le  cas  gdndral,  oil  e  est 

^^^<^irent  de  z^ro,  les  coeflScients  de  la  transformee  en  y  sont  des  invariants  des  deux 

foiToes 

(a,  6,  c,  d,  e^i,  v)\    (n,  T,,  T.Jiv.  -f)*. 

^^^t;t>e  propri^t^  permet  de  d^uire  leurs  valeurs  g^n^rales  des  valeurs  particuli^res 
^^*ils  ont  pour  e  =  0.  Je  formerai  de  cette  maniere  la  transformee  en  y  pour  la 
^oi"itxe  (a,  6,  c,  d,  O^a?,  1)*,  je  passerai  de  Ik  k  la  forme  (a,  6,  c,  d,  0$a?,  1)*  (ce  qui 
^  fttit  en  ^rivant  46,  6c,  4d  au  lieu  de  6,  c,  d),  et  enfin  je  complfeterai  les  valeurs 
^^®  coefficients  en  y  introduisant  e  au  moyen  de  la  propriety  que  doivent  poss^er  les 
^^^^fl&cients  d'etre  des  invariants  des  deux  formes 

(a,  6,  c,  d,  e$f,  vY.    (To,  Tu  T,\7i,  -  i)\ 
On  obtient  d'abord  T^quation  en  y  sous  la  forme 

(1,  0,  e,  2),  ei^y,  i)*=o, 

c.  IV.  47 


L 
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oil 


+  T,* 
+     T,* 

+  T,Ti* 
+    V 
+  T,*T, 
+  T^^Tt 
+  T.T, 

+     Tf 
256@  = 

+  r.T, 
+ r.T,' 
+  nr,* 
+   r.* 

+  r.Tir, 
+  y,'r, 

+  Ti'T,' 
+  T,Ti* 
+  riT,' 

+    r,< 


Tt* 


8ac-36») 
24a(2-46c) 
8M-4c») 
22x0 
4c(Q 

8o^  -  4a6c  + 16») 
4aW  -  8a<j«  +  26»c) 
-16ac(2  +  4i^ 

-  %adr) 

-  4ocd  +  16Vi) 

-12CK?) 

-  4W) 

-  16(?) 

-  2c«?) 

-  Id*), 

64a»M  +  16o6»c  -  36«) 

-  128o^  -  80ai»d  +  64a6c>  -  86»c) 

-  I'i'&abcd  +  64ac»  -  48W  +  86V) 

64aW + 64iac^  -  1286»cd  +  326c») 
128ocd'  -  646c^  +  16c«) 

-  192a'(?  +  32a6od  -  Wd) 

-  288aW»  +  6*cuM  +  86>cd) 
- 1606«<?  +  486c»d) 

+  192a<i»  -  12860?+ 320*^) 

-  48ocd»  +  146^) 
-144od»  +86cd») 

-  486d'  +Sd^) 

-  Ud') 

-  led*) 


[-     8*)- 

Ce  calcul  achev^  et  substituant  la  forme  (o,  6,  c,  d,  0$f,  «;)•  au  lieu  de  (o,  6,  c,  d,  O^f,  »?Z-' 
(ou  46,  6c,  4(2  au  lieu  de  b,  c,  d)  on  obtient  toua  les  terraes  de  I'^uation  cherch^^ 
hormis  ceux  qui  contiennent  e:  et  ces  demiers  s'obtienneut  au  moyen  de  ce  que  \^^ 
coefficients  des  differentes  puissances  de  y  se  r^uisent  k  z«^ro  par  I'op^rateur 

adi  +  269,  +  Zcdi  +  4da<,  -  T^dr,  -  27,  Br.- 
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Cela  ne  pr^sente  pas  de  difficult^,  je    supprime    done  les    ealeuls    interm^diaires  et  je 
donne  le  r6sultat  final  que  voici:    les  ^uations 

(a,  6,  c,  d,  e^x,  1)*  =  0, 
y  =  (aa?  +  b)  To'\'(aa^  +  4hs  +  Sc)  7\+  (aa^  +  4Aaf^  +  6cx  +  3d)  T^, 

conduisent  k  la  transform^e : 

(1,  0,  6,  2),  g^y,  1)^  =  0, 
oil  Ton  a 


6=2 


ToT, 

ToT, 

Jf2 

T,T, 

T,^ 

ac  +  3 
6»  -3 

ad+  6 
6c  -6 

ae  +  2 
bd-2 

ae  +  I 
bd  +  8 
c"  -9 

be  +6 
cd-e 

cc  +  3 
d«-  3 

D  =  4 


7»3 

n»^i 

n»^. 

T,T,^ 

T,T,T^ 

^1* 

n^2' 

r,«r. 

T^Ti 

r,» 

a«(f+  1 
a6c-3 
6»    +2 

O^C    H-  1 

ahd+  2 
ac«  -9 
6=0+6 

a66  +  1 
acd-3 

m  +  2 

abe+    4 
acd- 12 
l^d+    8 

ad^-  6 
6»c  +6 

oflP  —  4 
6«6  +4 

cwfe-  1 
6c6  +  3 
6(i>-2 

ocfe-   4 
6cc  +  12 
bd"-   8 

a^  -1 
bde-2 

0*6+9 

ccP-6 

be  -1 
ccfe  +  3 
rf*    -2 

@» 


7T4 

T,^T, 

VT, 

T,'T,* 

T^T^T^ 

T,T^ 

T.^Ti 

ToT.'T, 

a'e    +  1 

a«6e+    8 

a\e  +  12 

a'ce  -    6 

ahce  +  60 

a^de-      4 

aV    +    2 

oV  -      4 

a«6rf  -  4 

c?cd-\2 

a«c£«  -  12 

a6'e  +  30 

a6rf*  -72 

a6cc-    12 

a6e^-16 

a66^+    20 

a6=c  +  6 

ohH  -  20 

ab^e  -    8 

abed  -  48 

ac«t/   +36 

a6flP+    16 

ac»c  +36 

ac"c  +    36 

6*     -3 

a6c2+36 

abcd+  12 

ac''    +54 

6»c     -  36 

oc»c?+    36 

acd^  -  18 

6»rf»  -  160 

6»c    -12 

6»rf    +    4 

6»rf    -48 
6»c»    +  18 

6«ct^  +  12 

6'6    +    48 
h'cd  -  192 
6c»    +  108 

6«cc  -18 
b^d"  +14 

6c»(^  +  108 

'^'^ris 


r,* 

T^T^T} 

T^^T^ 

T,T- 

T^T^ 

T^T} 

T,' 

aV  +      1 

a/cde  +  60 

abe-      4 

ace^  +  12 

ac0^  -    6 

ode  +    8 

ac*     +  1 

abde—    16 

ad^    -36 

a>cde—    12 

ad^e  -    8 

ad^e  +  30 

bc(?  -12 

bd(?  -  4 

oc^c  -    18 

}^de  -72 

flfcP   +    48 

6V    -12 

bcde  -48 

bd^e  -  20 

ccPc  +  6 

accP+    48 

6c*e   +  36 

b^de-\-    16 

6cc?c  +  12 

6^8-48 

c*(fo  +36 

(^     -  3 

6«cc  +    48 

6ccf'  +  12 

6c'c  +    36 

6rf»    -    4 

c^e     +  54 

cd^    -\2 

bc'd  -  144 

6crf«-192 

c«rf»  +  18 

c*      +    81 

d'd    +  108 

JT'  =  o2;»  +  4bTJ^  +  c  (22'o2'3  +  47,")  +  4dr.r,  +  eT^, 

H'  =  (ac -  b')  T,"  +  2 (ad- be)  ToT^  +  (oe - 2bd  +  d')  TJ^  +  4 (6d - <?)  T^" 

+  2(be-ccD  T,T^  +  (ce  -  d»)  T^', 

47—2 
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et  je  repr^nte  par  4^  la  valeur  qui  vient  d'Stre  trouv^  pour  !D.  Cea  expressions 
V,  H',  4>'  8ont  des  invariants  des  deux  formes  (o,  h,  c,  d,  e$f,  ijY,  (T,,  Tj,  r,$ij,  —  f)*, 
on  a  de  plus  les  invariants 

a«  — 46d+3c»,    ace  —  CM?  —  6*6  +  26od  —  c*, 

que    je    repr^nte    comme    k    I'ordinaire    par    I,   J,   et    I'invariant    TfTt  —  Ti*   que  je 
repr^nte  par  B'.    Cela  pos^  on  a 

(g=6H'-  2/e', 

2)  =  4*', 

(S=IU''-  SH'*  +  PS'*  +  12J(i'V  +  2m'H'. 

La  demi^re   de    ces  equations    pent    Stre   v^rifi^    ais^ment,  pour  cela  on  a  seulement 
besoin  de  remarquer  qu'en  posant  a  =  e  =  l,  b  =  d  =  0,  c  =  d,  elle  devient 

(1  +  3^)  (r.»  +  e  (2ToT,  +  42\»)  +  Tt*y 
-  3  {0T,*  +  (1  +  ^)  ToTt  -  4^2','  +  BTj')* 

+  12(6-6')  (T,T,  -  r,»)  (r.*  +  6  (2TJ,  +  4T,»)  +  T/) 

+  2(1  +  96')iT,T,-  T,*){6T,*  +  {1  +  ^)  TJ^-4^T^+  6T/) 

=     T,* 
+  To'T,(   12<0 
+  T,*Ti' (- 66  +  5*6') 
+  T.'Tt'  (2  +  36^) 
+  ToTr'T,(-*-\-366') 
+  Ti*  {1-186* +  816*) 
+  T^'Tt*  (- 66  +  5*6*) 
+  ZT,'  (  126) 

^uation  qui  est  identique.     L'expression  de  I'invariant  /  (quadrinvariant)  de  la  foncti 
(1,  0,  6,  %  QJii/,  ly  est  (5  +  3(^6)',  ou  (S  +  S {H' - ^ISy,  c'est-i-dire 

IV*-  3H'*  +   1*%'*  +  12Je'  W  +  21%' H' 

+ ZH'*  +  j/'e'*  -  2/e'ir, 

ou  enfin 

IU'*  +  ^I*(d'*  +  12J&U', 
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ce  qui  est  ^gal  k 


J  [(IW  +  6JSy  +  J  (/'  -  27  J«)  e'»]. 


La   condition    k    remplir   pour   que    cet    invariant    se    r^duise    k    z4to    pent    done    Stre 
pr^ent^  sous  la  forme 

IF  +  [6 J  ±  2 V-  J  {P  -  27  J«)]  e'  =  0, 
ce  qui  s'accorde  avec  un  rdsultat  trouv^  par  M.  Hermite. 


II  doit  y  avoir,  ce  me  semble,  une  Equation  identique  de  la  forme 

Jir^  -  Iir^H'  +  4^'«  +  ifft'  =  -  «>'« 

qui  servirait  k  exprimer  le  carrd  de  <!>'  au  moyen  des  autres  invariants  IT,  IT,  6',  /,  J, 
mais  en  supposant  que  cette  Equation  existe,  la  forme  du  facteur  M,  que  je  n'ai 
pas  encore  cherch^e,  reste  k  determiner;  Tin  variant  J  (cubinvariant)  de  la  forme 
(1,  0,  6,  2),  @5y,  ly  contient  <I>'^  et  il  faudrait  employer  Tidentit^  dont  je  viens 
de  parler  pour  r^duire  k  sa  forme  la  plus  simple  cet  invariant;  dans  I'dtat  actuel  de  la 
question  je  ne  m'occupe  done  pas  de  Texpression  du  cubinvariant  de  (1,  0,  6,  2),  S5y,  1)*. 

Four  passer  au  cas  d'une  Equation  du  cinqui^me  ordre,  on  devra  faire  usage  de 
la  formule  qui  se  rapporte  k  la  forme  (a,  b,  c,  d,  e$x,  ly.  En  faisant  la  substitution 
n^cessaii-e  on  arrive  k  ce  r^ultat  que  pour  Ti^quation 


la  transform^  en 


(a,  6,  c,  d,  e$x,  1)*  =  0 


^st  la  suivante 


oti 


y  =  (aa?  + i6)  ro  +  (aa;«  +  iw  +  Jc)rx  + (cwj»  + 6ir»  + caj  + f<i)  r. 


(1,  0,  6,  3),  (S5y,  1)*  =  0, 


S  =  4 


7T2 

T,T, 

ToT, 

2^i 

T,T, 

r,« 

ac  +  8 
6«   -  3 

ad  +  24: 
6c    -     4 

oe  +  32 
bd  -    2 

06+16 

bd  +    S 
c«    -    4 

^  +  24 
orf-     4 

c«   +  8 
d"  ^  3 

ti^ 


i 


7T3 

"*0 

To'T, 

7T27T            7»7»« 

1 

n^i^2          Ti' 

nn« 

T,'T, 

1\1\' 

T} 

a*d+  8 
abc  —  4 
6'    +  1 

a^e  +  32 
ahd+    4 
oc^  -   8 
6»c  +    2 

a6e   +  8 
occ?  —  4 
b^d    +  1 

a6«+32 
ocrf- 16 
b^d+   4 

ad^-U 
6»c  +12 

oe^-8 
b^e  +8 

flk/«-  8 
6c6  +  4 
bd'-l 

ade- 32 
6cc  +16 
b<P-   4 

a^-32 
bde-   4 

c^c  +   8 
cd"-    2 

6c»  -8 
ccfe  +  4 
d»    -1 

< 
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^  ""TOff 


7T4 

T*T, 

TiT, 

a^ce  -  256 

T^^T^T^ 

TJ,' 

T,*T^' 

T.T.'T,    1 

a»«    +  256 

a»fte  +  512 

a^ce  +  512 

abee  +  640 

a*(U  -  256 

aV  +  512 

aV  -1024 

o«W-    64 

(^cd  -  128 

oW  -  192 

al^e  +  480 

aW-288 

a6«j-128 

a6(^-256 

aM;4.   320/ 

aJl^c^    16 

o^ci-     80 

al^e  -  128 

o^^-  128 

ac*rf  +    64    oW*  +    64 

ac*«  +  256 

04^6  +    256; 

6*     -      3 

a^:»+    64 

a^(^+    32 

ac»    +    64 

ft»e    -144 

ac»rf+    64 

ac(P-    48 

ft«rf«-   160 

6»c    -      8 

m    -        4: 

m   -    48 
W  +      8 

ft«crf+      8 

ft'if    +  192 
b'cd  -  128 

6«c«  -    48 
l^(P  +    14 

W(f+     48 

6c»    +    32 

1 

T^' 

T,T,T,^ 

T^T, 

T,T} 

T^Ti 

T,T} 

Ti 

aV  +  256 

acde+  640 

aW-256 

ac^  +512 

ac^  -256 

acfe»  +  512 

ae»    +256 

oW«-256 

od*  -144 

a<x/«-  128 

cuPe  -  128 

cwPc  +  480 

6ce»  -128 

6cf«»-    64 

(u^e  -  128 

W«  -  288 

a^  -H  192 

ft«tf*  -  192 

hcde-  128 

W«-    80 

orf»«  +    16 

acrf»  +  128 

he's  +    64 

6V«+    64 

bcde-^    32 

6rf»   -    48 

c»cfe  +    64 

rf*    -    a 

b^ce  +  128 

fccrf«+      8 

6c»«  +    64 

W»   -      4 

c»«    +    64 

orf»    -      8 

he'd-    64 

6cd»-128 

c«(i>  +      8 

c*      +    16 

c»rf   +    32 

En    m'appujrant   sur    ce    r^sultat  j'esp^re    Stre    jt    m^me    de    troiiver    la    fonnule    ix>vir 
r^quation  du  cinqui^me  ordre. 


Lofndres,  11  Mai  1860. 
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[From  the  Philosophical  TransacHona  of  the  Royal  Society  of  London,  voL  cll  (for  the 
year  1861),  pp.  561—578.    Received  November  7, — Read  December  5,  1861.] 

The  memoir  of  M.  Hermite,  "Sur  quelques  th^rfemes  d'alg^bre  et  la  resolution 
de  r^quation  du  quatri^me  degr6,"  Comptes  Rendvs,  t.  XLVI.  p.  961  (1858),  contains 
a  very  important  theorem  in  relation  to  Tschimhausen's  Transformation  of  an  equation 
f(x)  =  0  into  another  of  the  same  degree  in  y,  by  means  of  the  substitution  y  —  ^, 
where  ^  is  a  rational  and  integral  function  of  x.  In  fieu^t,  considering  for  greater  sim- 
plicity a  quartic  equation, 

(a,  6,  c,  d,  c$a?,  1)*  =  0, 
M.  Hermite  gives  to  the  equation  y^j>x  the  following  form, 

y  =  aT  +  (flw;  +  46)  5  +  {aa?  +  ^hx  +  6c)  (7  +  {aa?  +  46a;»  +  6ca?  +  4d)  D, 

(I  write  5,  (7,  D  in  the  place  of  his  T^,  2\,  T^,  and  he  shows  that  the  transformed 
equation  in  y  has  the  following  property :  viz.,  every  function  of  the  coeflScients  which, 
expressed  as  a  function  of  a,  6,  c,  d,  e,  T,  B,  C,  D,  does  not  contain  T,  is  an  invariant, 
that  is,  an  invariant  of  the  two  quantics 

(a,  6,  c,  d,  e'^X,  Tf,  (B,  C,  D^Y,  -Zy. 

This  comes  to  saying  that  if  7  be  so  determined  that  in  the  equation  for  y  the 
coefficient  of  the  second  term  (^)  shall  vanish,  the  other  coefficients  will  be  invariants ; 
or  if,  in  the  function  of  y  which  is  equated  to  zero,  we  consider  y  as  an  absolute 
constant,  the  function  of  y  will  be  an  invariant  of  the  two  quantics.  It  is  easy  to 
find  the  value  of  T\  this  is  in  fact  given  by  the  equation 

0  =  ar  +  365+3ca  +  (ii); 
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mud  we  have  thence  for  the  value  of  y, 

y^{aX'\-b)B'\- {aa^  +  46a?  +  3c)  (7  +  {aa^  +  46ic*  +  6ca:  +  3d) D ; 

80  that  for  this  value  of  y  the  function  of  y  which  equated  to  zero  gives  the  trans* 
formed  equation  will  be  an  invariant  of  the  two  quantics.  It  is  proper  to  notice  that 
in  the  last-mentioned  expression  for  y,  all  the  coefficients  except  those  of  the  term  in 
gf,  or  6£  +  3cC  +  3{2D,  are  those  of  the  binomial  (1,  If,  whereas  the  excepted  coefficients 
are  those  of  the  binomial  (1,  1)*;  this  suffices  to  show  what  the  expression  for  y  is 
in  the  general  case. 

I  have   in    the    two  papers,  "  Note  sur  la  Transformation  de   Tschimhausen,"    and 
"Deuxifeme  Note  sur  la  Transformation  de  Tschimhausen/'  Crelle^  t.  LVin.  pp.  259  and 
263  (1861),  [273  and  274],  obtained   the  transformed  equations  for  the  cubic  and  quartic 
equations ;    and  by  means  of  a  grant  from   the  Government  Grant  Fund,  I  have   been 
enabled   to  procure   the   calculation,  by   Messrs  Davis  and  Otter,  under  my  superintend- 
ence, of    the    transformed   equation  for  the   quintic  equation.      The    several   results  are 
given  in  the  present  memoir;  and  for  greater  completeness,  I  reproduce  the  demonstra- 
tion  which    I   have    given  in   the  former  of    the    above-mentioned    two    Notes,  of   the 
general  property,  that  the  function  of  y  is  an  invariant.     At  the   end  of  the  memoir 
I  consider  the  problem  of  the  reduction  of  the  general  quintic  equation  to  Mr  Jerrard's 
form  x^  +  ax-hb  —  O. 

Considering  for  simplicity  the  foregoing  two  equations 

(a,  6,  c,  d,  e^x,  1)*  =  0, 

y==(aa?  +  6)5  +  (aaj»  +  4&i;  +  3c)(7+(cuB»  +  4&c»  +  6ca?  +  3rf)2); 

let  the  second  of  these  be  represented  by  y  =  F,  the  transformed  equation  in  y  is 

(y-  ^.)(y-  F,)  (y  -  F.)  (y  -  FO  =  0. 

where    Vi,  V^y  F„  V^  are   what    V  becomes  upon   substituting  therein  for  x  the  roots 
flq,  x^y  x^y  a?4  of   the   quartic   equation    respectively.      Considering  y  as  a   constant,  th 
conditions   to   be  satisfied   in    order    that   the    function   in  y   may   be   an   invariant 
that  this  function  shall  be  reduced  to  zero  by  each  of  the  two  operators 

aa6  +  26a,  +  3c0d  +  4d3,-(  i)a^  +  2C3J, 
^a  +  303^  +  2(©c+  edd  -  (203^  +   Bd^). 

These   conditions   will  be  satisfied  if  each  of  the   factors  y— Fi,  &c.   has   the  proper ty 

in  question ;  that  is,  if  y—Vy  or  (what  is  the  same  thing)  if  F,  supposing  that  x 
denotes  therein  a  root  of  the  quartic  equation,  is  reduced  to  zero  by  each  of  the  t'^^vo 
operators.     Considering  the  first  operator,  which  for  shortness  I  represent  by 

in  order  to  obtain  AF  we  require  the  value  of  Aa;.  To  find  it,  operating  with  ^  o^ 
the  quartic  equation,  we  have 

(a,  6,  c,  d'^Xy  l)=*Air-f  (a,  6,  c,  d^x,  1)^  =  0, 
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and  writing  the  second  equation  in  the  form 


-a<7)  =  0, 


multiplying  by  x  and  reducing  by  the  cubic  equation,  we  have 

dC  ^x(y-hB^    cC)  +  a^{   -   aB)         =0, 

and  repeating  the  process, 

dB  +x{     8c5+    dC)+ai*(y  +  265  +  cC)  =  0; 

or,  what  is  the  same  thing,  we  have  the  system  of  equations 

(  y^bB-2cG,       -  aB-36C,  -cC  $1,  x,  af)^0, 

dC,    y-  bB+  cC,      -    aB 
dB         ,  ScB-hdC,    y  +  2bB  +  cC 

and    the  resulting  equation  in  y  is  of   course    that    formed    by  equating   to   zero 
determinant  formed  out  of  the  matrix  in  this  equation.    The  developed  expression  is 


where 


i6  = 


(1,  0.  6,  3)1^.  ly  =  0. 


B' 

1 

BC 

C 

OC       i      + 1 

6»         -1 

1 

ad 
be 

+  1 
-1 

bd 

+  1 
-1 

±1 

+  1 

+  1 

3) 


& 

B'C 

1 

BC* 

C 

a^d 
ahc 
6« 

+  1 
-3 

+  2 

abd 
6«c 

+  3 
-6 
+  3 

acd 

b^d 

be' 

-3 
+  6 
-3 

ad* 
bed 

-1 
+  3 
-2 

±3 

±6 

±6 

±3 

The  sum  of  the  coefficients  in  each  column  should  here  and  elsewhere  in  the 
present  memoir  be  equal  to  zero,  and  I  have  by  way  of  verification  annexed  to  each 
column  the  sums  (±  a  number)  of  the  positive  and  negative  coefficients.  The 
coefficients  S,  !D,  and  therefore  the  function  in  y,  are  invariants  of  the  two  forms, 

(a,  6,  c,  d$Z,  F)»,    (5,  C$F,  -Z); 

or  in  the  present  case,  where  there  are  only  two  coefficients  B,  C,  the  coefficients  6,  D, 
and  therefore  also  the  function  in  y,  are  covariants  of  the  single  form  (a,  6,  c,  d$5,  Cy, 
considering  therein  (5,  C)  as  the  facients. 
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i2)  = 


and 


(S  = 


a^d 
ahc 
6> 

+  1 
-3 

+  2 

±3 

1 
1 

abd 
6«c 

+  1 
+  2 
-9 
+  6 

abe 

I 

1 

+  1 
-3 

+  2 

±3 

^C 

+    4 
-12 

+    8 

±9 

1 

±  12 

ac^ 

BCD 

1 

BL^ 

CZ) 

1 

1 

1 

ad" 

-6 

-4 

ade 

-1 

-    4   1 

Of? 

-i! 

\b*e 

+  6 

+  4  1  bed 

+  3 

+  12  ; 

bde 

-2 

bed 

bd} 

-2 

-    8 

^e 

+  9 

(? 

+  4 

(?d 

+  3 

1 

ed} 

-6 

1 

+  9  j 

+  6 

+  12 

^^* 

^^ 

^^* 

B" 

^C 

B'D 

B'CP 

I^CD 

BC^ 

uB«i)» 

BC^D 

C* 

c^e 

+  1 

a*be 

+    8| 

c^ct 

+  12 

-    6 

a^de 

•  •  • 

-     4 

aV 

+    2 

-      4 

+      1 

a^bd 

-4 

a^ed 

-12 

a^d^ 

-12 

•  •  • 

ahee 

+  60 

-    12 

ahde 

-16 

+    20 

-    1« 

aV 

•  •  • 

ahH 

-20' 

ah\ 

-    8 

+  30 

ab(P 

-72 

+    16 

ac^e 

+  36 

+    36 

-   J^ 

o^c 

+  6 

oM 

+  36| 

abed 

+  12 

-48 

a^d 

+  36 

+    36 

aed^ 

-18 

•  •  • 

+   4^ 

6* 

-3 

ft'c 

-12 

ac» 

t  •  • 

+  54 

6>« 

-36 

+    48 

U'en 

-18 

•  •  • 

+   4^ 

l^d 

-    4 

-48 

}^ed 

+  12 

-192 

b^d" 

+  14 

-160 

•  1 1 

b^i? 

+  18 

W 

+  108 

bc'd 

+  108 

-144 
+   81 

+  7 

+  44 

+  24 

+  102 

+  108 

+  208 

+  52 

+  164 

+  17^ 

- 



acde 

cuP 

b^de 

b^e 

bed^ 

(?d 


BCD' 


C^D 


+  60 
-36 
-72 
+  36 
+  12 


-  4 

-  12 
+  48 
+  16 
+  36 
-192 
+  108 


+  108  1  +  208 


aeer 

a^e 

6V 

bede 

bd^ 

<?e 

i?d} 


BD' 

+  12 

-  8 

-  12 
+  12 

-  4 


+  24 


C^D^ 

CD" 

-    6 

ode" 

+    8 

oe* 

+  30 

be^ 

-12 

hdt? 

•  •  • 

bd^e 

-20 

d"^ 

-  48 

&de 

+  36 

ciPe 

-48 

ed} 

-12 

d* 

+  54 

+  18 

+  102 

+  44 

7 


I  write 

J7  =  a^  +  465(7 + c  (252)  +  4(?)  +  4d(7Z)  +  eZ)», 

H'^{ac-b')B'  +  2{(jd-bc)BG+{a£^2bd'^(f)BD  +  ^{^^ 

and    I    represent    by  <!>'  the    expression    which    has   just    been   found    for    JD. 
functions,  CT,  H\  <!>',  are  invariants  of  the  two  forms 

(a,  6,  c,  d,  e$Z,  Fy,    (A  a,  D\7,  -Z)»; 
we  have,  moreover,  the  invariants 

a6-46d  +  3c^  ac«-ad*-6"c  +  26cd-c', 
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There  should,  I  think,  be  an  identical  equation  of  the  form 

which   would  serve  to  express  the  square  of  the   invariant  4>'  in   terms  of   the  obl^^i. 
invariants    W,  JET,  %\  I,  J;  but  assuming  that    such   an   equation   exists,   the   fonn.      ^f 
the   factor  M  remains  to  be  ascertained.     The  invariant  J  (cubinvariant)  of  the  fox-m 
(1,  0,  6,  2),  @3[y>  ^y  coi^tains  <I>'^,  and  it  would  be  necessary  to  make  use  of  the  identdc^ 
equation  just  referred  to  in  order  to  reduce  it  to  its  simplest  form;  and  (this  being  so\ 
I  have  not  sought  for  the  expression  of  the  cubinvariant  of  (1,  0,  6,  ^,  Q:^,  1/. 

For  the  quintic  we  have  the  equations 

(a,  6,  c,  d,  e, /$a:,  1)*  =  0, 

y  =     {aa  +b)B 

+  (aa^  -f  56a?  +  4c)  G 

+  (cwj»  +  6&r*  +  lOca:  +  6d)  2) 

+  (cur*  +  56x»  +  lOcof  +  lOcia?  +  4e)  JF, 


and  this  leads  to  the  system  of  equations 

(  y-65-4c(7-6dD-4eJS?,       - oB - 56(7 -  lOcD  -  lOdJF, 


/B 


fO 


fE.y  -hB-^cC-  6cZ>  + 

eE, 

fl> 

5e2)  + 

fE.y 

heC  +    fD 

> 

5«B+  fC 

» 

-  aD-SbE, 

— 

aC-bhD 

— 

nB- 

5bC 

aC 

-     aC-    5bD-10cE, 

-  oB-  SbC-  lOcD 

-  hB-  4cC+  4dD+     eE, 

\OdC+    5ei)+    fE, 

t 

10d5+  5e(7+     fD 


-oE  $1,  X,  ««,  «»,  fl;*)=0, 


y  -    65+   6cC  +  4di)+  «^,         -  aB 

10aB  +  10rfO+  5«2)+  /&,      y  +  465+6cC  +  4cIi)  +  ef: 


and  the   transformed  equation  is   obtained  by  equating  to  zero  the  determinant  formed 
out  of  the  matrix  contained  in  this  equation. 
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The  determinant  in  question  was  calculated 

by 

the  fonnula 

Div. 

D  =-12.  345 

1 

+ 13 .  245 

2 

- 14 .  235 

3 

+ 15 .  234 

4 

-  23 .  145 

5 

+  24 .  135 

6 

-25.134 

7 

-34.125 

8 

+  35 .  124 

9 

-45.123 

10, 

w'h^jre  the  duadic  symbols  refer  to  the  first  and  fifth  cohimns,  viz.  12  is  the  deter- 
i^i^^uiL^nt  formed  out  of  the  lines  1  and  2  of  these  columns,  and  so  for  the  other  like 
syixklDols ;  and  the  triadic  symbols  refer  to  the  second,  third,  and  fourth  columns, 
^^-  345  is  the  determinant  formed  out  of  the  lines  3,  4,  5  of  these  columns,  and  so 
^^^    tihe  other  like  symbola 

The  ten  divisions  were  separately  calculated.  It  is  to  be  noticed  that  these 
d^iviaions  other  than  4  and  6  correspond  to  each  other  in  pairs,  while  each  of  the 
^'VT.srions  4  and  6  corresponds  to  itself,  as  thus: 


Div.  1, 

-10 

2, 

-   9 

3. 

-   7 

5. 

-   8 

4/ 

-   4 

6. 

-   6, 

^^.  if  in  the  place  of 

y ;  a,  6,  c,  d,  e,  /;  5,  C,  D,  E, 
"We  write 

-  y ;  /,  e,  d,  c,  &,  a;  E,  D,  G,  5, 

^hen  division  1  becomes  division  10  with  its  sign  reversed,  and  so  for  divisions 
^  and  9,  3  and  7,  5  and  8;  while  each  of  the  divisions  4  and  6  is  unaltered,  except 
t.liat  the  sign  is  reversed.  But  the  corresponding  divisions  were  each  of  them  calculated, 
^nd  the  property  in  question  was  used  as  a  verification.  Another  very  convenient 
Verification,  which  was  employed  for  the  several  divisions,  was  obtained  by  putting 

a  =  6  =  c  =  d  =  c=/=5  =  a  =  D  =  ^  =  l, 
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y 


upon  which  supposition  the  determinant  becomes 


5,.   -  26, 

-16, 

-  6. 

1.  y-10. 

-16. 

-  6. 

1,      6. 

y  • 

-  6. 

1.      6. 

16, 

y+10. 

1.      6. 

16, 

16, 

y  +  1 


and  the  values  of  the  ten  divisions  respectively  are 


y".  y*>     y*  > 


y 


6. 

-288, 

+  4608. 

-  24576 

1 

16. 

-576, 

+  6144, 

- 16384 

2 

26, 

-544, 

+  3584, 

-  24576 

3 

1,  0.  -96. 

0  . 

-  28672, 

0 

4 

0  , 

0 

0 

0  , 

0 

6 

26, 

+  544. 

+  3584, 

+  24576 

7 

0  . 

0 

8 

16. 

+  576. 

+  6144. 

+ 1 6384 

9 

6. 

+  288. 

+  4608, 

+  24576 

10 

1,0,  0,  0  ,  0     ,  0 

A  verification  similar  to  this   was  in  fact  employed  at  each  step  of  the  calculatic^^^ 
of  a  division:    viz.  in  forming  a  product  such  as  (XX  +  fAF+&c.)(X'X4  f^'F+fta),  whe^^ 
X,  fi,  &c.,  X',  fjL, . .  &c.   are  numerical  coefficients,  and  X,  F,  &c.  are   monomial  produc 
of  a,  6,  c,  d,  e,  f  and  B,  (7,  D,  E,  the  sum  of  the   numerical  coefficients  of  the  produ^^ 
is  (X  +  fA  +  &c.)  (X'  +  fjf-{-  &c,). 

It  was  of  course  necessary  to  employ  such  verifications,  as  a  test  of  the  correc  ^ 
ness  of  the  several  divisions,  before  proceeding  to  collect  them  together,  but  t\r^ 
collection  itself  affords  an  exceedingly  good  ultimate  verification.  The  following  is 
exemplification:  the  terms  in  y  which  involve  the  product  BCDE  are  obtained 
the  collection  of  the  corresponding  terms  in  the  ten  divisions,  as  follows : 

123  4  567  8  9         10 


BCDE.--      5ay« 

+  1 

-   2 

-   2 

+     1    +     1 

-  2 

-   2 

+   1-2 

+   1 

+  ^Oahef 

+  49 

-  16 

-  20 

+   4  -  25 

+  50 

-  20 

-  25 

-  16 

+  49 

+  980  acdf 

+  80 

+  200 

+  184 

-148  +100 

+  184 

+  100 

+  200 

+  80 

-  280  ac(? 

+  80 

+  80 

-440 

-  180  a4pe 

-  60 

-  60 

-  60, 

-  280  b^df 

-440 

+  80 

+  80 

-  825  6«c> 

-825 

-  180  6cy 

-  60 

-  60 

-  60 

+  740  bcde 

+  740 

1 

bd" 

' 

&e 

c'd^ 

' 

±  1750  =  0 

+  210 

+  122 

+  182  -1228 

1 

+  76 

+  48 

+  182 

+  76 

+  122 

+  210 

=  +1228 
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And  since    upon  writing   a  =  &  =  c»d  —  e  — /=  1   the   transformed  equation  becomes 
y'  =  0,  it   is  clear  that   in   the  coe£Bcient  of  any   monomial   product   of  B,  G,  D,  E,  the 
sum   of  the   numerical   coefficients  of  the   several   monomial   products  of  a,   b,   c,  d,  e,  f 
must  be   =  0,  which   is   the   property  above  referred  to  as  affording  a   verification  of  the  < 
calculated  expression  of  the  transformed  equation. 

The  final  result  is  that  the  equations 

(o.  6,  c,  d,  «,/5it,  1)»  =  0, 
y=     (ax  +    b)B 

+  {aa?  +  66a!  +    4c)  C 
+  (oic'  +  Siw"  +  IOm  +   %d)D 
+  ((W*  +  Sfti'  +  lOciB*  +  Iddx  +  +fl)  £ 
give  for  the  transformed  equation  in  y 

(1,  0,  6,  2).  e,  siiy,  \y=o, 

where 


iS= 


- 

BC 
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-   55 

+    260 

cd,r 

-   80 

dhf 

bd-f 

+   400 

-    120  1'  c'e/' 
+  1020  1    op/' 

-120 

c^f 

-   70 

Aff 

+  10 

'  6d,-t 

+  20 

+    440 

...      ,-    160 

d-P 

^ 

-    4 

*«• 

-   5 

-   300 

+    500      cde'/ 

+    80 

-   640 

dvr 

+  120 

e-dr 

-    480 

...      I|  ce* 

-    20 

-   200 

d^ 

-   30 

AY 

-   960 

t   100    ,ee/ 

+   480 

cd-ef 

+    640 

-   060  l|  M 

+     60 

ri«" 

+     80 

- 1900  |l 

d-f 

+    640  1 

rf-e" 

+  1040  'l 

+  70 

+  2060 

+  3370  |l 

+  225 

+  1000 

+  195 

+  15 

Upon  writing  (B,  C,  D,  E)  =  {a?,  xtf,  ar/,  y*),  the  foregoing  values  of  E,  2>,  S,  % 
become  covariants  of  the  quintic  (a,  b,  c,  d,  e,  f^x,  yf.  In  fact  [using  for  the  covariante 
of  the  quintic  the  notation  of  141  and  143,  A  the  quintic  itself,  J£c.],  we  have 

iS-ac, 

JS  -   A'B  -  3C 
g  =    A<B-2CF. 
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or  say 

Now,  by  a  formula  in  my  memoir  "On  the  Automorphic  Linear  Transformation  of  a 
Bipartite  Quadric  Function,"  Phil.  Trans.,  vol.  cxLvni.  (1858),  see  p.  44,  [153],  if  T 
denote  any  skew  symmetric  matrix  of  the  order  4,  then  if 

(B,  C,  A  ^  =  (n-»(n-T)(ft  +  T)-»ft$B',  (7,  U,  ET), 

in  which  formula  ft"*,  ft  — T,  (ft  +  T)~S  ft  are  all  matrices  which  are  to  be  com- 
pounded together  into  a  single  matrix,  we  have  identically 

(ftji?,  (7,  D,  ^  =  (ft$B',  C,  u,  py. 

Let  Q  denote  the  determinant  |  ft  +  T  |  ,  then  the  terms  of  the  matrix  (ft  -f  T)""*  are 
respectively  divided  by  Q,  and  we  may  write 

(ft  +  T)-^  =  ^.Q(ft  +  T)-\ 

where  Q(ft  +  T)~*  is  the  matrix  obtained  from  the  matrix  (ft  +  T)*"*  by  multiplying 
each  term  by  Q,  the  terms  of  Q(ft  +  T)~~^  being  thus  rational  and  integral  functions 
of  the  terms  of  the  matrix  (ft  +  T).  Hence  if,  instead  of  the  before-mentioned  relation 
between  {B,  C,  D,  E)  and  {R,  (7,  iX,  P),  we  assume 

(B,  C,  D,  E)^  (ft->  (ft  -  T)  Q  (ft  +  T)-»  ftJB',  C\  U,  E), 

we  find 

(ft$B,  C,  A  .F)»  =  Q»(ft$B',  (7,  D',  EJ, 

If  here  the  matrix  T  is  such  that  we  have  Q  =  0,  Le.  Det  (ft  +  T)  =  0  (which  is  a 
quadric  relation  between  the  terms  of  the  skew  matrix,  that  is,  each  term  is  contained 
therein  in  the  first  and  second  powers  only),  then  the  equation  becomes 

(ftJB,  C,  D,  Ef  =  0. 

It  is  clear  that  this  can  only  be  the  case  in  consequence  of  the  coefficients  of  trans- 
formation in  the  equation 

(B,  C,  D,  ^  =  (ft-^  (ft  -  T)  Q  (ft  +  T)-»  ft$B',  (7,  iX,  E) 

being  such   that  there  shall  exist  at  least  two   linear  relations  between   the  quantiti 
(B,   C,  JD,  E),  and   I  assume  (without  stopping  to  prove  it)  that  they  are   such  tha 
the    number    of    such    linear    relations   is    in    fact    two.     That    is,   the    last-mention 
equation   establishes  between   the   quantities  (B,  (7,  D,  E)  two   linear  relations,  in  virtu 
whereof  6  =  0.     And   this  being  so,   we  may,  without   loss   of  generality,   write  JD'  =  0 
^  =  0,  or  put 

(B,  C,  D,  ^  =  (ft-^  (ft  -  T)  e  (ft  +  T)-^  £i\B\  (7,  0,  0) ; 
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80  that  B,  C,  JD,  E  are  linear  functions  of  R,  C,  such  that  6  =  0.  And  then  sub- 
stituting these  values  for  (B,  C,  D,  E),  we  find  D  a  cubic  function  of  B',  C;  so 
that,  putting  !D  =  0,  we  have  a  cubic  equation  to  determine  the  ratio  R  :  C 

The  foregoing  reasoning  presents  no  real  difficulty,  but  it  is  expressed  by  means 
of  a  very  condensed  notation,  and  it  may  be  proper  to  illustrate  it  by  the  case  of 
the  quadric  function  a^  +  i/^-^-z^    Considering  the  equations 

a?  =  (1  +  X«  -  fA«  - 1;«)  a^  +  2  (X/a  -  i;  )  y'  +  2  (\i;  +  /a)  /, 

y=  2(XfA  +  i;)a?'  +  (l-X'  +  M'-»^)y'+  2(fjLV-\)z\ 

z=  2{v\-fi)af-^  2(/ii;  +  X).y'  +  (l-X«-/i«  +  i;«)/, 

t^hese  equations,  if  the  expressions  for  x,  y,  z  had  been  divided  by  1  +  X'  +  /a"  + 1^,  would 
liave  given 

ence  they  actually  do  give 


if 


*hey  give 


ut  if 


^hen 


that  we  have 


a:*  +  y»  +  ^  =  (1  +  X«  +  /A«  +  !;•)«  (a/»  +  2/'  +  /«) ; 
1  +X«  +  A*«  +  i;>  =  0, 
a:"  +  y*  +  ^  =  0. 

l  +  X«-AA«-i;«  :  2(X/A-i;)  :  2(\v  +  fi) 

=  2  (X/A  +  i;)  :  1  -  X«  +  /A»  -  i/>  :  2  (fAi;  -  X) 

-2(v\-fi)  :2(fiv  +  \)  :  l-X«-AA«+i;«; 

a  :  y  :  -?  =  ! +X«-/a'- i/»  :  2(X/i  +  v)  :  2(vX-/i), 


^^rhich  is  the  same  result  as  would  have  been  found  by  writing  y'  =  /  =  0,  and  which 
^3omes  to  saying  that  x,  y,  z  are  not  independent,  but  are  connected  by  two  linear 
:K^lations. 

The  equation  Det.  (ft  +  T)  =  0,  written  at  length,  will  be 

=  0, 


a 

) 

h 

-  T, 

g  + 

0-, 

1  +x 

h  + 

T, 

b 

> 

f   - 

p. 

m  +  /i 

g- 

<r. 

f 

+  P> 

c 

f 

n  +  V 

1- 

K 

m 

-/*. 

n  — 

y. 

P 

C.   IV. 
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where  X,  ti,  v,  p, 

(7,  r  are  the  arbitrary  constituents  of  the  skew  matrix 

;  or  developing. 

this  18 

a,    h,   g,    I 

h,    b ,   f ,    m 

g.   f,   c,    n 

1,    m,    n,   p 

+  (     be  -P  , 

fg  —eh,      hf  —  bg,      mg  — nh,      fin— bn, 

-  fii  +  cm  $X,  fJk,  V,  p,  a,  t)* 

fg  -eh, 

<»  -g**      gh-af  ,  -gl    +an,      nh -If   , 

gn-cl 

hf  -bg, 

gh  —  af,      ab-h»  ,      hi    —am,  —  hm  +  bl  , 

If  -mg 

mg-nh, 

fm  —  bn,  — fii  +cm,      ap  —  I*   ,      ph  —  Im, 

pg-ln 

-  gl  4-  an  , 

nh  —  If  ,     gn  —  cl  ,      ph  —  hn ,      bp  —  m* , 

pf  —  mn 

hi  —am,  - 

-hm  +  bl ,     If  -mg,      pg  -In  , 

pf  —  mn, 

cp  — n* 

-y 


+  (X/)  +  /ur  +  vT)'  =  0, 

the  first  term   whereof,  substituting  for  (a,  b,  c,  f,  g,  h,  1,  m,  n,  p)  their  values,  is  i 
&ct  equal  to  the  discriminant  a*/*  +  &a  of  the  quintic  (a,  6,  c,  d,  e,  f^X,  Yf.    The 
is  no  loss    of   generality  in  putting  all  but  two  of   the  quantities  (X,  fi,   v,  p,  a, 
equal   to  zero;    in  fact  this  leaves  in  the  formulae   a  single  arbitrary  quantity,  whicF: 
is  the  right  number,  since   the  ratios  B  :   C  :  D  :   E  have   to   satisfy  only  the  tw 
conditions  6  =  0,  2)  =  0. 

[An  Addition  of  a  half  page,  dated  Nov.   10,   1862,  and  referring  to  the  Memor 
"  On   a   New   Auxiliary    Equation    in   the    Theory   of    Equations    of   the    Fifth    Order 
268,  is  printed  at  the  end  of  that  paper,  ante  p.  324.] 
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ON    THE    ANALYTICAL    THEOKY    OF    THE    CONIC. 


CFrom  the  Philosophical  Transactions  of  the  Royal  Society  of  London,  voL  CLii.  (for  the 

year  1862),  pp.  639—662.    Received  May  8,— Read  May  15,  1862.] 

The  decomposition  into  its  linear  factors  of  a  decomposable  quadric  function  cannot 

1^6    effected   in    a    symmetrical    manner   otherwise    than    by  formulae    containing  super- 

xiuinerary  arbitrary  quantities;    thus,   for  a  binary  quadric  (which    of  course  is  always 
decomposable)  we  have 

(a,  6,  cJix,  y)2=^_g_p^_^  Prod,  {(a,  6,  c$^,  y$<  yO  ±  Vac  -  6»  (a^  -  a?  y)} ; 

e^r  the  expression  for  a  linear  factor  is 

V(a,  6,  c^x\  ^  ^^^'  *'  ^^^'  ^^^''  y')±Vac-6«(a?y'-a^y)}, 

'^hich  involves  the  arbitrary  quantities  (x\  y').    And  this  appears  to  be  the  reason  why, 

xn  the  analytical  theory  of  the  conic,  the  questions  which  involve  the  decomposition  of 

^  decomposable  ternary  quadric  have  been  little  or  scarcely  at  all  considered :  thus,  for 

Xnstance,  the   expressions  for  the  coordinates  of  the  points  of  intersection  of  a  conic  by  a 

line   (or  say  the  line-equations  of  the  two  ineunts),  and  the  equations  for  the  tangents 

^separate  each  from   the    other)   drawn   from   a  given   point   not  on  the  conic,  do  not 

appear  to  have   been   obtained.     These   questions   depend    on    the    decomposition    of   a 

^decomposable  ternary  quadric,  which  decomposition  itself  depends  on  that  for  the  simplest 

c^ase,  when  the  quadric  is  a  perfect  square.     Or  we  may  say  that  in  the  first  instance 

"they  depend  on  the  transformation  of  a  given  quadric  function  17'  =  (♦][«?,  y,  zf  into  the 

Conn  TF^  +  F,  where  TT  is  a  linear  function,  given  save  as   to  a  constant  fisu^tor  (that  is, 

TT  =  0  is  the  equation  of  a  given  line),  and  F  is  a  decomposable  quadric  function,  which 

is  ultimately  decomposed  into  its  linear  factors,  =QjB,  so  that  we  have    I7'=TF*  +  QjB. 

50—2 
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The  formula  for  this  purpose,  which  is  exhibited  in  the  eight  different  forms  I,  II,  IQ, 
IV,  I  (bis),  n(bisX  in  (bis),  IV  (bis),  is  the  analytical  basis  of  the  whole  theoiy;  and 
the  grea^r  part  of  the  memoir  relates  to  the  establishment  of  these  fonns. 

The  solution  of  the  geometrical  questions    above  referred  to  is  (as   shown  in  the 
memoir)  involved  in  and  given  immediately  by  these  forms.    It  is  also  shown  that  the 
formulae  are  greatly  simplified  in   the  case  e.g.   of  tangents  drawn  to  a  oonic  firom  a 
point  in  a  conic  having  double  contact  with  the  first-mentioned  conic,  and  that  in 
case  they  lead  to  the  linear  Automorphic  Transformation  of  the  temaiy  qnadric    The^^ 
memoir  concludes  with  some  formulae  relating  to  the  case  of  two  conies,  which  howeve^:^^^ 
is  treated  of  in  only  a  cursory  manner. 


Article  Nos.  1 — 17,  relating  to  a  single  conic 


1.    The  point-equation  of  the  conic  is 


{df  6,  c,  /,  g,  h^x,  y,  zy  =  0, 


which  expresses  that  the  point  {x,  y,  z)  is  an  ineunt  of  the  conic. 


The  line-equation  of  the  same  conic  ib 


I  1?,  r 

f»  a,  A,  g 

V»    K  b,  f 

?,  9>  /,  c 


=  0, 


or  putting 


{A,  B,  C,  F,  G,  H)^{bc-f\  ca^f,  ah^h\  gh^af,  hf^bg,  fg^ch), 


the  line-equation  is 


{A,B,  (7,  F,  G,  ^f ,  17,  {:)•  =  0, 


which  expresses  that  the  line   (f,  17,  ^  (that  is,  the  line  the  point-equation  whereof 
fa?  +  i/y  +  {T^  =  0)  is  a  tangent  of  the  conic.    We  are  thus  in  the  analytical  theory  of 
conic  concerned  with  the  quadrics  (a,  6,  c,  /,  g,  h\x,  y,  zf  and  (-4,  B,  (7,  F^  G,  -ff$f,  % 
which  are  the  characteristics  or  nilfojctamA  of  these  equations  respectively. 


IS 


2.    I  put  also 


or,  what  is  the  same  thing, 


K=    a,    h,    g 
h.    b.   f 

9^   /.    c 


K^abc-af'-bg'-  ch"  +  2fgh. 
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7.  I  notice  also  the  theorem 

(a, . .  $a?,  y,  zf .  (a, . .  \a{,  'if,  zj  -  [(a, . .  $a?,  y,  z\af,  \f,  sf)f 

which    is   much    used   in   the    sequel:    it    may  be   mentioned,   in  passing,  that  this 
included  in  the  more  general  theorem 

(a,..$«,  y,  «$Z,  m,  n),    (a,..][a?',  y',  z'^,  m,  n) 
(a, . .  $«,  y,  -?$/',  m',  nO,    (a, . .  $a;',  y',  «'$Z,  m,  n) 

=  (-4, .  .$y/  — y'-?,  tai  —  six,  x}/—afy\mn'  —  m'n,  rU'^n'l,  lm!—Vm\ 

which  is  at  once  deducible  from 

Ll-vMm^-Nn,    L'l -{- M'm  ^- N'n 
Ll'  +  Mm'  +  Nn\    iT  +  JfW  +  i^V 

=  (MN'  -  if 'i\0  (^w'  -  m'n)  +  (iVX'  -  i\ri)  (nl'  -  n'Q  +  (/iiT  -  L'M)  {Irn!  -  /'m), 
by  writing  therein 

{L,  M,  N)  =  {ax  -^hy  +  gz,  hx  +by  -{-fz,  gx  +fy  +cz), 
{L\  M\  i^0  =  (a^  +  Ay'+/7^,  Aa?'  +  6y'+//.  go! Jrfff  ^02!). 

8.  Suppose  now  that 

(a,  6,  c,  /,  y,  K^x,  y,  z)^ 

breaks  up  into  factors,  or  say  that  we  have 

(a,  6.  c;/,  y,  A$«,  y,  -^)*  =  2  (aa?  +  )9y  +  7^)  (a'a?  +  ^S'y  +  7 -?), 

the  values  of  the  coefficients  (a,  • .)  then  are 

(a,  6,  c,/,  y,  A)  =  (2aa',  2^)8',  277',  ^7'  +  )8'7,  7«'  +  7'«,  fl^  +  a'/8), 
and  forming  from  these  the  inverse  coefficients  (il, . .)  and  the  discriminant  K,  we  find 

9.  The  last-mentioned  equation,  ir  =  0,  is  the  condition  in  order  that  {a,..\x,y,  ^y 
may  break  up  into  factors;    and  when  it  does  so,  we  have 

that  is,  (a,..$a;,  y,  zY  breaking  up  into  factors,  (-4,..$^,  1;,  f)«  is  a  perfect  square;  and 
equating  it  to  zero,  we  have 

which,  (f,  rjf  ?)  being  line-coordinates,  gives  (as  a  two-fold  point)  the  point  of  intersection 
of  the  lines  (a,  ^,  7),  (a',  fi\  y'\  that  is,  the  lines  cu?+)9y  +  7^  =  0,  alx^-ffy-^-yz-^- 


i 
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10.  If  (a, . .  $a?,  y,  zf  is  a  perfect  square,  then  a' :  /8' :  7'  =  a  :  /8  :  7 ;  whence  not  only, 
^8  before,  ^=0,  but  the  coefficients  (-4,  JS,  (7,  F,  0,  H)  all  vanish  (this  implies  the 
first-mentioned  condition,  ^  =  0);  and  the  line-equation  (J., ..$f,  17,  S)*=0  becomes  the 
iQQere  identity  0  =  0. 

11.  Conversely  if  -Jr  =  0,  then  (a, ..][a?,  y,  zf  breaks  up  into  &ctors;  and  if 
^-4,  B,  C,  F,  6,  H)  all  vanish,  then  (a, . .  $a?,  y,  ^)*  is  a  perfect  square.  The  conclusions 
istated  anUy  No.  3,  are  thus  sustained. 

12.  I  assume,  first,  that  (a, . .  ][a?,  y,  zf  is  a  perfect  square  (No.  13) ;  and  secondly, 
th&t  it    breaks  up  into  factors  (No.   14) ;    and  I   proceed  to  inquire  how  in   the    one 
case  the  root,  and  in   the  other  case  the  factors,  can  be  determined  in  a  symmetrical 
form, 

13.  Considering  the  before-mentioned  identical  equation 

(a,  .  .$^,  y,  zy.  (a, .  .\x\  yf,  zj  -  [(a, .  .][a?,  y,  z\af,  y\  z')J  =  {A, .  .\ysf  -  y'z,  zaf  -  z'x,  x^  -  ofyY, 

if   C^>  -  •  $^>  y>  '^)*  is  a  perfect   square,  then  by  what  precedes,   the    right-hand  side  of 
the    equation  vanishes,  and  we  have 

and    "the  root  of  (a, . .  ][a?,  y,  z)*  is  thus  seen  to  be 

"      V(a, . .  $^',  /,  ?)»      ' 

^^  expression  which  involves  the  quantities  (of,  y\  s!\  the  values  whereof  may  be 
*®^^Mned  at  pleasure  without  altering  the  value  of  the  expression.  For  instance,  assuming 
for  {pf^  ^^  y)  ijhe  values  (1,  0,  0),  (0,  1,  0),  (0,  0,  1)  successively,  the  diflferent  values  of 
^^  expression  are 

ax  +  hy+gz        hx  +  by+fi       gx  -{-fy  +  cz 
Va         '  V6         '  Vc         * 

*^^t  if^  as  assumed,  (a, . .  ][a?,  y,  zf  be  a  perfect  square  =  (ax  +  fiy  +  yz)*,  then 

(a,  6,  c,  /,  g,  h)  =  (o?,  /S»,  y,  ^87,  ya,  a/3), 

^d  each  of  the  foregoing  values  becomes  equal  to  the  root  aa  +  fiy  +  yz.  It  is  some- 
^hat  singular  that  it  is  not  possible  to  obtain  symmetrical  formulae  without  employing 
^  thia  manner  supernumerary  arbitrary  quantities  such  as  (x\  y',  /). 

14.  Next,  if  (a,  ...$a?,  y,  zy,  instead  of  being  a  perfect  square,  only  breaks  up 
^^  factors,  then  in  the  foregoing  identical  equation  the  right-hand  side  is  a  perfect 
square,  and  by  the  formula  just  obtained  its  value  is 

[(^, .  .  -gZ,   F,  Z$y/  -  y%  zx'  -  /x,  xy'  -  afy)]* 


( 
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where  (X,  Y,  Z)  are  supernumerary  arbitrary  quantities.    The  identical  equation 
gives 

and  consequently 

(a, .  .$^.  y,  ,).  =  ^-_^^_,_^  Product  of 

a    formula    which    exhibits    the    decomposition    of    (a, .  .  ^x,    y,   zf    assumed    to 
function   which  breaks  up  into    fSeu^tors;    the  formula   contains  the   two   sets  of   i 
numerary  arbitrary  quantities  (a/,  y',  /)  and  (JT,    F,  Z),    It  will   be  remembered 
(A^ . .)  denotes  the  system  of  inverse  or  reciprocal  coeflBcients  (6c  — /•, . .  ). 

15.     Consider  the  formula 

(a.  b,  c.  /.  g,  h-$fit  -  V%  (T  -  rf,  fij'  -  ^vY  =  (a,  b,  c,  f,  g,  hjf,  V.  D*. 

which  gives 

a  -     on'  +b^-  2M. 

b=     a^+c?-2gii, 

c=     6p  +oij»-2Afi7, 

g  =  -  6» +/fv  -  ^*  +  Ai7?. 

and  from  these  we  deduce 

(a,    h,    g  yil  1,,  0  =  (0.  0,  0). 

h.    b.    f 

g.    f,    c 
viz.  af +  hi;  +  g(;"=0,  &c. 

Also 

(bc-f,  ca-g«,  ab-h',  gh-af,  hf-bg,  fg-ch)  =  (f  17,  r)'.(A  B.  C,  F,  G,  H\l 

that  is 

bc-p=p(A  fi,  c,  /•,  (?.  zr$f,  17,  r)«,  &c. 

Hence  also 

(bc-f», .  .$i,  m,  n)»  =(if+mi7  +  n?)»(^,. .  $f,  17,  C)'. 

and 

(bc-f^,  ...$f,  m,  n$Z',  m',  n')  =  (if +mi7  +  n?)(rf +  m'i7  4-n'0(^,.  .  $f  17,  0'; 

and  moreover 

abc  -  af  -  bg«  -  ch«  +  2fgh  =  0. 
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16.  The  last   equation  shows  that  (a, . .  ^i/f  —  17'f,   5f '  —  f'f,   fiy'  —  ^rjy,  considered 
a  function  of   {^,  fi\   ^,  breaks   up   into  factors.      Or  since   the  expression  is  not 

altered  by  interchanging  (p,  ij',  O  ^^^  ({>  Vy  D>  ^^^  same  expression,  considered  as  a 

function  of  ((,  ij,  ^,  breaks  up  into   factors.     It  is  in  fact   easy  to  see  that  any  quantic 

iv^hatever,  (•  $17^  —  V?>  ^  "  (Tf »  f^'  ~"  f '^)"*»  considered  as  a  function  of  (f ,  17,  (^),  breaks  up 

into  linear  £EM[^rs ;  for  in  virtue  of  the  equation  f  (17?'  —  vO  +  V  (S?'  *"  ?'f  )  +  ^  Hv  —  ^v)  =  0, 

SLuy    one  of   the    quantities  i/f  —  i;'f,   ^  —  f f ,   fiy'  —  ^17  can  be    expressed    as   a    linear 

function  of  the  other  two;  so  that  the  quantic  can  be  expressed  as  a  linear  function  of 

any    two  of  the  three  quantities;  and  qud,  homogeneous  function  of  two   quantities,  it 

of  oourse  breaks  up  into  fSeu^tors,  linear  functions  of  these  two  quantities. 

We  may  in  all  the  formulae  interchange  {of,  y,  /)  and  (a?,  y,  z),  writing  (a',  b',  c',  f ,  g',  h') 
tihe  place  of  (a,  b,  c,  f,  g,  h). 

17.  Putting,  in  like  manner, 

{A,  J5,  G,  F,  0,  H^yz'  -  ^z,  zx  -  z'x,  xy'  -  afyf 

=  (81,  93,  S,  %  @,  JQl^x',  y\  /)», 


-that 


obtain 


th 


^t 


81  =     Cf  -^B:!^  -  2Fyz, 
93  =     il-?»  +  Gr»  -  20zx, 
6  =     Ba^  -^Ay*-  2Hxy, 
8  =  -  Ayz  -  Fa^  +    Oxy  +  Hzx, 
®  =  -  Bzx  +  Fxy  -    Ojf  +  -Hy-?, 
^  =  -  Cxy  +  J?!j«  +    Gy-?  -  Hz'^, 

(  81,    ^,     @  $0?,  y,  ^)  =  (0,  0,  0), 
*,    93,    g 

ate+%  +  @2:=o,  &c. 

(93(S-g«,  S8l-®«,  8l9^-^^  ®^-8lg,  ^8-93®,  ^®-e®) 

=  {x,  y,  ^)» .  K  (a,  6,  c,  /,  g,  h^x,  y,  2r)» ; 


IS 


^h 


*iice  also 


©g  -  8»  =  a?K(a.  b,  c,  f.  g.  K$x,  y,  zf,  &c. ; 


(^e-g^.-.^X.  II,  vy  =(\x  +  (ly  +  vzy .  K  (a, .  .'^x,  y,  zf, 

(»S  -  8*. . .  $X,  M.  v\\',  /*',  v')  =  (Xa;  +  ^y  +  v^)  (X'a;  +  /t'y  +  v'z)  .K{a,..  ^x,  y,  zf  ■ 

^^d  moreover 

?l»e  -  W  -  53®'  -  6^'  +  2g®^  =  0. 
C.  IV.  51 
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and  similarly 


and  thence 


(A.  H,  OTimt^  -  ny', . .) 

=  1|    (il,  H,  0\\  M,   v).(il,..$r.  V,  ?? 

with    the    like   equations,  writing  H,  B,  F  and  0,  F,  0  in   the   place    oi   A,  H,     G 
successively:  and  we  then  have 

{A,..'$mtf-ny',..y 

=  1{    (il...$X,    M.    v1nuf-nj/,..).{A,..^^,rf.^r 

But  the  foregoing  values  of  mz'  —  m/,  naf  —  W,  hf  —  maf  give  also 
(^,..$\,  11,  vjmg'-ny',..) 


1 
K 


(ii,..$x,  /*,  v)«.(^..$r,  1,',  r^-M.-j^.,  /*,  »'$r.  v.  d?}, 


(^,..$f,  ri',  ?,$m?'-ny',..) 


= -^  |(4,..$x,  /*.  i.$r.  V.  r).(^,..][r.  v.  r?-  (^i.-jr.  v.  r)'-(^...$>..  m,  «'$r.  v.  n] 


so  that 


(il,..$niy-ny',..)» 


K^ 


= 1  (^, . .  $r,  1,',  tr  •  (o.  •  •  $«^'  -  /*r,  •  •)'• 
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(A,.,  $my-ny',.  .$y/  -  /^, .. ) 


But 


+  (irX  +  J5/A  +J?'i;)(^a?'--gr'a?) 

+  y[/(^X  +  fl'/A+(?i;)-a?'((?X+i?>  +Ci/)] 
-V  z[x'  {H\-V  BfjL  -k-  Fv)-yf  {AX-^  Hii-\-Ov)l 


^hich,  substituting  for  of,  y\  si  their  values 


(a^'.  y',  /)  = 


_  1  ( ^,  iT,  Q  $f, ,',  r). 


Z 


E,    B,    F 
0.    F,    C 


iDecomes 


=  ■^1     x[(BC  ^F^  )(yn'^^^)^{FO  -  OJ?) (xr - i/f)  +  ( J^^ - ^Q^) O^r - W)] 

+y[(^G  -G^)(i^'-/^n+(c^^  -G^  xxr-i^n+cGiy-^^Oif-xv)] 


Mch  i 


18 


=  (a, . .  $ar,  y,  ^Ji^'  -  /aJ",  . .) ; 


lid  by  merely  writing  (f,  i;',  (f')  in  the  place  of  (X,  /a,  i^),  we  have 


(ii...$r,  V.  r'$y^-y'^.--)=o; 


that  we  find 
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Now,  writing  the  formula  L  in  the  form 

(a, ..$«,  y,  2)* s Quotient  by  K(a,..'$cif,  y',  tTf  of  "j 

ir[(o,..$«,  y,  z$af,  yf,  /)]» 

+  Quotient  by  Z(il, ..$m«'-ny',..)»  of 


m, 

y> 

z 

< 

y'. 

/ 

I. 

m. 

n 

*K{a,..Jix,y,tr\ 


the  right-hand  side  is 

=  Quotient  by  (-4,..$^.  17',  KJ  of  ] 


where 


+  Quotient  by  (o,..$vi7'-/»f,..)'(il,..$f,  1;',  ^f  of 

L{[(a,..$,^'-Mr...$«.  y.  *).(^...$r.  V,  r)*p+n»(ii...$r.  v,  r)*). 


n  =  iir 


«.    y,    « 

I ,    m    n 


or,  what  is  the  same  thing, 


n  = 


X    ,    y     ,    z 
Kaf,    Kj/,    Kz' 
I     ,    m    ,    n 


X  y  z 

Ai'  +  Hff  +  OK',    H^  +  Bfi'  +  F^,    Q^  +  Fn'  +  C^ 


More  simply,  the  right-hand  side  is 

=  Quotient  by  (A, .  .$f ,  17',  ^y  of  ] 

K  i^x  +  v'y  +  ^'zy 

+  Quotient  by  (o,..$vi7'  —  /tf ',..)•  of 

or  restoring  the   left-hand  side,  and    resolving    into    its  linear   factors    the  functioo. 
{  },  we  have 


(a...$^.  y,  ^)'  =  Quotient  by  (il,..$f,  V,  f)*  of 


II. 


) 


^(fa'  +  '^'y  +  r^)' 

+  Quotient  by  (a, ..Ji/*;'  — /*f, ..)•  of  Product 

I n  ±  v-(4,..5f,  V,  r)" . (a, ..$^17' - K'. ..$«'>  y.  •?). 
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where  11  has  the  value  given  above,  which  may  also  be  written 

n  =  (A...  $f , ,',  r$>»,  /*,  p)  (r^ + v'y  +  r^) 

-  (^ , . .  $f ,  f,',  ^y(\x  +  fiy  +  vz). 

20.     We  deduce  at  once  the  inverse  or  reciprocal  formulse 
a,..$f,  V.  0*  =  Quotient  by  (il,..$r.  v,  f)*  of  ^ 


III. 


+  Quotient  by  (a,..'^vt)'  —  fi^',..y  of  K  into  Product 

(o, .  .$.^'  -  Mr. .  •j'jr-'j'?. . .)  ±  V  -  (^, . .  $r.  v.  ry 


V, 


where  the  Product  part  may  also  be  written 


Product  r^(il...$r,  V'.  ttK  t*.  p).(A,..Ji^.  V.  mt.  V.  D 


-^(^>.  $r,  v,  n' 


.(-4,   -JX,  n,  i»$f,  17,  C) 


±v-(4,..$f,  V,  r)" 


r.  V 


r 

1/ 


]• 


21.    And  also 
^-  •  -Hf,  ^,  fy  =  Quotient  by  (a,..$a?',  y\  /)»  of  ^ 

'  +  Quotient  by  K{A,.. \n}/  —  mz\ . .)*  of  Product 


IT. 


w^her^ 


*  = 


^nich   may  also  be  written 

=     (a, .  .$<  /,  /$Z,  m,  n)  (a?'f  +  /17  +  /^ 
-  (a, . .  $a?',  /,  /)»        .       (if   +  mi;  +  nf  ). 

22.    The    geometrical   signification    is    obvious.      The  formulae    I.    and    II.    each    of 
t\ieDa  show  that  the  equation 

(a,..$a?,  y,  zf^O 
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of  the  conic  may  be  written  in  the  form 

whore  Q  =  0,  iJ  =  0  are  any  two  tangents  of  the  conic,  and  W=0  is  the  line  joinSjig 
the  points  of  contact,  or  chord  of  contact  corresponding  to  the  two  tangents;  viz.,  in 
the  formula  I.  we  have 


TT  =  (a, . .  Ja:',  t/,  /^x,  y,  ^), 

Q 
R 


I  =  (-4, . .$m^  -  ny\ . .$y/  -y'-r, . .)  ±  '^ -  ^'ia, ..\x,  y,  zf 


X,  y ,  z 
x\  j/,  z' 
I  ,     m,    n 


(or  for  a  different  form   of  Q,  R  see   the   formula).     The  quantities   («',  y',  /)  are     the 

coordinates  of  the  point   of  intersection  of  the  two  tangents,  or  pole  of  the   chord  of 

contact:    (Z,  m,  n)  are   supernumerary  arbitrary  quantities,  the  values  whereof  do   not 

affect  the  result  (^).  And  in  the  formula  II.  we  have 

Tr=fa:  +  Vy  +  r^, 


Q 
R 


|  =  n±V-(^,..if,  17',  ^y  (a,..$i^'-/ir>..$^,  y.  'X 


(for  the  value  of  11  see  the  formula).  The  quantities  (^,  fi\  ^  9ie  iht  line- 
ct>ordinates  of  the  chord  of  contact  (viz.  the  point-equation  of  this  line  is  f«  + Vjf  +  f^"^)^ 
(X,  /Lt,  v)  are  supernumerary  arbitrary  quantities. 

23.     In   the   like  manner   the  formulae   IIL   and   IV.   each  of  them  show  that  the 
liue-ei]uation 

of  the  conic  may  be  written  in  the  form 

where  Q  =  0,  iJ  =  0  are  any  two  ineunts  of  the  conic,  and  IT—O  is  the  point  c»f 
int<ersection  of  the  corresponding  tangents;  viz.  in  the  formula  HL  we  have 


^1  =(a....$,^'-Mr..•)±^^-(^,..$r.  V,  tr 


X,     Mt     ^ 


(for  another  form  of  Q,  R  see  the  formula). 


^  In  a  diiferent  point  of  view,  viz.  if   we  consider  the  formoU  L  as  a 
(a.  ...{x,  y«  i)\   ih&a.  (x\  if',  r*)  and  {U  m,   r)  woold  be  each  of   them 
and  eo  in  the  other  like  oases. 


Cf    Vbi     TlfllT^W 
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The  quantities  ^,  17',  f  are  the  line-coordinates  of  the  line  through  the  two 
ineunts,  or  chord  of  contact;  (\,  /a,  i^)  are  supernumerary  arbitrary  quantities;  and  so 
in  the  formula  IV.  we  have 


|=ir<I>±V-Z(a...$a^,  y\  r7(il,..$ny'-7n^,..$f,  17,  0 


R 


^for  the  value  of  O  see  the  formula),  where  af^  y ,  sf  are  the  point-coordinates  of  the 
intersection  of  tangents  at  the  two  ineunts,  or  pole  of  the  chord  of  contact;  (Z,  m,  n) 
are  supernumerary  arbitrary  quantities. 

24.     We   may,  instead  of  the   supernumerary  arbitrary   quantities  (Z,  m,  n)  of  the 
formula  I.,  introduce  the  quantities  (\,  /a,  i^),  where 

^    H,    B,    F 


0,    F.    0 


This  gives 


(A,  H,  01m/ -ni/,..) 

=  A  (m/ -ny' )  +  H (naf  - 1/ )+  0 (ly'  -maT) 
=  a!  iHn-Om)  +  i/'(Ol-An)  +  /(Am-Ht) 

=  ^.     a/[H(GX  +  Ffi +Cv)-OiHk  +  B)ji  +  Fv)] 

+  y'[0(A\  +  Hfi+Qv)-A(6\  +FiJ,+  Cvy] 
+  /[A  (HK  +  B(t  +  Fv)-H{H\  +  Bfi.-\-Fv)'\ 
=  x'  (gfi  -hv)  +  y'  (fix  -bv)  +  /  (c/t  -/p) 

f*(9a:'+Jy' +c/)-v(ha/  +  by'+/sO; 
"^e  have  thus  the  system 

(A,  H,  Q\tmf  -ny',..)  =  fi (go!  +fi/  +  c/) - v  Quif  +  by'  +f/), 
(H,  B,  F^m/ - ny',..)  =  v  (ax'  +  hy'  +  gz')-\(ga/  +fy'  +  c/), 

(0,  F,  (nim/ -ny',..)  =  \(haf  +  by'  +//)  - fiiaaf  +  hy  +  g/), 
^nd  thence 

(A,..'$m/-'ny',..Jyz'-y'z, . .) 

yi!  —}fz         ,    zaf  —  /x         , 
ax'  +  h^jZ  +  g/,    haf-^-hy'-^f/, 

or  observing  that  the  term  in  X  is 


xi/-afy 
gx'  +fyf  +  c/ 


-  (zaf  -  ifx)  {gd  +/■</  +  c/)  +  (xy'  -  afy)  Que'  +  h/  +//), 


C.   IV. 
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which  is 

--x.af  {ax'  +  Ay'  +  gs^) 

-z.oiigd^-fy'  +w') 
=  -fl?'(a,..]^a?,  y,  z\a!,  y',  /)  +  a?(a,..j[a?',  y',  /)«, 
with  similar  expressions  for  the  terms  in  yx,  1/,  we  have 
(il, .  .\mai-n%f, .  .JyZ-y'ir, . .) 

and  so  also 

(il,..$m/-ny',..)» 

=  -  (W  +  /Ay  +  i/^O .  (a, .  .][f,  m,  nja?',  y,  /)  +  (^  "*•  /^^  +  »^)  •  («» •  •$*'*  y'* 


where 


Xi  +  /A771  +  im 


so  that 


■g,(il,..$X,  M,  i^)*, 


(il,..$nM;'-ny',..)"  =  -(W  +  My'  +  i'«')'+^(^..$^  M,  vf.{a,\.\x,  y',  r')". 
Moreover, 


=  ^  |(il\+ir/i+  (?i^)(y/-y'if)+(J7X+5/i+/'i.)(«a:'-/a:)+((?\+^/i+Ci;)(a^^ 


«,    y,    z 

af>   y',   ^' 

{  ,    m,    n 
which  is 

and  hence  instead  of  the  formula  I.  we  have 
(a, ..$a?,  y,  xr)*  =  Quotient  by  (a, ..$a:',  y,  zy  ofj 


I.  (bis) 


[(a,..$a:,  y,  ^$a?',  y,  /)]« 

+  Quotient  by  (^,  ..$X,/i, «')'(«,  ..$a?',y',^)«-Z(W  +  /iy'  + 1;/)»  of  iT  into  Procl«-<5t 

f  (W  +  /Ay'  +  i'20.(a,..$a?,  y,  5$a:',  /,  /)- (X^  +  /Ay +  i;^).(a,..$a^,  y',  /)*' 


-^  V 


±^V-ir(a,..$a?',  y',  5)>(il,..$X,  /A,  vJyZ-y'r,..). 


Z 


>•. 


25.     If,  in  like  manner,  in  the  formula  11.   we  introduce,  instead  of  (X,  /*,  v\      *  ^ 
new  quantities  (Z,  m,  n\  where 

(X,  /A,  i;)  =  (  a,    A,    flf  $i,  m,  n), 

A,    6,    / 


/ 
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or. 


ywhst  is  the  same  thing, 


K 


H.    B,    F 

G,    F,    C 


th^xi  we  have 

(a.  h.  g\vn'  -  /*r, . .)  =  n  (-^r  +  Btf  +  i-O  -  m  {0^  +  Frf  +  Cf), 

(A.  h,  /$«,'  -  ^r. .  •) = ^  (Of  +  ^v  +  or )  - « (iir + ^^j' + ot), 

thence 


(a, .  .Tlvrj'  -  fi^, .  .'$x,  y.  z)  = 


X 


y 


A^+Hv'+O^.    H^  +  Bf,'  +  Ff,    Q^'  +  Fv'  +  C^ 


I 


m 


n 


<« 


au^i 


=    {A, .  .$nw  -  ny, .  .$f ,  V.  O. 
^f+fi^'  +  (?r,    H^  +  Bv'  +  F^,    G^'  +  Ff,'  +  C^ 

o*r  -  xi/') . « (iff + 5,' + i-r )  -  y  (iir + w + <?r ) 
+^{(r«+vy+r*)(^r+^'  +^n-y(A..$r.  v.  n*} 
=(^x+v'y+fz).(A...i\  /*,  I'jr.  V.  n-(5w'+My+w).(ii...$r.  v,  r)* 

the  formula  IL  thus  becomes 

(a,..'$a!,  y,  z)»  =  Quotient  by  (-4,..$f,  17',  fO*  of  ] 


tt    (bis)  . 


+  Quotient  by  (o,..$Z,  m.  n)».(il,..$f,  V,  H'-^C^f +  »»'?'+0'of  Product 


J  ±  V  -  (^, .  .$r,  V.  D"  (^, .  .$m«  -  »y, .  .$r, ,'.  n. 


52—2 


} 
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m.    (bis)  - 


+  Quotient  by  (o,  ..'^l,m,ny.(A,..  ^^,ft',  ^-K{1^  +  mij'  +  nH*  of  if  into 

[t±v-(4,..$r.  V.  r)'(o..-K "»,  n$i,r-9'?,..). 


uc 


r 


27.    And 

(il,..$f,  17,  f)»  =  Quotient  by  (o,..$a;',  y*,  /f  of 


] 


IV     (b]s)    J  "*" Q'^***^®°*  by  (il , . . $X,  /[*, !»)» .  (o, . . $a!',  y*,  /)•  -  Z (\ttf  +  fty'  +  ve'y  of  Produ 

1  ±V-ir(o...$<  y'.  /)'(a,..$«',  y*.  /$/*?-,;,...), 

v.  ^ 

These    four    formulae    have    the   same    geometrical    significations    with  the  original 
formula  to  which  they  correspond  respectively. 

28.  The  eight  formulae  become  all  of  them  the  same  or  very  similar  for  the  quadjxic 
form  (a,..$a?,  y,  £ry  =  a*  +  y*  +  -8*,  which  of  course  implies  (il,..$f,  1;,  f)'  =  P  +  ^-*-  ^• 
Thus  selecting  any  one  of  them  at  pleasure,  e.g.  the  formula  II.  (bis),  this  becomes 

x{(P  +  m«  +  n«)(r  +  V'+n-(ir  +  mi7'  +  nr)'} 
=     {(«r  +  W  +  nO(^f +  mi7'  +  nn-(^  +  wy  +  n^)(r  +  V'  +  r")}* 


+(r+V'+r') 


a?,    y,    -^ 

I  ,    m,     n 


where  the  terms  independent  of  f  + 17'*  +  (T*  destroy  each  other.    Omitting  these 
and  dividing  by  f'  +  V  +  (r''>  the  resulting  equation  is  found  to  be 


s, 


«,    y,    « 


s  _ 


r+  17''+  r'>  ra?+vy+r^,  rz+v^+rn 

^r  +  yV  +  ^(r'  *       ^  +    y*  +     ^>     xl  +  ym  +  zn 
l^  +  wii/'  +  nf  ,      te  +  my  +  rw: ,       P  +     m'  +    n*, 


which  is  a  well-known  identical  equation. 
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Article  No8,  29  to  33,  relating  to  a  single  conic  in  connexion  with  cm  ineunt  or  a  tangent 

of  a  conic  of  double  contojct 

29.  The  formulae  assume  a  very  simple  form  when  the  point  of  intersection  of 
the  two  tangents,  or  the  line  of  junction  of  the  two  ineunts  of  the  conic,  is  an 
ineunt  or  a  tangent  of  a  conic  having  double  contact  with  the  first-mentioned  conic. 
Thus,  if  to  the  conic 

tangents  ai-e  drawn  from  a  point  {x\  y\  sf)  of  the  conic 


then    we  have 


(a. .  .$«',  y'.  /)•  =  -  (r*'  +  V/  +  r^)* ; 


and  using  the  form  I.  (bis),  and  putting  therein  (f ,  ij'>  t)  in  the  place  of  the 
arl>itrary  quantities  (X,  n,  v),  the  equation  of  the  tangent  divides  out  by  f »'  +  rfy'  +  ^^, 
aad   omitting  this  factor  it  becomes 

(o, . .  $«',  y',  /$a;,  y,  z)  +  (f  «'  +  ij'y'  +  ?'«')  (f  «  +  •/'y  +  T*) 


''hich  is  of  the  form 


''^here  the  matrix 


<»-t-  ^a 


±;^(-4,..$f,  if,  rjy^-y'-e.  zx'-z'x,  xj/-afy)  =  0. 


(  «  ,  /9 .  7  $«'.  y'.  ^Ja'.  y.  «)  =  0. 

(  a  ,  /9  ,  7    )  is 

a',  /3',  7' 

a",  y9".  7" 


rv  -  ;^  (Gr + i-v + CO.  b + V 


./+i»r+;;^(^r+i^v+Gn 


30.     But  instead    of    further    developing    these  formulae,  I   prefer    to    consider   the 
^liulffi  which  give   the  points  of  contact  of  the  tangents  in  question,  viz.  the  ineunts 
"the  conic  (a,..$a:,  y,  zy  =  0,  or  the  tangents  through   the  point  (x\  t/,  /)  of  the 
"^^c  (a,..$a:,  y,  -r)»  +  (f^  +  17'y  +  T^)"  =  0. 
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We  have  as  before 

and    using  the    formula  IV.  (bis)  and  writing  therein  (f ,  17',   f')  in   the  place  of  tlx^ 
arbitrary  quantities    (\,   /a,   v),   the    equation    contains    the   fiu^tor    f^^  +  i/V  +  T^,  axx<5i 
dividing  by  this  haUyt,  and  by  K^  the  line-equation  of  the  ineunt  is 

Selecting  the  positive  sign,  the  coordinates  of  the  corresponding  ineunt  are 

i^ + ^  («^r + y'v + ^n  ( Jf + ^' +  ^T) + ;;^  |r  (a^ + Ay* + i^^o  -  r  (5'*' +yy' + «' ) 


and  taking  (X,   F,  2}  for  the  coordinates  of  the  ineunt  in   question,   and  putting      s^ot 
shortness 

we  may  write 

(l+P)X  =  (2-a)a:'  -         /3y'-         7    «'  +  ^(4r +ifV  + GrXf^'  +  nV  +  tA 

(i+p)r=  -a'  fl^  +  (2 - /8') y' -     7  «'+^(^r+^'+^r)(r<r'+'7y+r«'), 
(i+p) z  =     c^'  a/'     -r  y'+(2-7")/+l ((?f  +PV  +  c^) (r«'+i7y+  r«o. 

where  P,  which  is  arbitrary,  may  be  put 
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and  considering  (X,  F,  Z)  and  (X^,    F„  Z,)   as   quantities   connected   by   the   foregoing 
linear  relations,  we  have  identically 

(a,..$Z,  F,  Z)«  =  (a,..$Z„  F„  Z,y. 

The  investigation  leads  thus  to  the  automorphic  transformation  of  the   quadric   function, 
a  transformation  first  effected  by  M.  Hermite(^). 

33.  It  is  to  be   remarked   that  the  foregoing  formulae  show  that  {of,  y,  /)  being 

the  coordinates  of  a  point  on  the   conic  (a,..$a?,  y,  zy  +  i^x  +  rf'y  +  ^zy^Oy  from  which 

point  tangents  are  drawn  to  the  conic  (a,..$a?,  y,  zY^O,  then   the  coordinates  (a/,  y',  /) 

enter  linearly  into  the  equations   of   the   tangents,  the   ineunts  (or  points  of  contact), 

and  the  polar.     And  it  may  be   added  that    the  equation  of   the  conic  enveloped  by 

the  polar  (that  is,  the  polar  conic   of  (a,..][a?,   y,  zy+{px  +  rf'y  +  ^zy  =  0)  has  for  its 

equation 

{K  +  (A.. .$r,  v',  rW  (a, . .  lix,  y,  zf  -K{r^  +  rfy  +  ^tf  =  0. 

and  that  the  coordinates  of  the  point  of  contact  of  the  polar  with  this  conic  are 

«/ + i  (iir + Hr,' + oner*' + vy + m 
y' + ^  (irr + Br,' + Fn  (r*' + vv + ta 

so  that  {x\  y\  z')  also  enter   linearly   into  the   expressions   for  the   coordinates  of  the 
last-mentioned  point. 

Article  Nos,  34  to  37,  relating  to  two  conies. 

34.  Considering  now  the  two  conies 

U  =(a,  6,  c,  /,  g,  A$a?,  y,  zy  =  0, 

U'  =  {a\  h\  c\  /,  g\  h!\x,  y,  -e)«  =  0 ; 
suppose  that  the  conic 

eu+ffir^{ea-\-ea;,..        \x,  y,  zy^o 

represents  a  pair  of  lines. 

The  condition  for  this  is 

Disct.  {0a  +  ffa\ . .  \x,  y,  zy  =  0, 
which  is 

(SI,  8.  6,  <s>\e,  fff=o, 

where 

^  =  Aa'  +  BV  +  Cc'  +  2Ff-\-  20^  +  2ifA', 
e  =  il'a  +  ^6  +  Cc  +  2iy  +  2(?'y  +  ZfTA, 
2)  =  A" 

^  See  my   **  Memoir  on  the  Automorphic  Transformation  of   a   Bipartite   Quadric   Function/'  PhiU  Tram. 
vol.  cxLvm.  (1868),  pp.  39—46,  [153]. 
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(the  significations  of  K\  A\  R,  (7,  F,  0\  H'  being  of  course  analogous  to  those  of 
K,  A,  B,  Cy  F,  0,  H),  The  three  roots  0  :  ff  correspond,  it  is  clear,  to  the  three 
pairs  of  lines  which  can  be  dravm  through  the  intersections  of  the  two  conies. 


35.    The  equation 


Disct.  (21,  9,  S,  2)5^,  ^)»  =  0, 


which  is  of  the  fourth  order  in  31,  9,  S,  !D,  and  of  the  sixth  order  as  regards 
(a,  6,  c,  /,  g,  h)  and  (a',  b\  c\  f\  ^y  h')  respectively,  is  the  condition  in  order  that  the 
two  conies  may  touch  each  other.  Assuming  that  it  is  satisfied,  the  cubic  equation 
in.  6  :  ff  has  a  pair  of  equal  roots;  or  say  there  is  a  twofold  root  and  a  onefold 
root;  the  twofold  root  gives  the  pair  of  lines  drawn  bom  the  point  of  contact  to 
the  other  two  points  of  intersection,  the  onefold  root  gives  the  pair  made  up  of  the 
common  tangent  and  the  line  joining  the  other  two  points  of  intersection. 

36.     In  particular,  suppose  that  the  two  conies  are 

2{px+ay'brz)(j)'x  4- c/y  +  t ;f )  =  0, 

80  that 

(a  ,  b  y  c  ,  fy  g  ,  h)=-     (2pp' ,  2<r<r\  2tt',  or' +  a'r,  rp'  +  r'p,  pa'+pa), 

(a\  b\  c,f\  g\  A'  )=     (2\V,  2/i/,  2w',  fiv-^f/p,  v\'  +  i/K  X/i'4-\», 
(A,  By  (7,  Fy  0,  ir)  =  -(aV-o-V,  rp'^-r^p,  pa' -pay, 
(A\  By  Cy  Fy  Q\  H')='{,iv'^,i'vy  pX'^vX  V-W)'; 
and  thence  also 

8i=ir         =0, 


g3=^a'  +  &c.  =  -2 


^,    M>    V 


P'> 


p,     <r,     T 
P,     <r\     T^ 


S  =^'a  +  &c.=-2 


P*  O-y  T  P,  (T, 

X,  fly  V  \y  fly 

\\        fl'y         l/  1^,        fly 


and  the  equation  in  (0y  ff)  is 


=     0; 


9^  +  S^  =  0; 


hence  writing  ^  =  S,  ^  =  —  ®,  the  equation  of  the  pair  of  lines  is 


^0-,  T 

y:yv 


p\  <r\  r' 

\yflyV 


(px+a'y+Tz)(p'x+a'y'\'Tz)^ 


\yfl,    V 
P     y<T   yT 

P,  0-,  T 


Xf       f      f 

P*  0-,  T 

f       f      f 
P>  0-,  T 


(7<a+fiy'\-vz)(\'x'\-fiy+i/z)-0; 


C.    IV. 
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and  it  is  easy  to  see  that  the   left-hand  side  does  in  fact  break   up  into  {acton,  and 
that  the  equation  is 


fTv'  —  T/Lt',    tX'  —  pi/,    piL  —  o-X' 


fir  ^va-  y     i/p   —  Xt  ,     X<r  —  f&p 

//  ^^  /%/  //  //  ^v/ 

a-p—TfA,     TK'-pv,     pfA—ax 


=  0, 


which  of  course  might  have  been  obtained  at  once  by  means  of  the  four  points  whioli 
are  the  intersection  of  each  component  line  of  the  first  conic  by  each  component  luie 
of  the  second  conic. 

37.    Suppose  that  the  first  conic  is 

(a,  b,  c,  /,  g,  h^x,  y,  zy  =  0, 
while  the  second  conic  is  the  pair  of  lines 

2(\x  +  fiy-¥Pz)(\'w  +  fjL'y+vz)-0; 

(^a  +  ^.2XX',..$a;,  y,  zy  =  0, 

(a,  9,  s,  2)K  e^y = o, 

SB  =     2(4,  5,  C,  F,  G,  i?$X,  M.  i'JV,  m',  O, 
6  =-(a,  6,  c,/,  5r,  K^v' ^ plv,  i^X'-i/X  ^l^l-^'liy. 
3)=     0; 
and  the  equation  in  (9,  ^  is 

ir^  +  2(il,..$X,  M,  I'JX',  m',  Od^-(a,..$Mi.-MV,..)'^«  =  0, 
which  may  be  written 


then,  putting  as  before, 

we  have 

where 


-/'. 


that  is 


ird=[±V(^...$x,  ;t,  ,.)'V(^...$x', ;»'.  v>-(^...$x,  M,  i'$v.  m'.  !'')]<?'; 


we  may  assume 

SO  that  the  conic 

{±V(4,..$X,  ^,  ,»)«V(J,..$X'.  /,  ,;')•- (4... $X.  /*,  i;$X',  /»',  0}(a,...$a:,  y,  ^)' 

+  2ir  (Xa;  +  /»y  +  w)  (X'a;  +  /*'y  + 1»'^) 
breaks  up  into  a  pair  of  lines. 

Putting  for  shortness 

+  >/(^,..$X,  /*,  i;)'V(.4...$X',  /*',  vy-{A...\\,  M,  .'$X',  m',  •'')  =  a 


0 
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the  coefficients  on  the  left-hand  side  of  the  equation  are 

(Oa  -f  2ZX\', . .  n/+  K  (fiv  +  fip), . . ), 
whence,  after  all  reductions,  the  inverse  function  is 

sad  the  remainder  of  the  process  of  decomposition  is  effected  without  difficulty. 


Additign,  18  December,  1862. 

The  formulae  II.  and  II.  (bis)  each  of  them  give  the  tangents  of  the  conic 
<a,  ...][a?,  y,  ^)"  =  0  at  the  ineunts  of  intersection  with  the  line  f 'ar  +  i;'y  4- ^''-8^  =  0.  A 
^ery  elegant  formula  for  these  ineunts  themselves  was  communicated  to  me  by 
^r  Spottiswoode,  and  I  have  since  found  that  the  same  or  an  equivalent  formula  is 
xtiade    use    of   by    M.    Aronhold    in    his    recent    valuable    memoir,   "Ueber    eine    neue 

fi.lgebraische  Behandlungsweise  der  Integrale  irrationaler  Differentiale,  &c.,"  Crelle,  t.  LXii. 

pp.  95 — 145  (1862).    The  formula  is  as  follows,  viz.  for  the  conic  and  line, 


t;he 


(a,  6,  c,  /,  g,  h^x,  y,  zy  =  0, 
f a?  +  Vy  +  T-s^  =  0, 


n 


X  : y : z= 


{l^  +  rwn'  +  nn^^  +  v(Sll+fni+cv)-^'(hl'\-bm+fy)+l^/ 


:(/r+mV  +  nr)2^^  +  r(^  +  Am  +  (77;) 


-  f  (fl^^  +>*  +  Off)  +  w  V<^, 


: (l^  +  m^'  +  nO 2J%  ^'+  f  (A^  +  &^  +fv)-v' {ol  +  Am -f^riy)  +  n  V^; 


^^v-liere 


*= 


r.  V.  r 

r, 

o,    A,    g 

V. 

h.    h,   f 

r, 

9'   />    c 

=  -  (.1.  B,  C.  F.  0,  fr$f ,  f,'.  r)*. 


80  that  J  jS  »  i  3^ .  i  jw  are  respectively 

= -  (^r + jy,' + (?n.  -  (J?r + 5'?' + m,  -  (or + Fr{ + en. 

and  where  I,  m,  n  are  supernumerary  arbitrary  quantities. 
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V  and  G  respectively  touching  the  wave  sur&ce  along  two  series  of  curves.  And  it 
is  shown  in  the  second  of  the  Memoirs  above  referred  to  that  these  curves  are  the 
cwnm  of  curmture  of  the  wave  sur&ce. 

The  developable  F  is  obtained  as  the  envelope  of  the  plane  P,  whose  equation  is 

Ix  +  my  -i-nz^v, 

wbere  v  has  a  given  constant  value  and   l,  m,  n  are  parameters  which  vary,  subject  to 
tlkG    two  conditions 

P  +  m^  -f  n»  =  1, 

+  .-2 1+-. ^=0. 


in  like  manner  the  developable   0  is  obtained  as  the  envelope  of  the  plane  Q, 
equation  is 


'«  w  has  a  given  constcmt  value  and  I,  m,  n  are  parameters  which  vary,  subject 
to    ti  Jne  two  conditions 

Z*  +  77i»  +  n*  =  l, 


a^-v/^     b^-v^     c^-vr^ 

{It    is    hardly    necessary    to    remark    that    if    in    the    last-mentioned    system    of 
ions,  the  parameter  w  is  also  treated  as  variable,    we    obtain    the  wave    surface: 
^^    feujt  t;*,  vf^  being  the  roots  of  the  equation 

+  i:i-^  +  :^— 5  =  0, 


a«-^     6«-^     c»-d 
^^    have,  attending  to  the  condition  P  +  m"-l-n'=l,  the  identical  equation 

*^<i     thence 


vw 


^'^^ili   shows    that    the    system    of   equations    for    the    plane    Q    {w    being    treated    as 
^^^■i^^ble)  is  in  fiswjt  identical  with  the  system  of  equations  for  the  plane  P.} 

The  form  of  the   equations  of  the  planes  P  and   Q  respectively  shows  that   each 
^^  "tliese  planes  is  parallel  to  a  tangent  plane  of  the  cone 

a?  ys  ^"        /. 


a»-t;»     62-t;»     c2_^ 
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or  in  other  words,  that  the  planes  P  and  Q  are  respectively  tangents  to  the  conic  or 
infinitely  thin  surfieu^  of  the  second  order,  which  is  the  second  of  the  last-mentioned 
cone  by  the  plane  at  infinity.  Moreover  it  is  obvious  firom  the  same  equations  that 
the  plane  P  is  a  tangent  plane  of  the  sphere  whose  equation  is 

and  that  the  plane  Q  is  a  tangent  plane  of  the  ellipsoid  whose  equation  is 


aV-f  6y-f  c»^ 


v* 


Hence  each  of  the  developables  F  and  Q  is  the  envelope  of  a  plane  which  is 
the  common  tangent  plane  of  two  surfieu^es  of  the  second  order;  such  developables  are 
in  general  of  the  eighth  order,  see  my  paper  "On  the  Developable  Surftu^es  which 
arise  firom  Two  Surfaces  of  the  Second  Order,'*  Camb.  and  DvbL  McUh.  Joum.,  t  v. 
pp.  46 — 57  (1850),  [84],  and  it  will  be  presently  seen  that  this  is  in  fiwt  the  order  of 
the  developables  F  and  6  respectively. 

The  before-mentioned  cone 

-^+~^+    -^-=0 
a»-t;«     6"-t;»     (5»-t^       ' 

(Zech's  cone  K)  ia  a  cone  having  for  its  focal  lines  the  optic  axes  (or  normab  to  the 
circular  sections)  of  the  ellipsoid  a\r*  +  6y  +  c*«'  =  1  (Zech's  ellipsoid  E)  which  is  used 
in  the  theory  of  the  Wave  Sur&ce  in  the  place  of  Fresnel's  Surface  of  Elasticity. 
The  complementary  cone 

(a»-»»)a;»  +  (6«-t;«)y»  +  ((5»-t;')-8»  =  0, 

(Zech's  cone  C)  meets  the  last-mentioned  ellipsoid  in  a  curve  Ijdng  on  the  sphere 
whose  equation  is  a;*  +  y*  +  ^  =  -,  a  property  which  may  be  considered  as  affording  the 
geometrical  construction  of  the  magnitude  v,  by  means  of  the  cone  K.  The  ellipsoid 
aV  -f  6y  +  c^z*  =  — —  is  obviously  an  ellipsoid  similar  to  the  ellipsoid  E,  and  the  value  of 

V  being  determined  as  above,  the  sphere  a^-^j/'+z^^^  and  the  ellipsoid  aV-|-6*y*+(J*^= — — 

(which  are  used  in  the  preceding  geometrical  construction  of  the  developables  F  and  0 
respectively)  may  be  considered  as  given  by  construction. 

To  find  the  equation  of  the  developable  F,  we  have,  fix)m  the  equations 


Ix 

+ 

my   4- 

nz 

=  t;. 

p 

+ 

m*    + 

n« 

=  1, 

Z» 

A.  - 

m' 

n* 

_  -^n 

a-^^     6"-t;»     c'-v» 
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and  we  then  have 


abc        .  I    .       e 

t  — 


equations  which  give  p=sO,  and  substituting  this  value,  we  obtain 

^_      j,K-f) 
ooc 


;;;^<'^-^>+^ 


Substituting  these  values  in  the  equations 


we  find 


o»     ^     6"     ^     (j» 
«/*  -  o»     w»  -  6«  ■*"  w»  -  (!•       ' 
5(w»-a«y  J(«^-6')*  |(t«*-<!*)' 


and   multiplying  the  first  equation  by    —   and  the  second  equation  by  hJd  and  addi-^^^ 

we  obtain 

a^{vf-a?)  y^(ui^^l^)  ^(t(;»-c»)  abc 

wa'  wf  wc* 

of  which   equation   the   latter  of   the   foregoing    two   equations    is   the   derived    equat:^^^ 
with  respect  to  the  parameter  A6, 


578]         NOTE  ON   THE  SINGULAR  SOLUTIONS   OP   DIFFERENTIAL  EQUATIONS.        427 

md  substituting  these  values  in  the  function  -F(P,  Q, ...  P',  Q', ...)  it  is  clear  that  we 
hall  have  F{P,  Q, ...,  P',  Qf,...)=^  UX'Y'Z'...  where  17  is  a  symmetrical  function  of 
r,  F,  Z,  &c.,  and  therefore  a  function  of  P,  Q, ... ;  and  this  equation  will  be  identically 
rue  whatever  values  we  attribute  to  X\  F,  Z', ...,  hence  putting  these  quantities 
espectively  equal  to  unity,  we  have 

(2'=(n-l)P. 
R'=(n-2)Q, 

&C., 

aid  with  these  values 

U=F(P,  Q,...,P',  Q',...), 

hat  is  [7=:0  is  the  result  obtained  by  eliminating  c  from  the  primitive  equation  and 
he  equation 

nc'^'^  +  (n  -  1)  Pc"^  +  ...  =  0, 

rhich  is  the  equation  obtained  by  differentiating  the  primitive  equation  with  respect 
o  the  arbitrary  constant  c:  that  is,  27  ==0  being  the  singular  solution,  the  differential 
quation   is 

It  is  to  be  remarked  that  (P,  Q,  &c.  being  rational  and  integral  functions)  then 
:  the  roots  Z,  F,  Z,  &c.  are  also  rational  and  integral  functions,  the  differential 
quation  contains  27  as  a  separable  rational  and  integral  factor,  but  if  the  roots  are 
^rational  then  the  differential  equation  does  not  really  contain  the  rational  and  integral 
ictor  U,  but  X'YZ'.,,  is  here  a  rational  fraction  containing  U  in  the  denominator 
nd  TJX'YZ,..  is  an  indecomposable  rational  and  integral  function.  This  is  easily 
erified  d  posteriori  for  a  quadratic  equation. 

2,  Si^me  Buildings,  W.C,  28ih  January,  1858. 
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ON    A    THEOREM    RELATING    TO    SPHERICAL    CONICS. 


.1 


[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol.  iii.  (1860),  p.  5 

The  following  theorem  was  given  by  Pro£  Maocullagh :  **  If  three  lines  at  rigfc:::^* 
angles  to  each  other  pass  through  a  fixed  point  0  so  that  two  of  them  are  oonfine^^ 
to  given  planes:  the  third  line  traces  out  a  cone  of  the  second  order  whose  sectiorn^^ 
parallel  to  the  given  planes  are  circles,  and  the  plane  containing  the  other  two  lin^^ 
envelopes  a  cone  of  the  second  order  whose  sections  by  planes  parallel  to  the  giv^  n 
planes  are  parabolaa" 


Referring  the  figure  to  the  sphere  we  have  a  trirectangular  triangle  XTZ,  of  whi 
two  angles  X,  Y  lie  on   fixed  arcs   A,  B,    The  angle  Z  generates  a  spherical  conic 
having  A,  B  for  its  cyclic  arcs.     The  side  XY  envelopes  a  spherical  conic  U  touch 
by  the  arcs  -4,  B,    The    conic    IT  is    evidently  the   supplementary  conic   of    U,   hen 
the  poles  of  -4,   5  are   the   foci  of   U.    We   may  drop  altogether  the  consideration 
the  triangle  XYZ  and  consider  only  the  side  XY,  we  have  then  the  theorem : 

If  a  quadrantal  arc  ZF  slides  between   the   two  fixed  arcs  A,  B,  the  envelope        ^^d^ 
XY  is  a,  spherical  conic    U  touched  by  the  fixed  arcs  A,  By  and    which    has   for 
foci  the  poles  of  these  same  arcs  A,  B. 

It   is   worth    while   to   notice    the    great    reduction    of  order   which    takes  place 
consequence  of   the  arc  XY  being   a  quadrant.     If   XY  had  been  an  arc  of   a  giv^ 
magnitude   0,  the   envelope  would  have    been   a   spherical    curve  of   an  order  ce; 
higher  than    6.     For  considering  the  corresponding  problem  in  piano,  the  envelope 
the    particular   case    where    the    fixed  lines  A,  B  are    at    right   angles    to    each    othm^^ 
is  a  curve   of  the  sixth  order,  and  in  the  general   case  where  the  two  fixed   lines  &^r^ 
not  at  right  angles   the  order  is   higher:   the  problem   in   piano  corresponds  of  cours^^ 
not  to  the  general  problem  on  the  sphere,  but  to  that  in  which  0  is  indefinitely  small 


JO] 
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ON    THE    CONICS    WHICH    TOUCH    FOUR   GIVEN    UNE8. 


[From  the  Quarterly  Journal  of  Pure  and  Applied  MathemaHca,  voL  in.  (1860), 
pp.  94—96. 

There  are  considerable  practical  diGBculties  in  drawing  a  figure  of  the  Bystem  of 
oics  which  touch  four  given  lines,  but  a  notion  of  the  figure  of  the  system  may  be 
t^aed  as  follows: 

Figure  20  may  be  taken  to  represent  any  quadrilateral  whatever,  having  all  its 
les  real ;  and  if  we  attend  only  to  the  unshaded  spaces,  it  will  be  seen  that  there 
e  five  regions  which  are  called  the  inner,  upper,  lower,  right-band,  and  left-hand 
^ona  respectively.  The  inner  diagonals  are  AG  the  vertical  diagonal  and  BD  the 
rizontal  diagonal ;    the   former  of  these  traverses  the  inner,  upper,  and  lower  regions ; 


e  latter  the  inner,  right-hand,  and  left-hand  regions;  the  outer  diagonal  is  EF 
lich  traverses  the  upper  region  and  the  right-hand  and  left-band  regions.  The 
ner  or  vertical  and  horizontal  diagonals  meet  in  the  inner  region,  the  vertical  and 
.ter  diagonals  meet  in  the  upper  region,  the  horizontal  and  outer  diagonals  meet  in 
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the  left-hand  region.  No  conic  touching  the  four  lines  lies  wholly  or  in  part  in  the 
shaded  regioDs,  and  every  conic  touching  the  four  lines  lies  wholly  in  the  inner  region 
or  wholly  in  the  upper  region,  or  partly  in  the  upper  and  partly  in  the  lower  region, 
or  partly  in  the  right-hand  and  partly  in  the  left-hand  region.  It  will  be  convenient 
to  consider,  l"".  the  conies  which  lie  in  the  inner  region;  2"".  the  conies  which  lie  in 
the  upper  and  lower  regions,  or  in  the  upper  region  only;  S"".  the  conies  which  lie 
in  the  right-hand  and  left-hand  regions. 

l^  The  conies  in  the  inner  region  are  obviously  ellipses;  an  extreme  term  is  the 
finite  right  line  BD,  considered  as  an  indefinitely  thin  ellipse;  this  gradually  broadens 
out  and  there  is  (as  a  mean  term)  an  ellipse  which  touches  the  four  lines  in  the 
points  in  which  they  are  intersected  two  and  two  by  the  lines  joining  the  points  E,  F 
with  the  point  of  intersection  of  the  diagonals  AC  and  BD,  the  ellipse  then  nanows 
in  the  transverse  direction  and  at  length  reduces  itself  to  the  finite  line  AC  considered 
as  an  indefinitely  thin  ellipse. 

2°.  Considering  first  the  conies  which  lie  in  the  upper  and  lower  regions,  these 
are  of  course  hyperbolas,  an  extreme  term  is  the  infinite  portions  A  oo  and  Ceo  oE^trf 
the  line  AC,  considered  as  an  indefinitely  thin  hjrperbola:  we  have  then 
such  that  for  each  of  them,  one  branch  lies  in  the  lower  region  and  touches  the  twc 
lines  through  A,  while  the  other  branch  lies  in  the  upper  region  and  touches  th< 
two  lines  through  C;  the  points  of  contact  of  the  lower  branch  with  the  lines  througl 
A  gradually  recede  firom  A,  but  the  point  of  contact  on  the  line  AD,  which  adjoin^K.-fliS 
the  left-hand  region,  recedes  with  the  greater  rapidity,  and  it  at  last  becomes  infinit^^^ 
while  the  point  of  contact  with  the  line  AB  which  adjoins  the  right-hand  regions  «n 
remains  finite :  we  have  thus  a  hyperbola  having  the  line  AD  for  its  asymptote ;  th9»  ^e 
point  at  infinity  of  this  line  belongs  of  course  indifferently  to  the  upper  and  lower  ^^sr 
regions;  and  we  may  therefore  consider  one  branch  as  lying  in  the  lower  region  an<^»-d 
touching  AB  and  (at  infinity)  AD;    the    other    branch    as    lying    in  the  upper  regioKr  -n 

and   touching  the  two  lines  through  C,  and  besides  (at  infinity)  the  line  AD.    We  hav e 

next   a  series  of  h}rperbolas  such   that  for  each   of  them,  one  branch  lies  in  the  lowe^^Br 

region    and   touches  only  the   line  AB,  the   other  branch   lies  in  the   upper  region  an d 

touches   the   two   lines   through    C  and  besides  the   line    AD.    We   arrive    again   at 
limiting  case  when  the  point  of  contact  on   the   line  AB  passes  off  to  infinity,  or  A. 
becomes  an  asymptote;  we  have  here  in  the  lower  region  a  branch  touching  (at  infinit 
AB  and   in   the  upper  region  a  branch  touching  the  two  lines  through  (7,  the  line  A 
and  besides  (at  infinity)   the  line    AB.     To   this  succeeds  a  series  of   hyperbolas  sud 
that  for  each  of  them,  one   branch  lies  in  the  lower  region   but  does  not  touch  eith 
of  the   lines  through  A,   the   other  branch  lies  in  the  upper  region  and  touches  as  w 
the   two   lines  through   C  as   also   the   two  lines  through  A.     Finally  the   branch  in  t 
lower    i-egion   passes  off   to  infinity,  or  the   conic  becomes    a  parabola  lying  wholly 
the   upper  region. 

We  have   thus  arrived  at   the   conies  which   lie   wholly  in    the   upper    region,    t 
extreme   term   being  a   parabola:    this    passes    into   an    ellipse    touching    of   course    t 
four  lines,  and  gradually   reducing  itself  to   the   finite   line   EF  considered   as  an   ind 
finitely  thin  ellipse. 
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NOTE    ON    THE    WAVE    SURFACE, 


[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  voL  ill.  (1860), 

pp.  142—144.] 

In    the    paper    "On    the    Wave    Surface"    in    the    last    Number    of   the    Joumc^^' 
[277],  I   stated  that  it  was  shown  in  the  second  of  Zech's  Memoirs  that  the  curves  ^      ^ 
contact  of  the  developables  F  and  G  with  the  wave  surface  were  the  curves  of  curvatu^^  "^ 
of  the  wave  sur£Eu;e.     I   had   not   examined  the   demonstration  of   this  theorem,  and 
had  overlooked   the   author's  note  "  Die   ErUmmungslinien    der   Wellenflache   zweiaxig^^^^ 
Kr3rstalle,  &c.,**   Crelle,  t.   Liv.  p.   94  (Feb.  1858),  where  he  points  out  that  in  a  phra^^— ^ 
which   he   quotes,  he   had  assumed  without   demonstration  a  theorem  which  was  in  faop*  *'^^ 
erroneous,  and   that  he  retracted  all  that   he   had  said  in   No.   11   of  his   Memoir  (tt^^he 
portion  which   contains  the   theorem  as  to  the  curves  of  curvature  of  the  wave  surfece^^^e). 
M.  Bertrand  in  a  note  in  the  Comptes  Bendus,  t.  XLVii.  pp.  817 — 819  (Nov.  1858),  aft*-^:=ter 
referring  to  my  paper,  remarks  that   the  theorem  as  to  the  curves  of  curvature  of  th^"  he 
wave   surface  appeared  to  him   so  remarkable   that  he   hastened  to  investigate  a  pro^    K)f 
of  it,  but   that  he  very  soon  discovered  that  the   theorem  was  unfortunately  erroneou-^czjs; 
and  he  proceeds  to  show  why  the  theorem  cannot  be  true.     M.  Bertrand's  demonstrati^^^on 
is  as  follows : 


Theorem  I.  If  from  a  point  0,  we  let  fall  perpendiculars  on  the  tangent  placzz^nes 
of  a  surface,  the  locus  of  their  feet  is  a  new  surface.  Let  P  be  a  point  of  tE'-^his 
surface  corresponding  to  the  point  M  of  the  first  surface,  the  normal  at  P 
through  the  middle  point  of  OM. 


Theorem   II.    If    the    curve    of   curvature  of  a  surface   is  such  that  the  tangi    m^nt 
planes  at   the  several  points  of  the  curve   are   equidistant  from   a  point   0,  the  cu  ~~TFe 
of  curvature  is  situate  on  a  sphere  having  the  point  0  for  its  centre. 

For  suppose    that  we    let    fall    from    the   point    0   perpendiculars    on    the   tangiez?/^ 
planes  to  the  surface  at  the  several  points  of  the  curve  of  curvature  in  question.    The 
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locus  of  the  feet  will  be  a  spherical  curve,  a  normal  at  any  point  P  of  the  curve 
will  it  is  clear  pass  through  the  point  0 ;  besides,  in  virtue  of  the  first  theorem,  another 
normal  will  pass  through  the  middle  point  of  the  radius  OM  drawn  to  the  corresponding 
point  M  of  the  surface ;  the  tangent  to  the  curve  which  is  the  locus  of  the  points 
P  is  therefore  perpendicular  to  the  plane  MOP,  and  consequently  to  the  line  MP, 
But  when  a  developable  surface  is  circumscribed  about  a  sphere,  the  perpendiculars  let 
£eJ1  from  the  centre  of  the  sphere  on  the  tangent  planes  of  the  developable  surfEice 
have  their  feet  on  the  generating  lines ;  and  consequently  the  curve  which  is  the  locus 
of  the  points  P  is  situate  on  the  developable  surface  (viz.,  the  developable  surfiswe 
enveloped  by  the  tangent  planes  at  the  several  points  of  the  curve  of  curvature  of 
the  given  surface)  and  cuts  the  generating  lines  at  right  angles.  But  the  curve,  the 
locus  of  the  point  Jf,  being  by  hypothesis  a  curve  of  curvature  of  the  given  surfece, 
also  cuts  at  right  angles  the  generating  lines  of  the  developable  sur&ce,  the  two  curves 
are  therefore  equidistant  curves  on  the  developable  surface,  viz.  MP  is  constant,  and 
since  by  hypothesis  OP  is  constant,  OM  is  also  constant,  which  proves  the  second 
theorem. 

This  being  premised,  it  is  to  be  recollected  that  the  wave  surfiswe  may  be  gene- 
rated in  two  diflferent  ways ;  1°.  it  is  the  locus  of  the  extremities  of  the  central 
perpendiculars  to  the  diametral  sections  of  an  ellipsoid  E,  equal  to  the  axes  of  these 
sections;  2°,  it  is  the  envelope  of  planes  parallel  to  the  diametral  sections  of  a  second 
ellipsoid  N  at  distances  inversely  proportional  to  the  axes  of  the  sections.  To  obtain 
all  the  tangent  planes  of  the  wave  surface  situate  at  a  distance  h  from  the  centre,  it 
is    necessary  to  find  in  the  ellipsoid  the  diametral   sections  which  have  an  axis   equal 

bo    T  ;   for  this,  we  may  cut  the  ellipsoid  by  a  concentric  sphere  of  the  radius   t  ,  and 

draw  tangent  planes  to  the  cone  having  for  its  vertex  the  centre  of  the  ellipsoid  and 
passing  through  the  curve  of  intersection  with  the  sphere.  The  tangent  planes  of  the 
wave  surface  respectively  parallel  to  the  tangent  planes  of  the  cone  Mrill  be  at  the 
distance  h  from  the  centre,  and,  if  they  touched  the  wave  surface  along  a  curve  of 
curvature,  it  would  follow  from  the  foregoing  theorem  IL  that  their  points  of  contact 
would  be  all  at  the  same  distance  from  the  centre ;  but  the  distance  of  the  centre 
of  the  wave  surface  from  the  point  of  contact  of  a  tangent  plane  is  inversely  pix)- 
portional  to  the  perpendicular  let  fall  from  the  centre  of  the  ellipsoid  E*  on  the 
bangent  plane  at  the  corresponding  point  of  this  ellipsoid :  it  follows  that  the  curve  of 
Intersection  of  an  ellipsoid  with  a  concentric  sphere  is  not  such  that  the  tangent  planes 
of  the  ellipsoid  at  the  several  points  of  the  curve  are  at  the  same  distance  from  the 
centre,  and  consequently  the  tangent  planes  which  were  under  consideration  do  not 
determine  by  their  points  of  contact  a  curve  of  curvature  of  the  wave  sur£eice. 

I  remark  in  relation  to  M.  Bertrand's  theorem  I.  that  it  is  immediately  connected 
'with  a  well-known  theorem  which  occurs  in  optics — viz.,  if  rays  proceeding  from  a 
point  are  reflected  at  a  surface,  and  if  from  the  radiant  point  to  the  surface  and  thence 
along  the  reflected  ray,  we  measure  oflf  a  constant  distance,  the  surface  which  is  the 
locus  of  the  point  so  obtained  (the  secondary  focal  surface  of  Dandelin  and  Quetelet) 
c.  IV.  55 
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is  an  orthogonal  trajectory  of  the  reflected  raya  In  fieu^t,  if  0  be  the  radiant  point, 
and  OM!  the  incident  ray,  and  if  from  M'  we  measure  off  on  the  reflected  ray  a 
distance  ^  —  OAT,  that  is,  on  the  reflected  ray  produced  backwards,  a  distance  M'P  ^  Oif, 
then  the  whole  distance  from  0  is  OM'  —  OM'  =  0,  and  the  surfiEtce  which  is  the  locus 
of  the  point  P  is  consequently  an  orthogonal  trajectory  to  the  reflected  rays.  But  the 
point  P  may,  it  is  clear,  be  constructed  as  follows :  viz.,  on  the  tangent  plane  at  M' 
let  fiall  the  perpendicular  OP,  and  produce  it  to  a  point  P  such  that  OP'  «=  PP. 
And  if  we  produce  OM'  to  Jf  so  that  OM'  =  M'M,  then  it  is  clear  that  the  locus  o 
Jf  is  a  surface  similar  and  similarly  situated  with  the  original  surfisice,  but  of  doubl 
the  magnitude,  and  that  OP  is  the  perpendicular  from  0  upon  the  tangent  plane  a 
M  of  the  last-mentioned  surface.  And,  by  what  precedes,  the  line  PAT  from  P 
the  middle  point  of  OM  is  a  normal  of  the  surfEice  which  is  the  locus  of  P:  th 
corresponding  theorem  in  piano  is  in  fiEU^t  actually  given  by  Dandelin. 


dUt  Dec,  1858. 
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Hence  observing  that  the  distance  of  one  of  the  angles  of  the  circumscribed  triangles 
is  sec  ^09 —  7),  and  that  the  projection  of  this  line  perpendicular  to  the  corresponding 
side  of  the  inscribed  triangle  is  equal  to  sec  ^  ()8  —  7)  cos  (a' —  a'),  which  is  equal  to  th^ 
projection  of  the  radius  perpendicular  to  the  same  side,  or  to  cos  i  (6  —  c),  we  have 

cos  (a'  —  a')  =  cos  ^  (^  —  7)  cos  ^  (6  —  c ), 
cos  (iS'—  ft')  =  cos  ^  (7  —  a)  cos  i  (c  —  a), 
cos(7'  — c')  =  cos  ^(a  — )8)cos^(a  — 6). 


Write 


6  —  c  =  4/^,  6  +  c  —  2a  =  4r, 
c  -  a  =s  4gr,  c  +  a  -  2/9  =  4y , 
a— 6  =  4A,    a-f-6  —  27  =  4-r; 


therefore 


co8(y  +  2r  +5'-A)  =  co8  2/'cos(/+y  — ^), 
cos  (-?  +  a;  +  A  — /)  =  cos  2g  cos  (g  +  z-^x), 
cos  (a;  +  y  +/—  ^r)  =«  cos  2A  cos  (A  +  a:  —  y), 
or,  since  /+  ^r  +  A  =  0, 

cos  {(y  -h)  +  (z  +g)}  =  cos  2/co8  {(y  -  A)  -  (^  +  g)], 
cos  {(z  -/)  +  (a;  +  A)}  =  cos25r  cos  [(z  -/)  -  (a:  +  A)}, 
cos  {(x  -g)-\-(y  +/)}  =  cos  2A  cos  \{x  -g)-(y  +/)}, 


or 


Put 


We  have  then 


or,  what  is  the  same  thing, 


tan"/  =  tan  (y  —  A)  tan  (z  +  g), 
tan'  g  =  tan  (z  — /)  tan  (a?  +  A), 
tan'  A  =  tan  (a?  —  g)  tan  (y  +/). 

tan/=Z,  tanf  =  x,  tanfi  =  Xi, 
tany  =  m,  tan  17  =  7,  tani7,=  y„ 
tanA  =  n,    tan(^  =  z,    tan(|'i  =  Zi. 

tan'/ =  tan  f  tan  fi, 
tan' g  =  tan  17  tan  rji, 
tan'  A  =  tan  f  tan  f,, 

i'  =  xx„     m'  =  yyi,     w'  =  zz,. 
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and,  substituting  for  a',  h\  d  their  values, 

(m  —  hcf  =  mft",    (w  —  caf  =  mc*,    (m  —  a6)*  =  ma}, 
or,  if  wi  =  w', 

n'  —  6c  =  w6,     71*  —  ca  =  ?jc,     7i"  —  oi  =  wa, 

{the  signs  on  the  second  side  must  be  all  +  or  all  —  and  the  —  sign   may  be  omitte^^^ 
without  loss  of  generality}. 


Hence 


as6=:c=— ^{1  +  V(5)}  72,     V(5)  being  wTitten  for  +  ^(h\ 


n« 


if  for  shortness 


a'  =  fc'  =  c'  =  --  =  -i{l-V(5)}w  =  -i;a, 


1-V(5)      .  V(5)-l  ,        o  ,        n 


V(5) V(5) 

and  I'  having  this  value,  the  equations  give 

^=vy'-z,    fi^vz-x,     J^-vx-y, 

whence  also 

4(2i;-l)a:=  i;f+  ^  +  (3,;-l)f, 

4(2i/-l)y  =  (3i/-l)f+  1^+  f, 

4(2i;-l)^=  f+(3y-i)^+  yf. 

Each  side  of  the  circumscribed   triangle   has  on  it   four  points,  viz.  two  angles  of  ttf^he 
circumscribed  triangle,  a  point  of  contact  with   the  conic,  and  an  intersection  with  ^ivthe 

corresponding  side  of  the  inscribed  triangle.     Thus  for  the   side  a;  =  0,   the  four  poi: Jits 

are  given  as  the  intersections  of  a?  =  0,  with 

y  =  0,    -^  =  0,    y-z  =  0,    vy'\-z  =  0, 

and  the  anharmonic  ratio  of  the  four  points  is  therefore  a  given  quantity.  <*' 

Again,  each  side  of  the  inscribed  triangle  has  on  it  four  points,  viz.  two  an^^les 
of  the  inscribed  triangle,  a  point  of  intersection  with  the  tangent  at  the  oppc^^te 
angle  of  the  inscribed  conic,  and  a  point  of  intersection  with  the  corresponding  sid^SJ  of 
the  cimimscribed  triangle. 

Thus  for  the  side    f  =  0,   the   four  points  are  given   as  the  points  of  intersec?^  ^ion 
of  f  =0  with  the  lines 

17=0,     f=0,     i7  +  r=0,     77+(3i/-l)?  =  0, 
and  the  anharmonic  ratio  of  the  four  points  is  therefore  a  given  quantity.  <*^ 

If  we  draw  tangents  at  the  angles  of  the  inscribed  triangle,  we  have  a  new- 
triangle,  the  sides  of  which  are  77+f  =  0,  ?+f  =  0,  77  +  f=0,  and  joining  the  angles  of 
this   triangle   with   the   points   of  contact   of  the   opposite   sides  (i.e,   the   angles  of  the 
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inscribed  triangle),  we  have  three  lines  17  — 5'  =  0»  ?""f  =  0,  f  — 77  =  0  meeting  in  a  point 
f=77  =  f,  which  is  obviously  the  same  as  the  point  x  =  y  =  Zj  which  is  the  point  of 
intersection  of  the  lines  joining  the  angles  of  the  circumscribed  triangle  with  the  points 
of  contact  of  the  opposite  sides.  <*> 

The  coordinates  of  the  points  of  contact  of  the  sides  of  the  circumscribed  triangle 
are  given  by  (a?  =  0,  y  — «  =  0),  fy  =  0,  z~x—0),  (z  =  0,  a?  —  y  =  0),  these  points  form 
therefore  an  inscribed  triangle  the  sides  of  which  are 

y-\-z^x  =  0,    z  •\-x  —  y=0,    x-\-y  —  z  =  0. 

Again,  the   tangents  at  the   angles  of  the   inscribed  triangle   form   a  circumscribed 
t^riangle  the  sides  of  which  are 

i7  +  ?=0,     f+f  =  0,     f+i7  =  0; 
"therefore 

(f+f)-i;(f  +  77)=(l-i;)f-i/7;  +  C=2i/«(l-i;  +  i/«)y-(l-i/-f-i;^)^  =  -2i/(y+^-a?), 

£uid  we  thus  have 

f  +  f"i'(f+^)  =  -2i;(y  +  ^-a;), 

f +  i7-v(i7  +  0  =  -2i/(2r  ^x-y), 

V  +  ^'-v(^+i)='2v(x-\-y-'z), 

equations  which  show  that  the  sides  of  the  second  inscribed  triangle  pass  through  the 
singles  of  the  second  circumscribed  triangle,  and  that  the  two  systems  are  consequently 
xeciprocaL  <*' 

The  four  theorems  marked  <*>  are  all  of  them  contained  in  the  paper  by  Mobius. 
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ON  A  THEOREM  RELATING  TO  HOMOGRAPHIC  FIGURES. 


[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  voL  IIL  (1860), 

pp.  177—180.] 


The  following  theorem  is  not  new,  but  I  do  not  remember  where  to  find  it: 

Given  any  two    homographic  figures;  there    exists    in    the    first    figure   a  point  8, 
which  is  the   focus  of  an  (ellipse  or  hyperbola,  say  an)  ellipse   2;  and  in  the  seoood 
figure  a  point  S',  which  is  the  focus  of  a  (hyperbola  or  ellipse,  say  a)  hyperbola  T, 
such  that   the  points  8,  8'  and    the   conies   S,  S'  correspond  to    each    other,  and  tie 
conies  %  S^  are  so  related   that  the  foci  and  vertices  of  the  one  may  be  miperimpoBed 
upon   the   vertices   aiad   foci   of  the   other.     Moreover  the  perpendiculars  fiiom  S,  S^ 
corresponding  tangents  of  2,  2'  will  be  equal. 


Write 


X  :  y  :  l=af  +  ^i;  +  7  :  a'f  +  ^'^  +  7    : 


then    Z,    7?i,    \,    fi    may    be    so    determined    that    (u;  —  i)  +  i 
(f  —  \)  +  i  (t)  —  fi\  for  if  we  write 


+  ^17  +  7", 

shall  vmah  wH 


we  have 


and  therefore 


i  =  7  —  ly' ,     Z'  =  7'  —  my\ 

(X     l)  +  i{i/     m)-  a/'^+^'^  +  y 

K  +  iK'  =  i(J+  iJ% 

L  +  iL'  =  ( J  +  W)  (X  +  i», 
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:hat  is 


)r 


W  +  ma"  =     a'  +  yS, 


irhence  also 


I  (a"«  +  y9"»)  =  a'/3"  -  a"/3'  +  (««"  +  /3/3", 
m  (a"«  +  yS"')  =  a";8  -  a^'  +  a«'  +  ^/S', 

irhich  determine  I,  m;   and  then  X,  ft  are  given  by 

but  more  simply  as  follows,  viz.  remarking  that  if  c  =  ffy*'  —  ff*y\  &c.,  so  that 

f  :  17  :  1  =  cue  +  a'y  +  a"  :  6a?  +  6'y  +  h"  :  ca?  +  c'y  +  c'\ 

:.hen  we  have 

X  (c^  +  O  =  6c'  -  6'c  +  ac  +  aV, 

/A  (c^  +  c'*)  =  ca'  -  c'a  +  6c  +  6 V ; 

;he    equations    x  —  l,   y  =  m    give    the    point    8   and    f  =  X,   ^=/a   the    point  8'.      The 
values  of  t/,  tT  are 


ind  therefore 


ffe  have  therefore 


^' 


bnsider  now  the  expression 

(a?  —  i)  cos  S-  +  (y  —  7?i)  sin  ^  —  «r, 

yhich  made  equal  to  0  would  be  the  equation  of  a  line  the  perpendicular  distance 
)f  which  firom  /S>  is  sr,  and  which  distance  is  inclined  at  an  angle  ^  to  the  axis  of  x\ 
hen 

(a;  —  Q  cos  ^  +  (y  -  m)  sin  S^  =  ^  [(cos  S^  —  i  sin  ^)  {(a?  —  0  +  *  (y  —  ^)} 

+  (cos  a^  +  i  sin  S^)  {(a?  —  O  —  ^Xy  — ^)}]i 

+  (cosa  +  isin&){(f-\)-i(i7-M)}(/-t*/')] 

56—2 
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+  {co8(&-ao)  +  t8in(&-&o)}{(f-X)-t(i7-M)}] 

=    (o^-f  +  ff'ri  +  7")  g   Kf-->^)cos(&-&o)  +  (i7-M)8m(&-&o)}, 
where  «/,  «r  have  been  replaced  by 

And  putting  besides 

we  have  more  simply 

k 
{x-t)  C08&  +  (y-  m)  sin&=    ,,   ^^,   ^   //x^{(g->>)co8g  +  (iy  -  a*)  sin^}, 

whence 

{x  —  Z)  cos  &  +  (y  —  w)  sin  &     —  w 


Write  now 


a"^Kco8J,  /8"  =  A'8inj;  a  =  A,  b  =  -l(a"\  +  /3'>  +  7"); 


we  have 

(a:  —  0  cos  &  +  (y  —  m)  sin  &     —  w 


-^fT?^-fsH*-=F)«-^)*B(--"-^')('-'')-} 


{(?  —  X)  COS  <^  +  (17  -  /a)  sin  <^  —  «r}, 


that  is 

(a?-0co8&+(y  — m)sin&      — w  (*) 

where  it  will  be  noticed  that 

(a:  -  Z  )  cos  &  +  (y  —  m)  sin  &  -  «r  =  0, 

and 

(f  -  X)  cos  <^  +  (17  —  /A  )  sin  ^  —  -Bj  =  0, 
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lines  in   the    first    figure    and   in    the    second    figure,   corresponding    to    each    other 
at    the    same    distance    «r    from    the    points    S,  S'    respectively.     Call    these    lines 
md   r. 

But  the  relations  between  d,  (f),  m  are  given  by 

w  cos  j  =  a  cos  ^  —  b  cos  <f>, 
m  sin  J  =  a  sin  d  —  b  sin  ^, 

by  changing  the  fixed  axes  from  which  0,  (f>  are  respectively  measured, 

-Bj  =  a  cos  tf  —  b  cos  <f>, 
0  =  a  sin  d  —  b  sin  <^. 

V  in  these  equations  'cj  is  the  perpendicular  distance  firom  S  upon  the  line 
•  Z)  cos  &  +  (y  —  m)  sin  &  —  'cj  =  0  and  0  (which  only  differs  firom  Sr  by  a  constant 
le)  is  the  inclination  of  this  perpendicular  to  a  certain  fixed  line;  m  is  also  the 
pendicular  distance  of  the  line  (f  —  \)  cos  <^  +  (17  —  /a)  sin  <^  —  w  =  0  firom  the  point  S\ 
<l>  is  the  inclination  of  this  perpendicular  to  a  fixed  line.  Eliminating  successively 
nd  0,  we  have 

'CJ  =     a  cos  ^  -  V  (b'  -  a*  sin^  0), 
«r  =  -  b  cos  <^+  \/(a'  -  b« sin^<^), 

as  these  equations  may  also  be  written, 

'UT^  -  2«ra  cos  ^  +  a*  -  b'  =  0, 
tsr*  +  2tsrb  cos  <^  +  b^  -  a^  =  0. 

)pose   a  >  b,  the   former   equation   shows   that   the   line   T  is  a   tangent   to  a  certain 
•erbola,  and   the   latter   equation   shows  that   the   line    T'   is  a   tangent   to  a  certain 
pse,  and  it  is   easily  seen  that,  taking  for  the  transverse  axes  the   lines  fix)m  which 
angles  0  and  <^  are  respectively  measured,  the  equation  of  the  hyperbola  is 


that  of  the  ellipse  is 


ch   are   the   conies   2,   2'   referred   to  in  the   enunciation.     And  if  the   second   conic 
superimposed   upon   the  first   in  such   manner  that   the  coordinates   f,  17  may  belong 
the   same    axes   with  a?,  y;    then    the    two    conies   will    have   the    assumed    relation, 
the  foci  of  either  conic  mil  coincide  with  the  vertices  of  the  other  conic. 
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ON  A  NEW  ANALYTICAL  REPRESENTATION  OF  CURVES  IN 

SPACE. 


[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  voL  iii.  (1860), 

pp.  225—236.] 

The  ordinary  analytical   representation  of   a  curve   in    space    by  the    equations   o 
two  surfaces  passing  through   the  curve  is,   even   in   the  case  where  the  curve    is    th^ 
complete   intersection  of  the   two  surfaces,  inappropriate  as  involving    the  consideratioti. 
of  surfaces  which  are  extraneous  to  the  curve;  and  the  objection  becomes  more  serious 
when  the   curve  is  not  the  complete  intersection  of  any  two  surfaces ;  for  in  this  case 
the   curve   can   only   be   represented   in   conjunction   with   a   curve    or    curves   extraneous 
to  itself.     A  curve  in  space  can   be  in  a   mode   represented  by  means  of  the  equation 
of  the  developable  surface   having  the   curve   for  its  edge  of  regression;  but  this  corre- 
sponds   to    the    representation    of   a    plane    curve    by    means    of    its    equation    in    line 
coordinates ;    a  representation    which   is   very  useful   in   addition   to,  but  which  is  not  to 
be  substituted  for,  the   equation  in  point    coordinates.     It  occurred   to  me  some    years 
aeo   that  it  might  be  advantageous  to  represent  a  curve    in    space    by  means    of   the 
cone   passing   through   the   curve    and   having   for  its   vertex   an   arbitrary  point(*) ;   and 
although   I   have  not  advanced   beyond   the   first   steps   of  the  theory,  the  results  which 
I   have   obtained   may,   I   think,  be   interesting   to    geometers.     The    conclusion    is    that 
a  curve   in  space   may  be   represented  by   a   homogeneous  equation    F=0   between  six 
coordinates   (p,  },  r,  «,  t,  u)  such  that  p8-\-qt'\-ru  =  0\  the  function    Fis  moreover  such 
that  in  virtue  of  this   relation  between  the  coordinates,  and  of  the  equation   F=0  itself, 
we  have 

dj,V  .d,V  -^d^V  .dtV  -¥  drV  .d,J  ^0, 

•  See  my   paper  *'  On  the  cones  which  pass   through  a  curve  of    the  third  order  in  space,"    Phil,  Mag., 
t.  xiT.  (1866),  p.  20,  [200],  where  a  curve  of  the  third  order  in  space  is  in  effect  so  represented. 
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function  of  p,  9,  r,  8,  t,  u,  through  which   quantities  it  is  a  function  of  a,  A  7,  8;  the 
last-mentioned  four  equations  become  therefore 

0=  .  —drV .y '\-dqV  .z  —  dgV .w, 
Os  drV.x  .  --dpV.z  —  dtV.Wf 
0  =  — d^F.ir  +  dpF.y  — duF.w, 

0=     dtV.x  +  dtV.y+duV.z 

and   from    the    first,   second,    and    third    equation,    or    any   other   combination   of  three 
equations,  we  obtain  at  once  the  condition 

dpV.  d.F-h  dgV.  deF+  drV.  d«F=  0, 

so  that  if  this  condition   is  satisfied,   the  four  equations  do  in    &ct  reduce  themseK^^^ 
to  two  independent  equations ;  the  condition  in  question  is  thus  shown  to  be  necessary. 
But  the  condition  only  implies  that  all  the   cones   having  their  vertices  in  the  neigli- 
bourhood  of  the   point   (a,  fi,  7,  B)  pass  through   one  and  the  same  curve ;  this  will    1>e 
the   case   for  instance  for  a  series  of   cones  all   of   them   circumscribed  about  one  a-x^d 
the    same    surface,    those    having    their    vertices    in    the    neighbourhood    of    the    poiixt 
(«>  )8>  7»  S)  will  all   pass  through   the  curve   of  contact   with   the  surfisK^e  of  the  cor»^ 
having  for  its  vertex  the   point   in   question.     But   the   curve   of  contact  is  not  a  fixe^^^J 
curve  for  all  positions  of  the  vertex,  and  the  condition  before  referred  to  is  consequently^' 
insufficient. 

It  may  be  noticed   that  the  systems  p,  q,  r  and  8,  t,  u  are  not  similar  to   eaci 
other  and   that    the   six    coordinates   cannot    be   in   any   way  divided   into    two   sj^tems 
which   are  similar  to  each  other:  the  symmetry  of  the   coordinates    is  in  &ct  that  0 
the  vertices  (or  sides)  of  a  complete  quadrilateral  (or  quadrangle);  thus  we  may  divide 
the  coordinates  into  two  sets  in  a  fourfold  manner  as  follows: 


w,  ty  p; 

r,  q,  «, 

s,  q,  u] 

P,  t,  r. 

r,  t,  8 

;    u,  q,  p, 

P,  9,  r 

;    s,  t,  u, 

where  each  left-hand  set  corresponds  to  three  vertices  forming  a  triangle  and  each 
right-hand  set  to  the  remaining  three  vertices  in  lineo.  It  may  be  noticed  also  that 
if  in  the  equation  F  =  0  of  any  curve  in  space  we  substitute  for  p,  q,  r,  8,  t,  t<,  their 
values,  and  equate  to  zero  the  coefficients  of  the  different  powers  and  products  of 
^  fif  7>  S)  6Ach  of  the  equations  so  obtained  will  belong  to  a  surfieu^e  passing  through 
the  curve,  and  the  entire  system  of  these  equations  will  be  equivalent  to  two  relations 
only  between  the  coordinates  x,  y,  z,  w.  But  any  two  of  these  surfeuses  will  not  in 
general  intersect  only  in  the  curve,  i.e.  the  cui-ve  will  not  be  the  complete  intersection 
of  any  two  of  the  surfaces.  It  may  be  added  that  the  equation  of  any  other  surface 
whatever  through  the  curve  will  be  obtained  by  equating  to  zero  a  syzygetic  fimctio 
of  the  functions  which  equated  to  zero  give  the  surfaces  fii^st  referred  to. 
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As  an  example  of  the  theory,   the  equation,  in  the   new  coordinates,  of  a  line  in 
pace  will  be 

Ap-hBq'\'Cr'\-F8  +  Gt  +  Hu  =  0, 


here  the  constants  are  such  that 


AF  +  BG'\'CH^O. 


'his  may  be  verified  as  follows:  suppose  that  the  line  in  question  is  given  as  the 
ne  of  junction  of  the  points  (a',  ^,  »/,  S^  and  (a",  /S",  7",  8");  then  the  cone  through 
de  line  and  the  arbitrary  point  (a,  13,  7,  S)  is  nothing  else  than  the  plane  through 
lie  three  points;  its  equation  is  therefore 

X  ,  y  ,  z  ,  w     =0, 

a  ,  )8  ,  7  ,  8 

a',  ^,  7',  S' 

0",  /3^  y\  8" 


hich  may  be  written 

lie  values  of  A,  &c.  being 


C  =  yT  -  7"S',    H^o{ff'^  ol'ff. 


'hich  in  fact  satisfy  the  relation 


AF^BG^-GH^Q, 


o  again  if  the  line  is  given  as  the  intersection  of  the  planes 

cw?  +  6y  +  c^  +  dw  =0, 
o!x  +  Vy  +  c'^  +  d'w  =  0, 

hen    the    equation    of   the    cone    (plane)    through    this    line    and    the    arbitrary    point 
2,  /8,  7,  8)  is 

(cm?  +  6y  +  C2r  +  dw)(a'a+  6')8  +  C7  +  d'8)  -  (alx  +  6'y  +  c'Z'\'d'w)(pflL'\'h^  +  07+  d8)  =  0, 
?liich   is 


he  values  of  A,  &c.  being 


ilp  + 5}  +  Cr  +  J^« +  (?f  +  J5rw  =  0, 
B^ca!  "C'a,    G^bd'-Vd, 


hich  also  satisfy  the  relation 


AF-^-BG  +  CH^O. 
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I  annex  the  following  further  investigation:  let  jl,  q',  r*,  »',  t',  u'  and  p",  q",  r",  s",  t",  9 
be  what  p,  q,  r,  a,  t,  u   become   when  a,  /8,  y,   8  are  changed  into  0',   ff",  y',   S* 
«".  /8",  7",  Si"  respectively :  the  line  represented  by  the  equation 

Ap   +Bq  +Cr+F8  +6t  +Hu  =0, 
is  also  represented  by  the  equations 

Ap'  +B^  +  Ct^+F8'  +6t'  +Hu'  =0, 
Ap"  +  Bf  +  Cr"  +  Fil'  +  Gi'  +  i?u"  =  0, 

which,  reverting  to  the  coordinates  x,  y,  z,  w,  may  be  written 

Wx  +  S'y  +  Q,'z  +  D'w  =  0, 
Wx  +  »"y  +  (S:'z  +  3)"«>  =  0. 


where 


99'=-Ca'  .  +A'/  +  GS:, 
6' =  Ba'-Ad"  .  +HS:, 
'i)' ^  -  FaC  -  0^  -  Hi     .     . 


81"  =  .  Cfi"-By"+Fi^', 
8"  =  _(7a"  .  +Ay"  +  GB". 
e"=     Ba"-A^'      .     +HSr, 

5)" = -  J'o"  -  G/9"  -  fry    .    , 


in  which    form   the   equations  represent  two  planes  each   of   them    through    the 
line:   the  equation  of  the   cone  (plane)  through   the  given  line  and  the  arbitnuy  po: 
(a,  /9,  7,  8)  is 

(Wx  +  »'y  +  (H'z  +  J)'w)  (8l"a  +  ©"/S  +  S'V  +  2)"S) 

-  (8l'a  +  »'/3  +  (S.'y  +  3)'S)  (8l"a;  +  Wy  +  (S."z  +  5)"w)  =  0, 
or,  developing, 

(S'g"  -  S"(S')  p  +  (6'2l"  -  (E"2l')  5  +  (81'®"  -  8l"»')  r 

+  (Sl'2)"  -  81"  J)')  8  +  (S'l)"  -  33"D')  <  +  (S'D"  -  Q."^')  u  =  0. 
Now 

»'g"  -  S"g'  =  (-  Co'  +  Ay'  +  GB')  (£«"  -  Aff'  +  H^') 

-  (-  Cci'  +  ily"  +  68")  {Ba'  -A^  +  HS), 
which  putting 

Pi'  -  fiW =P,    «'«"  -  «"«'  =  «. 

7'a"  -  7"a'  =  g,     /^S" -  /9"8'  =  «, 

o'/S"  -  a"/3'  =  r,    7'8"  -  yS*  =  u, 
become 

il»p,  +  4%  +  J  Or,  -  (fiG  +  0^  a,  +  ^  (?«,  +  ilir«„ 

or  as  it  may  be  written 

A  {Api  +  Bq^  +  Cr,  +  /"«,  +  (?«,  +  ifjt,)  -  (^i?* + £(?  +  CH)  «, . 

Instead  of  writing  at  once  AF-\-  BG  +  GH  =  0,  I  denote  it  by  V  and  I  write  also 

Api  +  Bqi  +  Cr,  +  ^«,  +  Gf,  +  fiw,  =  fl. 
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The  series  of  coefficients  S'g"  -  S^S",  &c.  is 

Fii  -  V/)i,   on  -  Vji,  Hn  -  Vn, 

£i.Tid  the  required  equation,  restoring  for  fl,  V  their  values,  is 

(Ap  +  Bq-^-Cr  +  Fs  +  Gt-^-  Hu)(Ap^  +  Bq^  +  Cr,  +  Fs^  +  Oti  +  Hi) 

^%3vhich  in  virtue  of  AF+BG-\'CH=0  becomes 

(Ap  +  5}  +  Cr-\'F8  +  0t  +  Hu)(Api  +  %  +  On  +  ^«i  +  Gti  +  Hu^)^0, 

The  equation 

Api  +  Bqi  +  Cri  +  A  +  Gt^  +  JSTi^  =  0 

"vvould   imply  that  the   two  points  (a',  )8',  */,  8'),  (a",  )8",  7",  S")  are  in  the  same  plane 
^%vith  the  line 

Ap  -\'Bq  +Cr  -{-Fs  +Gt  -{-Hu  =0, 

<[or,  what  is  the  same  thing,  that  this  line  is  intersected  by  the  line  through  the  two 
^j)oints);  in  this  exceptional  case,  the  planes  determined  by  the  given  line  and  the  two 
^points  respectively  are  one  and  the  same  plane,  and  they  do  not  by  their  intersection  deter- 
:inine  the  given  line.  But  in  every  other  case  the  factor  Api  +  Bqi  +  Cvi  +  Fsi  +  (?^  +  Hui 
is  not  equal  to  zero,  and  the  foregoing  equation  becomes 

Ap  +Bq  +Cr  -{-Fs  -^-Gt  +Hu  =0, 
^hich  is  as  it  should  be. 

In   what  precedes  it   has  been  shown  that  the   equation    of   the   line   through   the 
Taints  (a',  /8^  y\  S')  and  (a",  ^\  7",  8")  is 

Ap  +  Bq'\'Cr-\-F8+Gt'^Hu^  0, 
where 

B  =  /8'S"  -  ff'h\     G  =  7'a"  -  7  V , 

and  that  the .  equation  of  the   line  of  intersection    of  the    planes   cw?  +  6y  +  c^  +  dw  =  0, 
a'a?  +  6'y  +  c'^  +  d'w  =  0  is 

Ap^-Bq^-Gr-k-FB-^Gt^-  Hu  =  0, 
where 

A^bcf-Vc,    F  =  ad'--a% 

B  =  ca'  —  ca,    0  =hd!  "  Vd, 

57—2 


It  may  be  added  that  the  condition  of  intersection  oa  «^ 

is 

and  any  other  problems  in  relation  to  the  line,  for  instance  to  find   the  condition 
a    line    may  pass    through,  a   given    point   or   lie    in  a   given   plane,  &c.   may  also 
solved  by  means  of  the  new  coordinates. 

A  curve  of  the  second  order  in  space  is  either  a  pair  of   lines  or  a  plane  con: 
each  of  which  species  may  degenerate  into  a  pair  of  intersecting  lines.     If  we  vrrite 

W  ^-Ap  +  Bq+Cr-^Fs+Ot  +  Hu, 
W  ^A'p  +  ffq  +  CV+  ^'«+  (?'t+  H'u, 

then  the  equation  of  the  pair  of  lines  will  be  V^WW^O,  and  it  is  worth  while  to  sh 
that  this  value  of  V  satisfies  the  fundamental  equation  dpV.dfV+dqV.dtV-^-drV.duV^ 
we  have  in  &ct  dpV=:AW^  +  A*W,  &c.  and  thence  the  left-hand  side  is 

W^  (AF+  BQ-^GH)^  WW  (AF'  +  AT+BG'  +  FG'^  GR  +  OH)  +  TT'  {A'F'  +  BG'  +  G'. 

which  in  &ct  vanishes  in  virtue  of  the  relations 

AF-^BG-^GH^O,    A'F  +  ffG'-^'CH'^O,     WW^O. 

The  like  proof  applies  to  any  curve  made  up  of  two  or  more  curves. 
Consider  in  the  next  place  the  plane  conic  given  by  the  equations 

cuc  +  by+cz+dw^O, 
a^  +y»  +z^  +  w^  =0. 

To    find   the  equation   of   the   cone  having    for  its    vertex    the    point  (a,   )8,  7,   S)  and 
passing  through   the   conic  we  must,  according  to  Joachimsthal's    method,  substitute  in 
the   two   equations  for  a?,  y,  z,  w  the  values  Xx-^-fia,  \y'\'fjk0,  Xz  +  firf,  \w  +  fiS,  and  from 
the  resulting  equations  eliminate  X,  /a.    The  two  equations  become 

\^ (a^ -\-  j/^  +  z* -k- v^)  +  2\fi(cLx -^  fiy '\- yz -^-iw)  +  fi^{a*  + /S*  +7*  +S'  )  =  0, 

\  (ax  -t-  6y  +  c^  +  dw)  +  fi  (auc  -\'l3y  +yz-^  &w)  =  0, 

and  thence  eliminating  X,  /a  we  find 

(aa  +  6/8  +  C7  +  dS>'(ar'  +y» +-&* +t(/*  ) 
—  2  (aa  +  6)8  +  C7  +  dS  )  (cue  +  6y  +  c^  +  dw)  (ax  +  /8y  +  7^  +  Bw) 
+    (ax-^hy  -\-cz  -\-dwy(a^  +/8*+7'  +S^  )  =  0, 
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where   the  left-hand  side  is  as  it  should  be  a  function   of  p,  q,  r,  s,  t,  u;  the  equation 
may  in  fact  be  written 

a^.     9'  +  r^  +  5«)'| 

+  c»  (;>'  +  9'  .  +  u») 
+  dM««  +  «» +  M«  .  ) 
+  26c  (-  qr  H-  tu) 
+  2ca  (—  rp  +  tcs) 
•\' 2ab  (- pq -{- 8t) 
-^2ad{  qu  —  rt) 
+  2bd  (  rs  —pu) 
-l-2cd(    pt-qs) 

which  treated  as  a  quadric  in  (a,  6,  c,  d)  may  be  written 


^  =  0, 


f  +  r'  +  s^ 

—  pq  +  8t 

—  rp  +  us 

qu  —  rt 

—  pq  +  8t 

p'+r'  +  i^ 

—  qr  +  tu 

rs  —  pu 

—  rp  +  us 

—  qr  -^  tu 

p^  +  q^+u^ 

pt  —  qs 

qu  —  rt 

ra  —  pu 

pt-qs 

s'  +  t^  +  u^ 

or  treated  as  a  quadric  in  (p,  q,  r,  s,  t,  u),  in  the  form 


6'  +  c» 

-ah 

—  ae 
-be 

• 

cd 

-bd 

-ba 

c'  +  a^ 

—  cd 

ad 

—  ca 

-cb 

a'  +  b* 

1 
bd     ^  —  ad 

1 

• 

m 

—  cd 

bd 

o^  +  cP 

ah 

ac 

cd 

9 

—  ad 

ba 

b^  +  d!" 

be 

-bd 

ad 

• 

ca 

cb 

c'  +  cP 

)(a,  6,  c,  d)^  =  0, 


){Pf  9f  n  «,  <,  w)»  =  0. 


Or  again,  in  a  form  which  is  one  of  a  S3rstem  of  four  forms, 

(6^+c»,  c^  +  a^  a«-h6^  -6c,  -ca,  -ab)(p,  q,  ry  +  {a^  +  d\  6«  +  d^  c^  +  d»,  6c,  ca,  a6) («,  ^,  m)^ 


4-2{ 


p 

9 

« 

t 

u 

• 

cd 

-bd 

—  cd 

• 

ad 

r 

bd 

—  ad 

• 

}  =  0. 
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Representing  the  equation  by  V^O,  the  function    V  should  verify  the  fundamentc^X 
equation  dpV,dtV+dqV,dtV+drV.dgV=0,  and  we  in  fact  have 

dpF  =  (6*  +  c')  JO  —  abq  —  acr  +  cdt  —  bdu, 

dfV  =  —  cdq  +  bdr+  (a*  +(?)«  +  a6f  +  acu, 

and  thence  forming  the  product  dpV.dgV,  and  from   it  the   two  analogous  products, 
find 


d^V.d,V= 

ef^r.rf,r= 

p" 

0 

—  abed 

+  abed 

q' 

+  abed 

0 

—  a6c(/ 

r" 

-  abed 

+  abed 

0 

8" 

0 

-  abed 

+  abed 

e 

+  abcff 

0 

-  abed 

w» 

—  abed 

+  a6cc? 

0 

P9 

-cdil^  +  c") 

+  crf(c«  +  a«) 

-  ed  (a«  -  6») 

qr 

-adib^-c") 

-  r7(/  (c«  +  a«) 

+  rMf  (a>  +  6>) 

rp 

+  bd{b^'^c') 

-  6^  (>  -  a«) 

-6</(a«  +  6«) 

8U 

-bd(a^+(P) 

+  6(/(c'  +  e/«) 

-M(c«-a«) 

ut 

-adib^-c") 

-a(/(c>  +  rf«) 

+  a(i(6«+rf«) 

U 

+  ed  (a'  +  d') 

-  edia^-d") 

-crf(6«+rf«) 

ps 

+  (a«  +  rf«)  (6«  +  c») 

-a^b^^e^d" 

-  a V  -  6  V 

pt 

+  a6  (6«  +  c») 

-abib^  +  d') 

^abie'-d^) 

pu 

+  ac(6*  +  c») 

-  oc  (6*  -  cP) 

-  ac  ( c*  +  cP) 

qs 

-  ab  (a*  +  d^) 

+  «6  (c*  +  a') 

-a6(c«-rf») 

qt 

-  a«6«  -  c«rf« 

+  (6«  +  rf»)(c«  +  a«) 

-  b^c'-a^d* 

qu 

-6c(a»-rf«) 

+  6c(c«  +  a«) 

-beic'-^d') 
+  aela*-^  6*) 

rs 

-  ac  (a^  +  cP) 

-  rtc  (b^  -  rf«) 

rt 

-6c(a«-rf«) 

-6c(^  +  (/») 

+  6<j(a«  +  6«) 

ru 

-aV-6«rf* 

-  6  V  -  a^^r^ 

+  (c»  +  rf»)(a«+6») 

by  which  the  equation  is  verified. 

I   conclude   with   some   remarks   relating   to   a   different   part   of  the    subject.    It 
shown    by   M.    E.   de    Jonquiferes   in    his    "  Elssai    sur  la  generation   des  courbes   geome 
triques,  &c."   Mem.  Pris,  d  VAcad,  de  Paris,  t.  XVL  (1858),  that  the  equation    17  =  0  o 
any  geometrical  plane  curve  can  be  presented  in  a  variety  of  different  ways  in  the  form 


p.   Q 
P'.    Q! 


=  0, 


this  being  in  fact  the  fundamental  theorem  of  his  very  beautiful  investigations.  I  ana 
not  aware  that  it  has  ever  been  considered  whether  the  equation  C=0  of  a  plane 
curve  can  in  general  be  represented  in  the  form 


P,   Q.    R 

P",    Q",    R" 


=  0. 
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or  in  the  analogous  forms  where  the  left-hand  side  is  a  determinant  of  a  higher 
order.  As  regards  surfaces,  the  equation  £7'=0  of  a  geometrical  surface  cannot  in 
general  be  presented  in  the  fonn 


P,    Q 
P.    Of 


=  0, 


nor  in  the  similar  forms  where  the  left-hand  side  is  a  determinant  of  a  higher  order. 
We  may  consequently  classify  surfaces  of  a  given  order  according  to  the  forms  of  this 
nature  by  which  they  can  be  represented,  or  as  I  propose  to  term  it,  according  to 
their  "  frangibility."  It  is  obvious  that  this  question  is  immediately  connected  with  that 
of  the  representation  of  curves  in  space  by  means  of  the  ordinary  coordinates  of 
aualjrtical  geometry ;  for  instance  if  we  have  a  surface  £7"=  0,  which  can  be  represented 
in  the  form 


P,    Q.   R 
\  P',    Q',   R' 

;  P",  Q",  R" 


=  0. 


then  we  can  describe  upon  the  surface  curves  such  as 


P',    Q,    R 
P",    q'.    R' 


=  0, 


viz.  the  curve  so  represented  is  the  curve  which  in  conjunction  with  the  curve 
{K  =  0,  R"  =  0)  makes  up  the  complete  intersection  of  the  two  surfaces  P'R'  —  P"R  =  0, 
Q!E'  —  Q'R  =  0 :  the   curve   in  question  is  not  m  general   the  complete  intersection  of 


any  two  surfaces.     If  the   surface    i7=  0  can  be  represented  in  the  form 


=  0, 


P.   Q 
P',    Q' 

then  we  can  describe  upon  the  surface,  curves  such  as  the  curve  (P  =  0,  Q  =  0)  which, 
although  it  is  the  complete  intersection  of  two  surfaces,  is  not  the  complete  intersection 
of  the  given  surface  Cr=0  by  any  other  surface.  But  if  the  surface  i7=0  cannot  be 
represented  in  any  such  form,  or  as  we  may  express  it,  if  the  surface  is  infrangible,  then 
it  would  appear  that  the  only  curves  which  can  be  described  upon  the  surface  are  those 
which  are  the  complete  intersection  of  the  given  surface  by  some  other  surfiEwe.  The 
question  is,  I  think,  an  interesting  one  in  the  theory  of  surfaces,  but  I  doubt  whether 
much  will  be  done  in  this  manner  as  regards  the  theory  of  curves  in  space,  and  it 
appears  to  me  that  there  is  more  to  be  hoped  for  from  the  theory  previously  explained 
in  the  present  paper. 


2,  Stone  Buildings,  W.C.y  June  2,  1859. 
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ON    THE    SYSTEM    OF    CONICS    HAVING    DOUBLE    CONTACT- 

WITH    EACH    OTHER 


[From  the  Quarterly  Journal  of  Pure  and  Applied  Matliematics,  voL  IIL  (1860), 

pp.  246—250.] 


.d^ 
^ 


Consider   the    conies    which    pass    through    four    points    coinciding    two    and    two 
together ;  the  two  points  of  each  pair  of  coincident  points  are  to  be  regarded  as  lying  in 
a  line  which  will   be  a  tangent   to  the  conic,  and  the  system  is  thus  a  system  of  conies 
touching  the  same  two  lines  at  the  same  two  points :  or  if  we  replace  the  two  lines  by  a         "^ 
conic  of  the  system,  it  is  the  sjrstem  of  conies  having  double  contact  with  a  given  conic  ^ 

at  the  same   two  points.     The   lines  may  be  spoken  of  as   the  tangents,  and  the  points  ^ 

as  the  ineunts  of  the   system ;    the   line   joining  the   two  points  is  the  axis,  and  the  ^ 

point  of  intersection  of  the  two  lines,  the  pole.     It  is  assumed  that  the  system  contains  ^ 

real  conies;   the  pole  and  axis  must  consequently  be  real,  but  the   tangents  and  ineunts  "^ 

may  be   either  all   of  them   real    or   else   all   of  them  imaginary — we   may  for  shortness         ^ 
say  that   in   the   former  case   the  double   contact   is  real,  and  that  in   the  latter  case  it         -^ 
is  imaginary.     Consider  first   the   case  of   a   real   double   contact,   the    system    of   conies 
commences   with   an   ellipse   differing   only  slightly   fix)m   the   finite   portion   of    the   axis 
included  between  the  ineunts,  this   ellipse  being  the  first  of  a  series  of  ellipses  the  last      -:^-5t 
of    which    only    slightly   differs    from    a    parabola,   we    have    then    a    parabola,   then    a     .^^a 
hyperbola   differing   only  slightly   from   the   parabola,  and  which   is  the   first   of  a  series    ^^^ 
of    hjrperbolas   of  which  the   last  differs   only   slightly   from    the   two   tangents:   all  the    ^^-^e 
before-mentioned  conies   are   included   within   the   angles  at   the   pole  or    vertex    of   the  ^^-^e 
triangle,  viz.  the   ellipses  and   parabola  within   the   angle  towards   the  axis   or  base,  and  JEi^^d 
the   hjrperbolas,   one   branch   of  each   of  them   within   this  angle  and   the   other  branch^'^A 
within  the  opposite  angle.     And  it  will  be  convenient   to   term  these  conies   the   "Multi — 
form    Series.''     Passing    over   the   intermediate   case,   we   come   to   a    hyperbola    differing 
only   slightly   from   the   two   tangents,  the   first   of  a  series   of  h}'perbolas   of  which   th4 
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the  second  conic  is  understood  to  be  the  centre.  The  nearer  extramediates  are  those 
passed  through  previous  to  reaching  an  extremity  of  the  cycle,  the  further  extramediates 
are  those  passed  through  subsequent  to  reaching  an  extremity  of  the  cycle.  It  is  clear 
that  the  intermediates  and  the  nearer  extramediates  make  up  the  series  multiform  or 
uniform  to  which  the  conic  belongs,  and  that  the  further  extramediates  are  the  other 
series;  and  moreover  that  if  the  cycle  be  arranged  line-wise  and  point- wise  successively, 
the  intermediates  of  the  one  arrangement  are  the  nearer  extramediates  of  the  other 
arrangement  and  vice  versd;  the  further  extramediates  of  each  arrangement  being  the 
same. 

Two  points  of  a  conic  may  be  said  to  be  conjunctive  with  respect  to  a  given 
line  when  it  is  possible  to  pass  from  the  one  to  the  other  along  the  curve  without 
crossing  the  line  and  disjunctive  in  the  contrary  case — it  being  understood  that  both 
the  parabola  and  the  hyperbola  are  to  be  treated  as  closed  curves,  viz.  the  points  at 
infinity  of  the  parabola  are  to  be  considered  as  one  and  the  same  point,  and  so  the 
points  at  each  extremity  of  either  asymptote  of  the  hyperbola  are  to  be  considered 
as  one  and  the  same  point — and  in  like  manner  two  tangents  of  a  conic  are  said  to 
be  conjunctive  with  respect  to  a  given  point,  when  it  is  possible  by  the  revolution  of 
the  one  tangent  to  arrive  at  the  other  tangent  without  sweeping  through  the  point 
in  question,  and  disjunctive  in  the  contrary  case. 

Consider  now  any  conic  of  the  series,  and  call  this  simply  the  conic.  Take  upon 
the  conic  any  two  points  a,  a'  and  joining  these  with  a  variable  point  in  the  axis, 
let  the  lines  so  obtained  meet  the  conic  in  the  points  b\  b  (so  that  a&'  and  ab  meet 
on  the  axis).  We  have  thus  on  the  conic  a  series  of  points  a,  6,  c, ...  and  a  second 
series  a\  b\  c", ...  which  are  homographically  related  to  each  other,  and  which  possess 
the  property  that  taking  any  two  points  6,  c  of  the  first  series  and  the  corresponding 
points  b\  &  of  the  second  series,  the  lines  bc\  Vc  meet  on  the  axis.  It  is  immaterial 
how  the  point  a  is  chosen,  but  a  being  chosen  at  pleasure,  the  system  will  obviously 
depend  on  the  way  in  which  the  point  a'  is  chosen ;  so  that  the  points  of  a  conic 
may  be  considered  as  homographically  related  to  each  other  in  an  infinity  of  different 
waya  The  reciprocal  construction  of  course  applies  to  the  tangents  of  a  conic,  so  that 
the  tangents  of  a  conic  may  be  considered  as  homographically  related  to  each  other 
in  an  infinity  of  different  ways:  and  not  only  this,  but  it  is  clear  that  the  tangents 
at  points  homographically  related  to  each  other  are  also  homographically  related  to 
each  other,  and  vice  versd. 

The  line  joining  corresponding  points  envelopes  a  conic,  one  of  the  conies  of  the 
system,  and  which  may  for  shortness  be  spoken  of  simply  as  the  envelope.  The  point 
of  intersection  of  corresponding  tangents  generates  a  conic,  one  of  the  conies  of  a 
system,  and  which  may  in  like  manner  be  spoken  of  simply  as  the  locus. 

We  may  now  enunciate  the  following  theorem:  Let  the  system  be  arranged  line- 
wise,  the  envelope  is  an  extramediate  of  the  conic ;  viz.  if  a  pair  of  corresponding 
points  of  the  conic  (all  pairs  have  in  this  respect  the  same  property)  be  conjunctive 
with  respect  to  the  axis,  a  nearer  extramediate,  but  if  disjunctive,  then  a  further 
extramediate. 
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And  again: 

Let  the  system  be  arranged  point- wise,  the  locus  is  an  extramediate  of  the  conic; 
viz.  if  a  pair  of  corresponding  tangents  of  the  conic  (all  pairs  have  in  this  respect  the 
same  property)  be  conjunctive  with  respect  to  the  pole,  a  nearer  extramediate,  but  if 
disjunctive,  then  a  further  extramediate. 

It  is  however  proper  to  remark  that  when  the  double  contact  is  imaginary,  the 
pair  of  corresponding  points  or  tangents  (in  fact  any  pair  of  points  or  tangents)  is 
necessarily  conjunctive,  so  that  in  this  case  the  second  alternatives  in  the  two  theorems 
have  no  application,  and  the  envelope  or  locus  is  always  a  nearer  extramediate.  When 
the  double  contact  is  real,  the  pair  of  corresponding  points  or  tangents  may  be  either 
conjunctive  or  disjunctive,  and  the  character  (nearer  or  further)  of  the  extramediate  is 
determined  accordingly. 

The  double  contact  being  either  real  or  imaginary,  we  may  as  a  limiting  case 
assume  that  the  corresponding  points  or  tangents  coincide,  the  envelope  or  locus  is  in 
this  case  the  conic  itself.  Suppose  that  the  double  contact  is  real,  we  have  here  two 
other  limiting  cases,  viz.  first,  one  of  a  pair  (and  therefore  of  each  pair)  of  corre- 
sponding points  or  tangents  may  be  situate  in  the  axis  or  pass  through  the  pole ; 
this  is  the  limit  between  the  two  cases  of  the  pair  of  corresponding  points  or  tangents 
being  conjunctive  and  disjunctive,  and  therefore  the  envelope  or  locus  must  be  the 
conic  which  is  the  limit  between  the  nearer  ■  extramediates  and  the  further  extra- 
mediates,  i.e.  the  envelope  is  the  pair  of  ineunts  and  the  locus  is  the  pair  of  tangents. 

Secondly,  the  line  through  a  pair  of  corresponding  points  may  pass  through  the 
pole,  or  the  point  of  intersection  of  a  pair  of  corresponding  tangents  may  lie  in  the 
axis ;  the  envelope  or  locus  is  here  the  furthest  of  the  extramediates,  viz.  the  envelope 
is  the  pair  of  points  coincident  with  the  pole,  the  locus  is  the  pair  of  lines  coincident 
with  the  axis.  If  considering  one  of  the  pair  of  corresponding  points  or  lines  as  fixed, 
the  other  point  or  line  passes  through  the  last-mentioned  limiting  position,  the  envelope 
or  locus  returns  back  through  the  series  of  further  extramediates. 

In  the  statement  of  the  preceding  theorems,  the  envelope  and  locus  have  been 
considered  separately,  but  we  may  if  we  please  consider  the  locus  as  generated  by  the 
point  of  intersection  of  the  tangents  at  the  corresponding  points :  the  locus  and  envelope 
are  in  this  case  reciprocal  polars  with  respect  to  the  conic;  it  should  be  noticed  that 
the  pair  of  corresponding  points  and  the  pair  of  corresponding  tangents  are  either  both 
conjunctive,  or  else  both  disjunctive. 

2,  Stone  Buildings,  W,C.,  3rd  June,  1859. 
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NOTE  ON  THE  VALUE  OF  CERTAIN  DETERMINANTS,  THE  TERMS  S 
OF  WHICH  ARE  THE  SQUARED  DISTANCES  OF  POINTS 
A  PLANE  OR  IN  SPACE. 


[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  voL  IIL  (1860), 

pp.  275—277.] 


The  values  of   the  several    determinants  mentioned    in   my  paper  "  On   a 
Theorem   in  the    Geometry  of   Position,"   Cambridge   Mathematical  Journal,  Old 
t.  IL  (1842),  p.  267,  [1],  are  as  follows : 


68, 


(1) 


0,  \^,  13',  1 

21»,  0,  23",  1 

3P,  32»,  0,1 

1  ,  1,  1,0 


=  2 12*  21*  -  2 12*  23», 


where  the  2,  2  contain  3  and  6  terms  respectively. 

(2)                        0  ,  12»,  13»,  I^,    1  ! 

21',  0  ,  23',  2i»,    1 

ST*,  32"S     0,  34',    1 

4P,  il"',  43",      0,1 

1.  1.     1,     1,0 

where  the  2,  2,  2  contain  24,  12  and  8  terms  respectively. 


=  2 12»  23'  34»-2 12«  34»  43»-2 12"  23»  3P, 
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(3) 


0 ,     12»,     13», 
2V,      0,    23», 


14',     loS  1 
2^,     25',   1 


31»,    32',      0,     34',    35',  1 


41«,     42',    4^, 

3l»,     52*,     63», 

1,      1.      1, 


0,  45',  1 
54^,      0,1 

1,  1,0 


-  2  i^  23'  34'  45' 

-  2  12«  21'  3^  is* 
=  +  S  12»  23'  45»  5^ 

+  2  l^  23»  34^  if' 
+  2  iJ'  23'  SP  45' 


-where  the  2,  2,  2,  2,  2  coDtain  120,  15,  60,  30,  and  40  terms  respectively. 


(4) 


0,  12"',  IS",  14» 
21',  0,  23',  24' 
ST',    32»,      0,    34' 


=  212*  21'  34«  43»  -  2  12'  23»  34*  41', 


41',     42*,    43',      0 
where  the  2,  2  contain  3  and  6  terms  respectively. 


(5) 


0,  12»,  13S  rp,  15» 

2?,  0,  23S  24»,  25« 

3P,  32S  0,  3i»,  35* 

4P,  42^  43S  0,  45"« 

5P,  52«,  53S  5i«,  0 


2  12«  23>  34=  45*  5P 
-  2  12^  23^  3P  45"*  54^ 


^here  the  2,  2  contain  24  and  20  terms  respectively. 

And  it  is  proper  to  remark  that  it  is  not  in  the  preceding  formulae  (as  in  the 
memoir  above  referred  to  in  which  12  denotes  a  distance  between  two  points  1  and  2) 
assumed  that  12  and  21  are  equal. 

The  formulae  (1)  gives,  if  a,  b,  c  represent  the  sides,  the  well-known  expression  for 
the  area  of  a  triangle 

(area)«  =  3^  (26*(^  +  2c*a»  +  2a>6»  -  a*  -  6*  -  c*). 

Similarly  the  formula  (2),  if  a,  b,  c,  /,  g,  h  represent  the  edges,  viz.  23  =  a,  31  =  6, 
12  =  c,  14=/,  24!  =g,  34  =  A,  gives  for  the  volume  of  a  tetrahedron 

(volume)»  =  T^  {    6^c»  (flf»  +  A«)  +  c^a^  (h^  +p)  +  a«6*  (/» + s/") 

+  ^A*  (6>  +  c»)  +  A^Hc"  +  a') +yV' (a' +  6") 

-ayA»  -b'h^p  -c^fy   -a>6»(^}, 

=  yfj  W  suppose. 
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Now 

4  X  surfiBM^e 

=     V2Ay  +  25r\i» -f  2a»A»  -  a*  -  A*  -  ^ 
+  V2/»A»  +  2A«6*  +  26»/'  -  A*  -  6*  -/* 

+  V2<7»/«+2/«c«  +  2c«5f«-5r* -/*-(?• 

+  V26V  +  2c«a»  +  2a«6»  -a*  -  ft*  -c*, 

=  a?  +  y  +  -^  +  t(;  suppose, 
and  the  norm  of  this  is 

which  is  of  the  sixteenth  order,  and  must  be  of  the  form  If Q  where  Q  is  a  fiinctic 
of  a,  6,  c,  /,  g,  h  of  the  tenth  order.  The  expression  of  this  function  is  given  t^^y 
Prof.  Sylvester  in  his  paper  "  On  the  Relation  between  the  Volume  of  a  TetrahedrG^n 
&c.,"   Canib.  and  Dubl.  Math.  Jour.,  t.  viiL  (1853),  pp.  171 — 178,  viz.  the  value  is 

+  ayA»{/*  +  6*  +  c*+6»c«+c»/»+/*6*+5r*A«  +  AW+ay-(/»  +  6*  +  c»)(a*+5^ 

+  6»A«/*{flf*  +C+a:'  +  ci'a*  +  ay  +^  -fAy'+Z^  +  i'A'-Cgr* +c» +a*)(6'  +  A*+/*)} 

+  c"/y  {A*  +  a*  +  6*  +  a»6»  +  6»A«  +  A«a»  +/y  +  ^  +  c*/*  -  (A*  +  a»  +  6»)  (c»  +/« +sr»)t, 

and,  B»  there    remarked,  the    equation   Q  =  0  expresses    the   condition    that  the   radL-5125 
of  the  inscribed  sphere  may  be  infinite. 

2,  Stone  Buildings,  W.C.,  June  lOth,  1859. 
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287. 


:note  on  the  equation  for  the  squared  differences 

of  the  roots  of  a  cubic  equation. 


[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics^  vol.  ill.  (1860), 

pp.  307—309.] 

The  question  of  finding  the  equation  for  the  squared  differences  of  the  roots, 
presents,  in  the  case  of  a  cubic  equation,  a  peculiarity  which  does  not  occur  for 
equations  of  a  higher  order,  viz.  we  may  in  the  first  instance  form  the  equation  for 
bhe  differences  of  the  roots  taken  in  a  given  cyclical  order,  and  thence  deduce  the 
equation  for  the  squared  differences  of  the  roots.     Let  the  cubic  equation  be 

fr=(a,  6,  c,  d$a?,  l)«  =  a(a?-a)(a?-^)(a?-7)=0, 
tihe  function 

Vrhich  equated  to  zero  gives  for  0  the  values  ^8  —  7,  7  —  a,  a  —  fi,  which  are  the  differences 
of  the  roots  taken  in  a  given  circular  order,  has  for  any  interchanges  whatever  of 
the  roots,  two  values  only,  viz.  that  just  written  down,  and  the  value  11  {d  —  (7  —  /3)], 
which  may  be  deduced  therefrom  by  changing  first  the  sign  of  6  and  then  the  sign 
of  the  entire  expression  (or  what  is  the  same  thing,  by  changing  the  signs  of  the 
tierms  containing  the   even  powers  of  0);  we   may  consequently  write 

n{d-(^-7)}=P-Q?*(a,/3,  7), 

which  PyQ  are  symmetrical  functions  of  the  roots,  and  ?*(«,  A  7)  or  (cl  —  /3)(l3'-y)(y  —  a) 
is  a  function    the  square    of  which  is  a  sjmametrical  function    of  the  roots,  and    such 
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symmetrical   functions    of    the    roots    can    of    course    be    expressed   as    functions    of  the 
coefficients.    We  have  in  fact 

P  =  ^+  5(2^87  -  2a«)  =  a-^  {a*^+  9  {ac  -  6*) 0], 
and 

where  D  is  the  discriminant  of  the  cubic  function, 

=  a>(P  -  6a6cd+  4ac*  +  4A»d  -  ZlM. 
Consequently 

and  forming  the  similar  equation 

multiplying  the  two  equations  together  and  writing  u  in  the  place  of  0*,  we  find 

n  {w-(i8  -7)«}  =  a-*  [[a^u  +  9  (ac  -  6*)]*^  +  270}, 
and  the  equation  for  the  squared  differences  of  the  roots  is  thus  seen  to  be 

[a^u  +  9  (ac  -  6^)]«  u  +  270  =0, 
or  what  is  the  same  thing 

a'^'^-^  18a»  {ac  -  6*)  w»  +  81  {ac  -  fe>)«  m  +  270  =  0. 

I   remark   that  if  a>   is  an  imaginary  cube   root  of  unity  (so   that   (©  —  ft)")*  =  —  3,  w-®* 

being    thus    only  another    form  of  V  — 3)  then   if  in   the   expression   for  n{d— (i3-7)) 

3d 
we  write  , rr—  in  the  place  of  ft  the  equation  assumes  the  more  simple  form 

(ft)  — ft)«)a  ^  '1  r 

n{d-ia(ft)-ft)")(/9-7)}  =  ^-3(ac-fe»)d-aVD, 

which  if  Z7  be  the  cubic  function,  H  the  Hessian  =  {ac  —  6*,  ad  —  &c,  M  —  c*$a?,  ?)*» 
and  O  the  discriminant  as  before,  is  a  particular  case  (obtained  by  writing  «=!,  y^^f 
of  the  equation 

n  {«  -^(ft)-  ft)")  {x-oLy)]  =  ^  -  me  -  trVo, 

which  equation  can  be  at  once  obtained  from  the  equation  (where  <I>  is  the  cubi- 
covariant  of  the  cubic  function) 


v/^(<l>+C;^VD)-v/^(<^-C;^VD)  =  Ja(ft)-ft)0(/3-7)(a:-ay), 
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given    in   my  Fifth   Memoir  on   Quantics,  Phil.   Trans.,  t.   CXLVIII.   (1858),  [166].      For 
writing  for  a  moment 

we  find 
or 


+  3v/ZFd-(Z-F)  =  0, 


where  VXY=Vi{^-U'a),  which  by  the  equation 

^«  -  U>D  =  -  4fr» 

(given  in  the  Memoir)  is  =  —  J3",  and  (X  —  F)  is  =  U^^^  so  that  the  equation  in  0  is, 

as  above,  ff^  —  ZHO—  U'JU  =0,  an  equation  which  is  satisfied  by  d=|a(ft)  — (»')()8— 7)(aj— ay); 
and  the  other  two  roots  being  of  course  of  the  like  form,  the  cubic  function  in  ^  is 
equal  to  11  {^  —  Ja  (o)  —  ©*)  (^  —  7)  (a?  —  ay)}  which  proves  the  theorem. 

2,  Stone  Buildings,  W.C,  Nov.  3rd,  1859. 
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288. 


NOTE  ON  THE  CURVATURE  OF  A  PLANE  CURVE  AT  A  D0UBL:E. 
POINT,  AND  ON  THE  CURVATURE  OF  SURFACES. 


[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathetnatics,  vol.  IIL  (1860), 

pp.  322—326.] 

The    radius    of   curvature    of   a   plane    curve   at   a    double    point    is    most   readi   ~3j 
deteimined   as   follows :    viz.   if   a;,   y    be    the    coordinates    of   the    double    point,    0   tkne 
inclination   to  the  axis  of   x   of   the    tangent    to    the   branch   under   consideration,  aMrzid 
V,   V  the    coordinates  measured  from    the    double  point   as  origin,   parallel  and  perp^s^ii. 
dicular   to    the    tangent,   of  the  consecutive   point   on  such   branch,  then   the  radius       of 
curvature  for  the  branch  in  question  is 


u^ 


2v' 

the  coordinates  of  the  consecutive  point  are 

a?  +  u  cos  ^  —  v  sin  0, 
y  +  usinO  +  v  cos  0, 

and  the   value   of  w^  -r-  2t;  is   to  be   found   by  substituting  these   expressions  for  x,  y  i^ 

the   equation  of  the   curve.     Let    U=0    be    the   equation   of    the    curve ;    then   at  the 

double  point,  U  and  the  differential  coefficients  of  the   first  order  vanish,  let  those  of 

the  second   order  be  (a,  6,  c)  and  those  of  the  third  order  (a,  b,  c,  d),  then  substituting 

we  have 

i  (a,  6,  c)  (u  cos  ^  —  v  sin  d,  usin0  +  v  cos  0y 

+  ^  (a,  b,  c,  d)  (u  cos  ^  —  v  sin  0,  u&iji0  +  v  cos  0y  =  0. 

The  coefficient  of  i*^  is 

^(a,  b,  c)(cos0,  sin^)*, 


J 
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which  vanishes,  since  it  is  by  putting  this  function  equal  to  zero  that  we  find  the 
direction  of  the  tangents  at  the  double  point.  For  the  present  purpose  we  are  con- 
cerned with  one  of  the  two  branches  only,  and  in  all  that  follows  the  ratio  cos  0  :  siaO 
will  denote  a  determinate  root  of  the  quadratic  equation ;  viz.  the  root  which  corresponds 
to  the  branch  in  question. 

The  equation  takes  therefore  the  form 

Buv  +  ^C^  +  ^Du*  +  &c.  =  0, 

which  might  be  satisfied  by  assuming  Buv  -f  ^Ct;"  =  0,  but  the  values  so  obtained  belong 
to  the  branch  which  does  not  touch  the  tangent ;   the  proper  solution  is 

Buv  +  ^Du^  =  0, 
and   thence 

t^^^SB 
2t;~      D' 

or  substituting  for  B,  D  their  values,  the  radius  of  curvature  is 

_  3  (g,  6,  c)  (cos  0,  sin  6)  (—  sin  0y  cos  0) 
(a,  b,  c,  d)  (cos  6,  sin  dy  ' 

where  the  expression  in  the  numerator  is 

=  (-  a  -h  c)  sin  ^  cos  ^  +  6  (cos^  0  -  sin*  0\ 
=  i  l(c  -  a)  sin  20  +  26  cos  20}. 

The  curvature,  at  the  point  of  contact,  of  the  curve  in  which  any  surface  is  inter- 
sected by  a  tangent  plane  cannot  be  found  by  the  ordinary  theory  of  the  curvature 
of  sur&ces,  being  (by  reason  that  the  point  of  contact  is  a  double  point  on  the  curve) 
a  case  of  exception  from  that  theory.  The  foregoing  method  may  be  applied  to  the 
solution  of  the  question  as  follows:  Let  i7=0  be  the  equation  of  the  surfiace,  and 
suppose  that  (a?,  y,  z)  refer  to  the  point  of  contact  of  the  tangent  plane.  Let  i,  My  N 
be  the  first  differential  coefficients  of  U  at  this  point,  (a,  6,  c,  /,  g,  h)  the  second 
differential  coefficients,  (a,  b,  c,  f,  g,  h,  i,  j,  k,  1)  the  third  differential  coefficients.  Let 
\,  /i,  V  be  proportional  to  the  cosines  of  the  inclinations  to  the  axis  of  the  tangent 
to  one  of  the  two  branches  through  the  double  point;  the  ratios  \  :  fi  :  v  are 
determined  by 

(X,       MyN)(\yfly       p)       ^  0 y 

(a,  by  c,  /,  gy  h)  (\,  fly  vY  =  0. 

Let  Uy  V  be  proportional  to  the  coordinates  of  a  consecutive  point  measured,  from  the 
point  of  contact  as  origin,  in  the  direction  of  the  tangent  and  in  the  perpendicular 
direction  in  the  tangent  plane.  The  cosines  of  the  inclinations  of  t^  to  the  axes  are 
as  \:fi:v\  those  for  the  inclinations  of  the  normal  to  the  axes  are  as  L  :  M  :  N; 
hence   for  the   coordinate   v  which   is  perpendicular    to   the   plane   of  the   last-mentioned 
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two  lines,  the  cosines  of  the  inclinations  to  the  axes  are  as  Nfi  —  Mv  :  Lv  —  N\  :  MX-^Lfi, 
and  the  coordinates  of  the  consecutive  point  may  be  taken  to  be 

y  +  fiu  +  (Lp  —N\)v, 
z  +  pu  +  (M\  —  Z/i)  V. 

Substituting  these  values  in  the  equation  of  the  sur&ce,  the  terms  involving  the  firs 
powers  of  u,  t;  vanish,  and  the  term  involving  u^  also  vanishes  in  virtue  of  the  relatioi 
(a,  6,  c,  /,  (gr,  h)  (X,  /i,  vy  =  0.     The  equation  consequently  becomes 

Buv  +  iCt;»  +  iDij^  +  ...  =  0, 

and  we  have  as  before  for  the  branch  in  question. 

In  the  present  case  u,  v  have  been  taken,  not  as  before  equal,  but  only  pnzzzso- 
portional,  to  the  coordinates  of  the  consecutive  point  measured  from  the  point  c^imot 
contact  parallel  and  perpendicular  to  the  tangent,  the  values  of  the  coordinates  are  L 
fact 

and  the  expression  for  the  radius  of  curvature  is 

"^/P+W+W*  2t;' 

or   substituting    for    ^    the    value    — ^    and    for    B,   D    their    values,   the    radius 
curvature  is 

3  Vx»  +  At»Ti>     (g,  fe,  c,  /,  g,  h)  (X,  a^,  i/)  (i\r/A  -  Jfi/,  £i/  -  NX,  M\  -  X/i) 
'^/I^TW+N^  (a»  b,  c,  f,  g,  h,  i,  j,  k,  1) (X,  /tt,  i/)» 

where,  as  already  noticed,  the  ratios  X  :  /a  :  i/  are  determined  by  the  equations 

(Z,  M,N)(\fi,  p)  =0, 
(a,  b,  c,  /,  gr.  A)  (X,  /i,  i;)»  =  0, 

the  system  of  roots  selected  being  that   which   corresponds  to  the  branch  under  c^^°' 
sideration.     It  may  be  noticed  that  these  two  equations  give 

(31,  SB,  e,  g,  ®,  ^)(i,  M,  Ny.ia,  b,  c.  f,  g,  h)(\,  fi.  py-K[(L,  M,  N)0.,  ^.  v)f=  O. 

where  as  usual 

(31,  33,  e,  8,  @,  ^)  =  (6c  -f\  ca  -g\  ah  -  h\  gh  -  af,  hf-  bg,  fg  -  ch), 

K  =  abc-  «/» -  bg-  -  ch?  +  2fgh, 


of 
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and  the  expression  on  the  left-hand  side  considered  as  a  function  of  (X,  /it,  v)  is 
decomposable  into  a  pair  of  factors.  Selecting  the  proper  factor  and  equating  it  to 
zero,  we  have  in  addition  to  the  linear  equation 

(X,  Jf,  N){K  fi,  i;)  =  0, 

a  new  linear  equation;  these  two  equations  determine  the  ratios  \  :  fi  :  p. 

P.S. — I  remark  that  the  process  adopted  for  finding  the  radius  of  curvature  at  a 
double  point  of  a  plane  curve  is  the  most  simple  one  for  the  case  of  an  ordinary 
point  on  the  curve.  In  fact  let  U=0  be  the  curve,  (x,  y)  the  coordinates  of  the 
point  in  question,  i,  M  the  corresponding  values  of  the  first  differential  coefficients, 
(a,  6,  c)  those  of  the  second  differential  coefficients.  The  coordinates  of  the  consecutive 
point  are 

X'\-u  cos  6  —  v  Bind, 

y  +  w  sin  ^  + 1;  cos  ft 

Substituting  these  in  the  equation  of  the  curve,  we  have 

Z(t/cos^  — t;sind)  +  if(wsind  +  t;cosd)  +  i(a,  6,  c)(wcosd  — vsind,  wsind  +  t;cosd)*  =  0, 

the  coefficient  of  u  must  be  zero,  or  we  have 

Xcosd  +  if  8ind  =  0, 
giving 


sm^  =  — ,  cos&  = 


and  the  equation  may  be  reduced  to 


iT.    > 


VZ>  +  ilf » v  +  i  (a,  6,  c)  (cos  6,  sin  0y  u^  =  0, 
or  what  is  the  same  thing 

(X»  +  if«)*v  +  i(a,  6,  c)(if, -ZVw«  =  0, 
whence  the  radius  of  curvature 

^^^     (g,  6,  c)(if, -Xy 

which    is   the    ordinary  form    for    the    radius    of   curvature    at    any  point    of   a    curve 
represented  by  the  equation  U=0. 

2,  Stone  Buildings,  W,C,,  October  2nd,  1859. 
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289. 

ON    SOME    NUMERICAL   EXPANSIONS. 

[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathenuitics,  vol.  ill.  (1860), 

pp.  366—369.] 

There  are  in  the  theory  of  series  and  the  calculus  of  finite  differences  and  th^ 
differential  calculus,  various  sets  of  numbers,  such  for  instance  as  Bernoulli's  Numberr^ 
or  the  successive  differences  of  0"*,  which  from  their  more  or  less  frequent  occurrencsi: 
and  the  complexity  of  their  law  it  is  desirable  to  tabulate.  To  these  belong,  I  thinkC 
the   coefficients   of   the   successive   powers  of   x  in   the   expansion   of   a  given   power  c^ 

-JpS 1     or    when    the    index    of    the    power    of    the    function    is    an    indeterminate 

X  ^ 

quantity   r,    then    the    coefficients    of   the    several    terms    of    the    rational    and    integr^- 

functions    of    r    which    form    the    coefficients    of    the    successive    powere   of    x   in    t 

expansion  in  question.     We  have 

which   is    most    easily   verified   by   differentiating  and    multiplying   by   log  (1  +  x\   whi 
gives     on     the    left-hand     side ,    and     on     the    right-hand     side     the    expansL 

X  "^  X 

l  —  x  +  a?  —  &c.     And    from    the    above,   multiplying    each    side    by  r,  and    taking 
exponential,  we  find 

((logljMK     J 

+  &c. 
which  may  be  verified  by  writing  r=l. 


#     — 
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As  an  instance  of  the  use  of  the  preceding  table,  let  it  be  required  to  find 
expressions  for  the  combinations  without  repetitions  of  the  series  of  natural  numbers 
1,  2,  3,  ...(n— 1),  or  what  is  the  same  thing  for  the  coefficients  of  the  powers  of  k  in 
A'(^•-l)(Jfc-2)...(^^-?^-^-l).     We  have 

A(Jfc-l)(A;-2)...(Jfc-n  +  l) 
=  k"  -  -4i«  A«^i  +  ilj**  k"^  -  &c. 
==  Hn  coefficient  a?'*  in  (1  +  a;)* ; 


whence 


(-)''il/'=  Iln  coefficient  x'^k'^^  in  {l+xf 
=  nn  coefficient  af^k^-^  in  6*^^<^+*> 

=  y^  .    _   V  coefficient  x^  in  {log  (1  +  x)] 
— coefficient  of  in  ^  ^^ ^ 


w— r 


n  (ft  -  r) 


!+«))»-' 


Thus 


^»  =  n{H«-l)}. 

il,»  =  n(n-l){i(n-2)«  +  A(n-2)}. 

^»  =  n(n-l)(n-2){A(ft-3)'  +  :ft(n-3)»  +  i(n-3)l, 

and  so  on,  as  far  as  the  expansion  has  been  effected.  It  may  be  remarked  that  the 
general  expression  for  the  algebraical  transcendent  ilr**  is  given  in  Dr  Schlafli*s  paper, 
"  Sur  les  coefficients  du  d^veloppement  du  product  (1  +  a?)  (1  +  2x)  . . .  }1  +  (n  —  1)  a?} 
suivant  les  puissances  ascendantes  de  x"  Crelle,  t.  XLiii.  [1852],  pp,  1 — 22,  but  the  law 
is  a  very  complicated  one. 

We  have 

log  (1  +  a?)  =  a?  -  iar»  +  Ja;»  -  ^  +  ^  -  ^  +  |a;'  -  «&c. 

and  dividing  by  x,  and  taking  the  logarithm,  we  have  as  before 

\og(Uog(l-^x)^^^i^x  +  ^a^^:^a^  +  ^i^x'^^x^  +  ^^%^ 

which  may  be  considered  as  the  first  of  a  series  of  logarithmic  derivatives,  viz., 
dividing  by  —  ia;  and  taking  the  logarithm  we  have 

log(-Jlog(i  log  (1  +  a;))^  =  - ^x  +  ^r^a? - ^i^^a^  +  ^m'^ - Sm'^  + '^'> 
and  by  the  like  process 

log(-5-|log(-?log(ilog(l+x))))  = 

and  so  on. 
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Suppose  in  general  that 

and  let  it  be  required  to  find  the  r^**  function  <l>'^x.  It  is  easy  to  see  that  the 
successive  coefficients  are  rational  and  integral  functions  of  r  of  the  degrees  1,  i,  3,  &c. 
respectively;  we  have  in  fact 

+  J  {<t>'x  -  if/'x) 

&c., 
and  by  successive  substitutions, 

<l>^x  =  X, 

<f>*x'^x  +  SB^x^  +  (6fi,«  +  3Ci)  x"  +  (9fii»  +  15BiCi  +  3A)  ar*  +  .... 

Whence 

<l/x=^x 

+  rBia^ 

+  {(r»  -  r)  fii»  +  rCi]  a? 

+  &C. 

It  would,  I  think,  be  worth  while  to  continue  the  expansion  some  steps  further. 
2,  Stone  Buildings,  W.C.,  Oct.  2nd,  1859. 
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290. 


A  DISCUSSION  OF  THE  STURMIAN  CONSTANTS  FOR  CUBIC 

AND  QUARTIC  EQUATIONS. 


[From  the   Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol.  rv.  (1861), 

pp.  7—12.] 


For  the  cubic  equation 


(a,  b,  c,  d)  (x,  ly  =  0, 


le  Sturmian  Constants  (or  leading  coefficients  of  the  Sturmian  functions)  are 

a,  a,  b^-ac,  - a^cP  +  6a6cd - 4ac» - 46»d  +  36»c«. 


If  the  signs  of 
the  constants, 
that  is,  of  the 
functions  for 
+  00,  are 


4-  +  +  + 

+  +  -  + 

+  +  +  - 

+  +  ~  - 


then  the  signs 
of  the  func- 
tions for  -00 


are 


+  -  + 

+  +  + 

+  -  - 

+  +  — 


} 


three  real  roots, 
case  cannot  occur. 

one  real  root 


The  second  case  would  give  a  loss  of  variations  of  sign  in  passing  from  oo  to  —  oo , 
lich  is  inconsistent  with  Sturm's  theorem.  To  show  d  posteriori  that  the  case  cannot 
cur,  we  may  form  the  identical  equation 

(a^d  -  Sabc  +  26')»  =  -a«(-  a«(P  +  6a6cd  -  4fac»  -  46»d  +  36*c»)  +  4  {¥-acf, 

d,  this  being  so,  then  in   the   case   in   question,^  the   right-hand   side   would   consist   of 
o  terms,  each  of  them  negative,  while  the  left-hand  side  is  essentially  positive. 
C.  IV.  60 
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In  the  particular  case  where  the  third  constant  vanishes,  or 

we  have 

-a^  +  6aJai-4ac»-4W  +  36V 

=  -(a<i-6c)>  +  4(6*-ac)(c*-M) 

«■  —  (od  —  6c)*,  is  negative; 

hence,  regarding    the   evanescent   term   as   being  at   pleasure  positive  or  negative,  we 
have  in  each  case  a  combination  of  signs  corresponding  to  one  real  root. 

The  general  result  (which    is  well  known)  is,  that    there  are  three  real  roots  or 
one  real  root  according  as 

-  a^  +  6a6cd- 4ac»- 46*(i  +  36V 
is  positive  or  negative. 

For  the  quartic  equation 

(a,  6,  c,  d,  e)(«,  1)*  =  0, 

the  Sturmian  constants  are 


if^  as  usual, 


a,  a,  6»-ac,  3aJ+2(6»-ac)/,  /•-27A 

I^ae-ibd  +  Sc^, 

J=ac0  —  od"  —  6^  +  2bcd  —  c*. 


If  the  signi  of  the 
oonstanu,   that   is, 
of  the  ftinotionB  for 

+  00,  are 

then  the  signs  of  the 
functions   for    -od 
are 

+  +  +  + 
+  +  +  + 
1  +  ;  + 
1    1   +  + 
+  +  +  + 

0 
2 
2 
2 

+  +  +  + 
1    1    +  + 
+   1    +   1 
till 
+  +  +  + 

4 
2 
2 
2 

1    i    1    i 
+  +    1    1 
+   1   +    1 
+  +  +  + 
+  +  4  + 

1 
3 

1 
1 

+  +  +  + 
1    1    i    1 
1    +    1    + 
+  +   1    1 
1    1    1    1 

3 
1 
3 
3 

I 


} 


4  real  roots, 
no  real  root. 

2  real  roots. 

-  2,  cannot  occur. 

2  real  roots. 


The  non-existing  combination  of  signs  is 

/»-27/« 

3aJ'+2(6«-ac)/ 


=  +  , 


To  show  d  posteriori  that  this  case  cannot  occur,  write 

a  =  a»d  -  3a6c  +  26», 
Z  =  3aJ+2(6»-ac)/, 
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then  we  have  identically 

which    is   impossible    under    the    given    combination  of   signs,  since    the    left-hand  side 
would  be  positive,  and  the  right-hand  side  negative. 

To  prove  the  above  identity — the  relation  JCT'- /£7'*J5r+4-ff»  +  4>'  =  0,  between  the 
covariants  of  the  quartic,  gives 

a»/+ a»(6»  -  oc) /- 4  (6»- ao)»  +  y  =  0, 
or,  what  is  the  same  thing, 

y  =  -  a»/  -  a»  (6«  -  ac)  /  +  4  (6»  -  ac)«. 
But 

Z  =  3aJ'+2(6»-ac)/, 
and  thence 

3y  +  a«Z  =  -a»(5»-ac)/+12(6»-ac)», 
or 

3y  =  -a«Z-a>(6'-ao)/+12(6«-ac)», 

and  the  identity  will  be  true,  if 

(3Z«  +  9a«/»)  |- Z  -  (6»  -  ac)  /  4- 12  ^^^^^l 

=  -4Z»  +  36^^'^,^^Z»-4(6^-ac)>(/»-27/«). 

This  gives 

(3Z«  +  9a«/«){-Z-(5»-ac)/}  =  -4Z»-4(6«-ac)»/», 
or,  what  is  the  same  thing, 

(3Z«  +  9a«/«){    Z  +  (5»-ac)/}=4{  Z»+  (6»-ac)»P}, 
or,  dividing  by  Z +  (&»-(«?)/, 

3Z»  +  9a«/»  =  4{Z«-Z(6»-ac)/  +  (6«-ac)»7*}, 
and  reducing 

Z«-4Z(6»-ac)/-9a«/»  +  4(6»-ac)7*  =  0, 
or  finally 

{Z-3aJ-2(5»-ac)/}{Z  +  3a/-2(6«-ao)/}  =  0, 

which  is  true  in  virtue  of 

Z  =  3aJ+2(6«-ac)/, 

and  the  identity  is  thus  proved. 

60—2 
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The  general  conclusion  is, 

if  /'  —  27/'  is  positive,  the  four  roots  are  all  real  or  all  imaginary, 

viz.,  all  real  if  6*  — oc  and   3aJ'+2(6*  — oc)  /  are  both  positive,  imaginary  if  otherwise. 
But  if  /'  —  27 J^  is  negative,  the  roots  are  two  of  them  real,  and  the  other  two  imaginaij. 

The  following  special  cases  may  be  noticed, 

here 

9(3a«/«  +  Z>)y  =  -4a»Z»,  or  Z  =  3aJ'+2(6»-ac)/  =  3aJ,  is  negative, 

so  that, 

if  7*  —  27J^  is  +,  the  roots  are  all  imaginary ; 

if  /•  — 27/*  is  — ,  the  roots  are  two  real  and  two  imaginary. 

2^    Z  =  3a/+2(6»-ac)  7  =0, 
here 

27a»/«a«  =  -  4a>  (5»  -  ac)»  (/•  -  27/»), 

or  l^  —  ac,  /•  — 27/*  are  of  opposite  signs,  and  if 

l^^aozs^^  /*  — 27/"  =  +,  the  roots  are  all  imaginary, 

l^^ac^^,  /•  — 27/"  =  — ,  the  roots  are  two  real  and  two  imaginary. 

3°.      6»-ac  =  0,  Z  =  3a/+2(6»-ac)/=0, 
here  /=0,  that  is, 

26cd-a(P-c»  =  0,  or  (a(i-6c)«  +  c*(ac-5»)  =  0,  or  ad-bc  =  0,  and  /»-27/«  =  A 

7  =  ae--46d  +  3c*  =  ac-4-,+ 3^,  =  a6-- =  -\(a»e-&*), 

whence  7=+,  the  roots  are  all  imaginary. 

/=-.  the  roots  are  two  real  and  two  imaginary. 

This  is  easily  verified,  in  &ct  ac  — 6*  =  0,T  od  — 6c  =  0,  give   c=— ,   d  =  — =  — ,  and  th^^ 
equation  becomes 

a  a' 

or,  which  is  the  same  thing, 

(cw?  +  6)*  +  (a»6  -  &*)  =  0, 

so   that  the   roots  are   all   imaginary,  or   two   real  and   two   imaginary,  according  to  the 
sign  of  a'6  —  &*  as  above. 
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It  may  be  noticed  that  for  a  quintic  equation 


if  the  Sturmian  Constants  are 


(a,  6,  c,  d,  e,f){x.  If, 


a,  a,  (7,  D,  E,  F, 


where  as  before  a  is  positive,  then  the  roots  are  real  or  imaginary  as  follows:  viz., 

C,  D,  E,  F 

+  +  +    +,5  real  roots. 

-  +  +1 
+  -  + 


+ 

+  +  - 


^+,  1  real  root,  4  imaginary  roots. 


+  +  + 
+  +  - 
+ 


^— ,  3  real  roots,  2  imaginary  roota 


.  +  —    +,  case  which  does  not  occur. 


-  +  +> 


+  -  + 


^— ,  cases  which  do  not  occur. 


-  +  -J 

The  values  of  G,  D,  E,  and  F  are  given  in  my  "Tables  of  the  Sturmian  Functions 
for  Equations  of  the  Second,  Third,  Fourth,  and  Fifth  Degrees,"  Phil.  Trans.,  t  147 
<1857),  pp.  733—736,  [151],  but  I  have  not  further  examined  this  case. 


2,  Stone  Buildings,  W.G.,  Septmher  29,  1859. 
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ON  THE  DEMONSTRATION  OF  A  THEOREM  RELATING  TO  THE 

MOMENTS  OF  INERTIA  OF  A  SOLID  BODY. 


[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol.  iv.  (1861), 

pp.  25—27.] 

C!oKSiDERiNG  in  the  first  instance  the  analogous  question  in  piano,  let  a^f^% 
b^jy^dm,  h^fxydm,  where  the  integration  extends  over  any  closed  figure  whatever, 
then  it  is  to  be  shown  that  the  equations 

(a,  h,  b)(p,  ?)«=1.  and  (a  +  6)(j>«  +  3»)-(a,  h,  b){p,  ?)»  =  !, 

represent  respectively  ellipses. 

If  in  the  first  case,  by  a  transformation  of  coordinates, 

(a,  h,  b)(p,  ?)*  =  flhPi*  +  6i ji», 
then  Oi,  bi  are  the  roots  of  the  quadratic  equations, 

a  —  />,       h       =0, 
h  ,    6  — /> 
and  if  in  the  second  case, 

(a  +  6)(/>«  +  3»)-(a,  h,  b)(p,  ?)» =  Oip,' +  6ijA 

then  Oi,  bi  are  the  roots  of 

6-p,      -A    !=0, 

—  h,    a  — p  I 
the  two  equations  being  in  fact  the  same  equation, 
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and  the  conditions  that  the  curve  may  be  an  ellipse,  are 

the  former  of  which  requires  no  demonstration;  to  prove  the  latter,  changing  merely 
the  variables  under  the  integral  sign,  I  write 

a^ix'^m\    h'--jr/^dm\    A'=/^ydm', 
these  quantities  being  of  course  respectively  equal  to  a,  6,  h,  we  have  then 

ah'  +  a'h  -  2AA'  =//(«y'  -  ^^y)*  dmdm'  =  2  (oft  -  h^\ 

or  since  the  quantity  under  the  integral  sign  is  a  square,  ob  —  A'  is  positive. 
For  the  analogous  problem  in  solido,  we  have 

a^fa^dm,  b^fi/^dm^  c^fs^d/m,  f^jyzdnhy  g^fzxdm,  h^jxydm, 
and  it  is  to  be  shown  that  the  equations 

(a,  6,  c,/,  g,  h)(p,  g,  r)«  =  l, 
(a  +  6  +  c)0>»  +  3»  +  r«)-(a,  6,  c,/,  g,  h)(p,  g,  r)«  =  l, 
represent  respectively  ellipsoids. 

The  conditions  in  the  first  problem  are 

a  +  6   +c  =+, 

the  first  of  which  is  obviously  true:  as  regards  the  second,  the  theorem  in  piano  shows 
that  each  of  the  quantities  bc—f^  oa  —  ^,  ab^h^  is  positive,  or  merely  reproducing 
the  investigation,  we  find 

2(6c  +  ca  +  a6  -/•-fif*  -  h^)=^  jj  [(y:^  -y'zy  +  (zaf  -z'xy+  (x]/-afyY]dmdm\ 

which  proves  the  theorem,  and  where  it  is  to  be  observed  that  the  integral  may  also 
be  written 

jj[(ai'  +  f  +  2i')(a/^  +  ^^  +  z'^)-(xx'  +  yy'  +  zsry]dmd^^ 
and  for  the  third,  we  find  in  a  precisely  similar  manner. 


6(a6c-a/«  -  b^-ch^  +  2fgh)  =^{{ 


X  ,    y  ,    z 
«',    y',    z' 

^"  mJ'  J' 


difnd/ni\ 
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which  proves  the  theorem.    The  integral  may  also  be  written 


// 


^  -^Vif  -V  Z2f  t  xaf'  +  yy"  +  Z2f' 
af^  H-y's  +/•  ,  afaf'  -¥yY^'2fz' 
arV  +  y'V  +  ZV,    a?"«   +y"«   +/'« 


dntd/fn. 


The  conditions  in  the  second  problem  are 

(6  +  c)  +  (c  +  a)  +  (a  +  6)  =  + , 

(c  +  a)  (a  +  6)  +  (a  +  6) (6  +  c)  +  (6  +  c)  (c  +  a)  -/*  -fl^  -  A«    =  +, 

(a  +  6)(6  +  c)(c  +  a)-(6  +  c)/«-(c  +  a)5r»-(a  +  6)A»-2/5rA  =  +, 

the  first  and  second  of  which  are  respectively  equivalent  to 

a  +  6  +  c  =+, 

(a  +  6  +  c)»  +  6c  +  ca  +  a6  -/« -  ^r*  -  A«  =  +, 

which  are  already  proved.    The  last  may  be  written 

which,  putting  for  shortness, 

A^a?    +y«     +^   ,  B^x^   +y'>  +-?'*,  C 

F  ^x'af'-k-y'f^'z'gf^  O^af'x-^fy  +  gf'z,  H ^xaf -k-yj/ -k-zs^, 

is  by  what  precedes  expressible  in  the  form 
^{{{A{BC-F'')  +  B{CA-G')+C{AB-H')-{ABC-AF*-BQ'-CH*  +  iFGH)] 

=  ijjiABC-  FOE)  dmdm', 


dmdm 


or,  since   ^BG>F,  ^GA>0,   >fTB>H,  we    have    ABC>FGH,   or   ABC  ^  FOE ^^. 
and  therefore  the  value  of  the  integral  is  also  positive. 


2,  S^one  Buildings,  TF.C,  6eA  JfarcA,  1860. 
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292. 


A  THEOREM  IN  CONICS. 


[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol.  iv.  (1861), 

pp.  131—133.] 

The  following  theorem  is  given  in  Todhunter's  Conic  Sections,  [Ed.  7,  p.  304],  "  If 
ellipses  be  inscribed  in  a  triangle,  each  with  one  focus  in  a  fixed  straight  line,  the 
locus  of  the  other  focus  is  a  conic  section  through  the  angular  points  of  the  triangle." 
A  focus  is  the  intersection  of  tangents  to  the  conic  fi*om  the  circular  points  at  infinity; 
and  instead  of  the  circular  points  at  infinity  we  may  substitute  any  two  points  whatever. 
This  being  so,  let  the  equations  of  the  sides  of  the  triangle  be  a?  =  0,  y  =  0,  z  =  0,  and 
let  a  pair  of  tangents  to  the  curve  fi*om  the  points  (a,  /8,  7),  (a',  /S',  7')  meet  in  the 
point  (f,  17,  f),  and  the  other  pair  of  tangents  fix)m  the  same  two  points  meet  in  the 
point  (X,  Y,  Z),    I  find  that  we  have  the  very  simple  relation 

Zf  :  F17  :  Zf=aa'  :  ^^  :  77'. 

and  consequently,  when  the  locus  of  the  point  (f,  17,  f)  is  given,  that  of  the  point 
(X,  F,  Z)  is  at  once  determined  by  substituting  in  the  equation  of  the  first-mentioned 

locus,  in  the  place  of  f ,  17,  f,  the  values   -^  1    —  1   -^^ ,  or  as  we  may  express  it,  the 

second  locus  is  derived  from  the  first  by  the  method  of  reciprocal  trilinear  substitutions. 
And,  in  particular,  when  the  first  locus  is  a  line,  the  second  locus  is  a  conic  through 
the  angular  points  of  the  triangle,  which  is  Mr  Todhunter's  theorem.  I  have  con- 
sidered some  of  the  properties  of  this  substitution  in  a  Memoir  "Sur  quelques 
transmutations  des  Courbes,"  Liouville,  t.  xiv.  (1849),  pp.  40 — 46  and  t.  xv.  (1850),  pp. 
351_366,  [80  and  81]. 


To  demonstrate  the  theorem,  I  take  for  the  equation  of  the  conic 

V(^)  +  ^(rny)  +  '^(nz)  =  0, 


C.    IV. 
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and   these   equations  are  of  course   satisfied  hy   p  :  q  :  r  =  A  :  B   :  C,  since  the  line 
through  (f,  17,  f)  is  a  tangent.     They  are  also  satisfied  by 

I        M       n 
SiS  is  obvious  by  substitution,  we  have  therefore 


cr  more  simply 


/  m  n        ^ 

A'i       Fff        CK       ^ 


a       '    /8  ^       7 
for  the  equation  of  the  other  tangent  through  (a,  /9,  7),  and  we  have  in  like  manner 

A^       Bv       V^      n 

for  the  equation  of  the  other  tangent  through  (a',  /S',  7');  the  last-mentioned  two  lines 
intersect  in  the  point  X,  F,  Z,  that  is  we  have 

Yt     V       7y^^^    BC     CA^     GA;_     A'B     AF 
or  attending  to  an  above-mentioned  equation,  we  have 

which  is  the  property  in  question.  In  the  particular  case,  where  the  points  (a,  /8,  7), 
(«',  ff,  y)  are  the  foci,  the  theorem  is  an  immediate  consequence  of  the  well-known 
proposition  that  the  product  of  the  perpendiculars  let  &11  from  the  two  foci  upon 
any  tangent  of  the  conic  is  a  constant. 

%  Stone  Buildings,  TF.C,  17^  March,  1860. 
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(where   0    or   1   denotes  that   the    coeflScient  to    which   it    refers  is  even  or  odd),  and 


to  each  solution  there  corresponds  a  distinct  value  of  (f)  I j—j  or  -^  ( h    )' 

It  appeared    to    me  that  the   formulse  in  question   were    not    only  of   the  highest 

importance   in   the   theory  of  elliptic  functions,  but  that   they  were   very  remarkable  in 

and    for    themselves,    and    that    the    question  might    be    looked    at    in    the    following 
manner. 

Suppose   that   A,  B  are   functional   symbols,  or,  so   to  term   them,  substitutions,  the 
laws  of  operation  being 

A(X,  7)  =  {d^,   1). 

£(X,  F)=    (Y,    X), 

where   d  is  a  constant.     The  equations  mean  that  the  effect  of   .A   is   to    change  X 

X  1 

into  0^,  and    Y  into  p.,  and   the  effect  of  JB  to  change  X  into    7,  and    7  into  X. 

We  have 

A'X=A.e~=04^=e.d^^^=0>x, 

Y       AY  Y     Y 


and  so 


A^Y—  A       —  =    — - 

A     r-A  y-        ^y 


B'X  =  X.      B'Y=Y, 


1^Y=Y,        or  A^X,  7)  =  i0'X,  7), 


or  B'(X,   7)  =  (X,     F); 


thus  B  is  periodic  of    the  second  order;    and  in  the   particular  case   ^  =  1,  A   is  also 
periodic  of  the  second  order. 

This  being  so,  let  K  denote  any  one  of  the  compound  symbols  Ap,  BA^,  A^B, 
A^BAp,  &c.  ;  I  say  that  the  species  of  K  is  determined  by  connecting  with  each  of  the 
symbols  in  question,  a  certain  continued  fraction  as  follows: 


with 


A,  p  +  o), 


5^Pp--, 


A^BAp,  p  - 


9  +  ft>' 
1 


BA^BAP,  p J, 


?- 


A^'BA^BAP,  p- 


&c., 


1 


?~ 


r  +  o) 


ApB,  - 


BApB,  - 


p  +  o) 

1 


A^BApB,  - 


P- 


q  +  (o 


&c.. 
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and    when    the    continued    fraction    is    reduced    to  the    form    ,-   ,   where,  of  course, 

od  —  6c  =  1,    then,    that     the     corresponding     symbol    ^    is    of     the     species    L     if 
a,  6,  c,  d=  1,  0,  0,  1   (mod.   2),  and   in  like   manner,  that  the  species  is   IL,   III.,  IV., 
v.,  or  VI.,  according  as  a,  6,  c,  d  are  in  regard  to  the  modulus  2  of  the  form  specit^d 
in  the  second,  third,  fourth,  fifth,  or  sixth  line  of  the  foregoing  table. 

We  have  then  a  system  of  equations  which  I  write  in  the  form 

for  K  of  the  spedee 


K{X,  F)  = 


e*  e» 


X, 
Y. 

X' 

1 

F' 

Z 
Y' 

Y 

KX' 


Y 

X 

Y 
X 

X 
Y 

1 
Y 

1 
X 


I. 
II. 

III. 
IV. 

V. 

VI. 


viz.,  the  first  line  denotes  that  K(X.  Y)='{0'X.  d^Y),  and  so  for  the  other  Knes,  the 
values  of  the  indices  x,  y,  being  different  in  the  several  cases,  but  I  have  written 
the  system  in  the  above  form,  to  put  in  evidence  more  distinctly  the  tbeorem  bs 
applied  to  the  most  simple  case,  where  6^1. 

It  will  be  sufficient  to  indicate  how  the  theorem  is  proved  in  this  particular  cas^: 

I  will  suppose  that  for 

K  =  BAiBAP..., 
we  have 


K{x,  r)= 


for  i 

L  of  the  species 

X, 

r 

I. 

Y , 

z 

II. 

1 
Z' 

Y 
X 

III. 

1 
Y' 

X 
Y 

IV. 

X 
Y' 

1 

V. 

Y 

X' 

1 

X 

VI. 

and    let    it    be    inquired   what    is    the    effect   of   the    symbol   K'  ^A^'BA^BAp,,.,  whicl^^' 
since   A^(X,  Y)  =  (X,  F),   is  equivalent   to   AK  or  K,   according  as  r  Lb  odd   or  evei:^^' 
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Let  ©  = J—    be    the    continued    fraction   which    corresponds   to   K,  and   ©'  =  -r-r-ij- 

a  +  ba>  ^  '  a  +0(0 

the  continued  fraction  which  corresponds  to   K\  then  Q'  is  deduced  from   Q  by  putting 

therein  r  +  w  for  «,  or  we  have 

c  +  d  (o)  -f  r)  _  o'  +  d'o) 

a  +  6  (o)  +  r)  ~  a^+~6'®  ' 

or 

c'  =  c  +  dr,  d'  =  d, 

a'  =  a  +  6r,  V  =  6, 

and  therefore  when  r  is  even,  or  =0  (mod.  2),  then 

c'  =  c,  d'  =  d,       (mod  2), 
a'  =  a,  6'  =  6, 

or  iT'  is  of  the  same  species  as  K,  But  in  this  case  since  A^(X,  F)  =  (-X',  F)  and 
r  is  even,  we  ought  to  have  K*  equivalent  to  K;  and  hence  r  being  even,  the 
theorem,  assumed  to  be  true  for  K^  is  also  true  for  K\ 

But  if  r  be  odd,  or  =  1  (mod.  2),  then 

c'  =  c  +  1,  d'  =  d,    (mod.  2), 

a'  =  a+  1,  6'  =  6, 
^vhence,  according  as 

^  is  of  species  I.,    II.,  III.,  IV.,  V.,  VI.,  so 
K' v.,  IV.,  VI.,   II.,   I.,   III. 

But  if  from  K(X,  Y)  we  derive  AK(X,  F),  we  find  that  of  whatever  species  K  may 
V>e,  the  species  of  AK  is  identical  with  the  corresponding  species  of  K\  and  in  the 
oase  in  question,  where  r  is  odd,  it  is  clear  that  we  ought  to  have  K'  equivalent  to 
^K.  Hence  in  this  case  also,  and  therefore  generally,  if  the  theorem  be  true  for  K 
it  will  be  also  true  for  K\ 

In  a  very  similar  manner  it  may  be  shown  that  if  the  theorem  is  true  for 
M'  =  A''BA^BAp...,  it  will  be  true  for  BA^'BA^BAp...,  and  the  foregoing  cases  include 
^he  case  where  the  symbol  is  of  the  form  BA^BA^B  or  A^BA^B  (terminating  in  a  B\ 
tor  it  is  only  necessary  to  assume  that  the  last  index  of  ^  is  zero;  hence  the 
tiheorem,  if  true  in  any  case,  as  it  obviously  is  for  A^{X,  F)  =  (-3l',  F),  is  true 
universally. 

When  6  is  not  equal  1,  the  only  difference  is  that  the  terms  of  K(X,  F)  are 
respectively  multiplied  by  certain  powers  6^,  0^  of  0,  and  it  is  not  difficult  to  see  that 
for  K  =  A^BA9BAp...  the  indices  a?,  y  are  of  the  forms 

x  =  cr  +hq  +  ap  +..., 
y  =  cV  +  Vq  +  a'p  + ..., 
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where  c,  b,  a,...,  c',  b',  a',...  have  only  the  values  0,  +1,  —1,  the  values  of 

c,  d  depending  on  the  species  of  BA^BA^..., 


b,V 

a,  2k 
&c.. 


BAP,.., 


in    a  manner  which    can   easily  be    determined.     In    the   particular  case,   where  ^^1 
(as   it  is  in  M.   Hermite's  problem),  it  is  only   necessary  to  know   the  values  of  a?,    y 
in   regard   to    the    modulus    16,   and    these   values    can    be    expressed    in   terms  of    "t-lie 
numbers  (a,  6,  c,  d)   which   correspond  to  the   symbol  K  (this  is  in   itself  a  remaj-k- 
able  theorem),  and  I  find  that  (to  modulus  16) 


a?  = 


for  K 

ot  the  ipeeies 

d{c+d)-\ 

'    o(a-6)-l 

I. 

c  (c-d)-l 

6(o  +  6)-l 

II. 

d{d-c)-l 
c{d-c)  +  \ 

y  =  - 

ah 
-ah 

in. 

IV. 

cd 

o(6-o)  +  l 

V. 

cd 

.     h{h-a)-\ 

VI. 

This  may  be  shown  by  induction  in  like  manner  as  the  theorem  in  regard  to  the 
parts  independent  of  0.  Thus  K,  K'  as  before,  let  if  be  of  the  species  I.,  arid 
assume  that  K{X,  F)  =  (^X,  ^7)  where 

a?  =  d(c  +  d)-l,  y  =  a(a-6)-l  (mod.  16), 

then  if  r  be  even,  since  A^{X,  F)  =  (^Z,  F),  we  ought  to  have  K'{X,  F)=(^+*'Z,  ^T). 
But  in  this  case  K'  is  of  the  same  species  vnih  K,  viz.,  of  the  species  I.,  and  by 
the  theorem,  K'(X,  F)  =  (^Z,  ^  F)  where 


a/  =  d'(c'  +  d')-l,  y'  =  a'(a' -.6')-l(mod.  16); 


and  we  ought  to  have 
that  is 


af^x-hr,  y'  =  y  (mod.  16), 

d'(c'  +  d')-l=ci(c  +  d)-l+r,  (mod.  16), 
a'(a'~6')-l  =  a(a-6)-l 

or  substituting  for  a',  b\  c\  d!  their  values  a-^-hr,  6,  c  +  dr,  d,  these  become 

d(c->rd->rdT)  =  d(C'\'d)->rr,  (mod.  16), 
(a  +  6r)  (a  -  6  +  6r)  =  a  (a  -  6) 


or 


(d2-l)r=0, 
(2a6-62  +  6V)r=0 


(mod.  16). 
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the  equation  F=0  may  represent  a  curve,  it  is  necessary,  that  when  any  infinitesimal 
variations  whatever  are  given  to  the  constants  (a,  ^,  7,  S),  thus  converting  the  equation 
into  F+SF=0,  the  two  equations  F=0,  SF  =  0  (considered  as  equations  in  ordinary 
point  coordinates)  shall  represent  one  and  the  same  curve,  whatever  the  system  of 
infinitesimal  variations  attributed  to  a,  ^,  7,  S  may  be.  Let  P,  Q,  B,  S,  T,  U  denote 
the  differential  coefficients  of  F  in  regard  to  p,  g,  r,  «,  t,  u  respectively,  then  the 
equation  SF  =  0,  breaks  up  into  the  equations 

.    -  %  +  0^  -  Sw  =  0, 
Rx      .     -  P2:  -  Tw;  =  0, 

Sx  +  Ty  +  Uz        .    =0, 

and  the  system  composed  of  these  four  equations  and  the  equation  F=0  (considered 
as   equations  in  ordinary  point  coordinates)  must  belong  to  one  and  the  same  curve. 

The  four  equations  gave 

a  relation  between  the  differential  coefficients  of  F  which  must  be  satisfied  either 
identically  or  in  virtue  of  the  equation  F=0.  And  this  relation  existing,  any  two 
of  the  four  equations  lead  to  the  other  two.  Attending  exclusively  to  the  coordinates 
CP*  q»  r,  8,  t,  u)  and  considering  {x,  y,  2,  w)  as  mere  arbitrary  multipliers,  the  above 
^uation 

ps+Qr+i2£r=o 

^  the  only  relation  between  the  differential  coefficients  of  F  which  is  deducible  from 
^^^    £bur  equations. 

But  it  was  noticed  that  the  equation   F=  0,  even   when  F  is   a  function  such  that 

^^     have  (identically  or  in  virtue  of  the  equation  F=0)  the  equation  PS+QT ^RU ^0, 

^^^s     not   of   necessity   represent   a  curve.     Some   further  relation    or   relations    between 

the      differential  coefficients  of   F  must  therefore  exist,  either  identically  or  in  virtue  of 

.  ^       equation    F  =  0 ;    and    such    relations    can    be    found    by  resorting   to    the   second 

^^ff'sx'ential  S'F  of   the    function    F      In    fact    not  only  the    equation  SF=0  but    the 

eixtix^e  series   of   relations   S^F=0,  S'F=0,...   should   be  satisfied    by  the  coordinates  of 

^^y       point    of   the    curve.     I    find    by    means    of    the    equation    h^V=^0    a    plexus    of 

f9.^^tion8,  which   are    consequently   necessary,  and  I    am    inclined   to    believe    sufficient, 

^^     Older  that    the    equation    F=0   may  in  fact    represent    a    curve;    the   equations  of 

^^       plexus  are,  it  will  be   seen,  very   numerous,  and   certainly  only  a   small   number  of 

^^^^^Xi  are  independent,  but  this  is  a  question  which  I  have  not  as  yet  investigated. 

Attending  to  the  expressions  for  p,  q,  r,  8,  t,  u,  we  have 

da=       .    -  ydr  +  zdg  -  wdg  =  (I), 

dp  =     xdr       .    —  zdp  —  wdt  =  (2), 

dy  =  —  xdq  +  ydp      .    —  wdu  =  (3), 

d«  =     xd,  +  ydt  +  zdu      .     =  (4), 
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and  writing  for  convenience  a,  b,  c,  d  instead  of  d.,  d^,  d,,  da,  we  have 

d  =  (l)a  +  (2)b  +  (3)c  +  (4)d. 

It   was  in  effect  by  operating  on    V  with    this    symbol   and    equating    to  zero  the 
coefficients  of  a,  b,  c,  d,  that  the  before-mentioned  equations 

.    -  iZy  +  Qjr  -  Sw  =  0, 

Rx        .    -Pz  "Tw^O, 

^Qx+  Py        .    -Uw  =  0, 

Sx-k-  Ty  +Uz        .    =0, 
were  found. 

If  to  these  equations  we  join  the  equation 

Ax-h-  By  +  C«  +  Du;  =  0, 

where   A,   B,   C,  D  are  arbitrary  multipliers,   we  can    express   x,  y,  z,   w  in  terms  o 
A,  B,  C,  D  va  such  manner  as  to  satisfy  the  four  equations,  viz.  we  have 


X  = 

.       BU-CT  +  DP, 

y  =- 

-AU      .    +C8+DQ, 

z  = 

AT-BS      .     +DR, 

V}  =  - 

-AP-BQ  -CR       .   , 

and  if  in  the  expressions  for  (1),  (2),  (3),  (4)  we  substitute  for  x,  y,  z,  vt  these  valu 
and  form  therewith  the  value  of  d,  which  value  I  will  for  distinction  call  2),  we  have 


Pdt  -  Tdp  , 
Pdu  -  Udp  , 
Tdu-Udt      , 


Qd,  -  Sd,      , 

Udr  +  Qdt  +  Sdp, 

Qdu—  Udq     , 

Ud,  —  Sdn     , 


Rd,  —  Sdr      ,         Rdq  —  Qdf       ) 
Rdt  —  Tdf      ,         Pdr  —  Rdp       \ 
Rdu  +  Sdp  +  Td„         Qdp  -  Pd, 
Sdt  -  Td,      ,    Pd,  +  Qdt  +  Rdu 

(A,  B.  C,  D)  (a,  b,  c, 


I). 


viz.     I)     is    a    lineo-linear    function    of     the    two    sets    of    indeterminate     quantitii 
{At  B,  C,  D),  (a,  b,  c,  d),  the  coefficients  thereof  being  the  operators 

Udr  +  Tdg  +  Pd,,  Qds-Sdg,  &c. 

It  may  be  remarked  that  we  have  identically 

^V=(PS+QT  +  RU)(As^  +  Bh  +  Cc  +  Dd\ 

since   obviously  each   term   such   as   (Qdg  —  Sdq)Vy   which   is   equal   to   QS  —  SQ,   vanishes 
identically.     The   equation   !l)F=0    gives   therefore   only   the   before-mentioned   equatioz? 
PS  +  QT-^-RU^Oy  which  is  as  it  should  be. 
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The  equation  !D*F=0,  is  then  to  be  satisfied  independently  of  the  values  of 
{A,  B,  Cy  D)  and  (a,  b,  c,  d),  and  as  I)  contains  16  distinct  terms,  D'  will  contain  in 
all  ^16.17  or  136  distinct  terms.  The  equation  !D^F=0  gives  therefore  a  plexus  of 
136  equations,  and  the  equations  in  each  succeeding  plexus,  involved  in  !l)'F=0, 
D*F=0,  &c.  will,  of  course,  be  still  be  more  numerous. 

If  F=0  be  the  plane  conic  which  is  the  intersection  of  the  surfaces 


^  +y«  +z^ 

'hw'  ^0, 

cue  ■¥  by  +  cz  +  dw  =^  0, 

then  we  have 

V  =  {  ¥  +  <?, 

—  ab  , 

—  ac  ,         .     , 

cd  ,      —bd)(j),q,r,  8,  t,  uy. 

—  ba , 

d'-^-d', 

—  be  ,     —cd   , 

,        ad 

—  ca, 

—  cb  , 

a^  +  b^,        bd    , 

—  ad  , 

*      i 

—  cd  , 

bd  ,    a^  +  cP, 

ab  ,       ac 

cd, 

> 

—  ad  ,         ba  , 

6«  +  d\        be 

-bd, 

ad  , 

,        ca  , 

cb    ,    c*  +  d* 

The  values  of  P,  Q,  R,  S,  T,  U  (omitting  a  common  factor  2)  are 

P  =  (6»  +  c^  —ab,  —ac, . ,  4- ccJ,  —bd)(p,  q,  r,  a,  t,  u), 
&c., 

a.nd    if    we    proceed    to    form    a    term    in    I)^F,    say    the    coeflBcient    of   -4V,    this    is 
iUdr+Tdg  +  Pd,y  V,  or 

(a2  4-6»,  c'  +  a^  d'^-d^  -cd,  +bd,  -cb)(U,  T,  Py. 
The  coefficient  therein  of  p^  is 

(a^  +  6^  c^  +  a^  a*-f  d^  -  cd,  -{-bd,  -cb)(-bd,  cd,  6^  +  c^)«, 
t:hat  is,  it  is 


(a^+¥)M^  -2cd. 
-h(<^+a^)c^d^  +26d. 
+  (a»  +  d»)  (6^  +  d'y  -  2cb . 


cd  (6^  +  c^) 
bd  (6»  +  c») 
6(2.  cd, 


where  the  terms  in  which  (6*-f-(^)  does  not  appear  as  a  factor  are  together  equal  to 

a»(2^  (6»  +  c^)  +  #  (6»  +  c»)^, 

the  entire  expression  thus  divides  by  6'  +  c^,  the  quotient  being 

(a^  +  dn  (6«  +  c^)  -  2c»d»  -  26»d>  +  a«(?  4- *  (6«  +  c»), 

which   is  equal   to   a^(b^-¥c^  +  d%   or  restoring    the   factor   6^4-c^,  we   see   that  in   D'F 
the  coefficient  of  A^^  is 

^3  (62  +  c2  +  d^)  (6^  4-  d')p'  +  &c. 
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The  complete  value  must,  it  is  clear,  be  of  the  form 

a*(6^  +  c»  +(?)  K-i-  k(p8  4-  qt  +  ru), 

vanishing  in  virtue  of  the  equations  F=0,  ps-^qt-^ru  —  O,  and  this  being  so,  observing 
that  V  contains  no  term  in  ps,  we  have  k  =  coefficient  pa  in 


that  is 


or 


which  is 


A;  =  2(a"  +  6»,  d'-^-a^  a«4-(?,  -erf,  +6rf,  -c6)(-&rf,  erf,  6»  +  c»)(ca,  6a,  0), 

^A;=  (a«  +  5«).-M.ca  -  crfjcrf.0  +  (5«  +  c»)6a} 
4-(c»  +  a«).  erf.  6a  +  6rf  {(6»  +  e»)ca-6rf.O} 
+  (a'  +  rf').  0    —   e6  {-6rf.6a4-erf.ea}, 

=  a6erf  r-(a»  +  6»)  -(6«4-e»)'|,  =0. 


r-(a»  +  6»)  -(6»4-e»)^ 
^  +(e»+a»)  4-(6»  +  e»)  ^ 


+  (6»-e=) 

The  coefficient  h  consequently   vanishes,  and    therefore   in   I)'F  the   coefficient   of    Ah 
is  a'  (6*  +  e"  +  rf")  F,  but  I  have  not  worked  out  the  coefficients  of  the  other  terms. 

2,  Stme  Buildings,  FT.C,  3(W//  October,  1860. 
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the  polaxs  of  any  point  whatever  in  regard  to  the  conies,  and  recollecting  that  the 
anharmonic  ratio  in  question  is  said  to  be  the  anharmonic  ratio  of  the  conies  them- 
selves; then  since  the  equation  qU—pV  =  0  is  satisfied  by  the  system 

(where  a  is  arbitrary)  we  have  at  once  the  theorem,  p.  949,  viz.  that  if  there  be  a 
pencil  of  lines  through  a  point,  and  corresponding  anharmonically  thereto,  a  pencil  of 
conies  through  the  same  four  points;  the  locus  of  the  intersections  of  a  line  by  the 
corresponding  conic  is  a  cubic  through  the  five  points:  and,  conversely,  that  a  given 
cubic  may  be  so  generated,  the  point  of  the  pencil  of  lines,  and  the  four  points  of 
the  pencil  of  conies  being  any  five  points  whatever  of  the  cubic. 

This  gives  at  once  the  construction  (M.  Chasles*  first  construction)  for  the  cubic 
through  nine  given  points.  In  fact  if  the  points  are  called  1,  2,  3,  4,  5,  6,  7,  8,  9; 
then  grouping  the  points  in  any  manner,  it  is  only  necessary  to  find  a  point  x  such 
that 

x{l,  2,  3,  4,  5)  =  6789  (1,  2,  3,  4,  5), 

that   is,  such   that   the   pencil  of  lines  xl,  x2,  a;3,  x4s,  x5   shall  correspond  anharmonically 
to   the   pencil   of  conies   67891,  67892,   67893,  67894,   67895.     The   foregoing  notation  is 
that  employed  in   M.   de  Jonquiferes*  "Essai  sur  la  g^n^ration  des  Courbes  g^m^triques, 
&c.,"  M^m.   Sav,  Etrang,,  t.   xvi.  (1858),  which   I   take   the  opportunity  of  referring  to. 
In   fact,   if   X  satisfies   the   foregoing  condition,   then   taking   through    the    point    x  anj- 
other     line,    and     corresponding    anharmonically    thereto    a    conic    through    the    poin 
6,   7,  8,  9,  the   locus  of  the   intersections  of  the   line  and  conic  will  be  a  cubic  throng 
the  nine  points.     But  the  condition  in  question  gives 

x{l,  2,  3,  4)  =  6789(1,  2,  3,  4), 
x{l,  2,  3,  5)  =  6789(1,  2,  3,  5), 

which  (by  the  anharmonic  property  of  the  points  of  a  conic)  show,  the  first  that 
is  in  a  certain  conic  passing  through  1,  2,  3,  4,  and  the  second  that  ^  is  in  a  certai:^^ 
conic  passing  through  1,  2,  3,  5 ;  the  two  conies  intersect  in  the  points  1,  2,  3,  an  -^ 
in  a  fourth  point  which  is  the  required  point  x.  Or  we  may  say  that  x  is  given  l^^'J 
the  condition  that  the  pencils  x{\,  2,  3,  4)  and  x{\,  2,  3,  5)  shall  have  giv^  n 
anharmonic  ratios.  It  will  presently  be  seen  how  x  can  be  determined  by  the  nil^^sr 
alone. 


Suppose   now   that   the   points  1,  2,  3,  4,  5,  6,  7,  8,  9  are  the  points  of  intersecti^^c 
of    two   cubics;    the   construction   should    become    indeterminate;    this   is   only  the  caLse 
when   the   two   conies  which   by  their  intersection  should   determine  x  become  one  aoirf 
the   same   conic.     This  implies   that  the   conic   x{\,  2,  3,   4)   passes   through   5,  or  ths^ 
X,   1,   2,   3,   4,   5   are   points   of   the    same    conic.      And   then  since   by   the   anharmonic 
property  of  the  points  of  a  conic  x  (1,  2,  3,  4)  =  5  (1,  2,  3,  4),  we  have 

5(1,  2,  3,  4)  =  6789(1,  2,  3,  4). 
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The  grouping  of  the  nine  points  is  altogether  arbitrary,  hence  there  are  in  all 
(9  X  70  =  )  630  such  equations,  which  are  really  equivalent  to  only  two  equations,  and 
which  when  eight  of  the  points  are  given,  determine  the  ninth  point.  Supposing  that 
the  given  points  are  1,  2,  3,  4,  5,  6,  7,  8,  the  equations  for  the  determination  of  the 
remaining  point  9  may  be  taken  to  be 

9  (5,  6,  7,  8)  =  1234  (5,  6,  7,  8), 
9  (4,  6,  7,  8)  =  1235  (4,  6,  7,  8), 

which  (it  is  to  be  remarked)  determine  9  in  a  similar  way  to  that  in  which  cc  is 
given  in  the  construction  of  the  cubic  through  nine  points;  viz.  9  is  the  fourth 
intersection  of  two  conies  which  pass  through  the  points  5,  6,  7,  8  and  the  points 
4,  6,  7,  8  respectively.  Or  we  may  say  that  9  is  given  by  the  conditions  that  the 
pencils  9  (5,  6,  7,  8)  and  9  (4,  6,  7,  8)  shall  have  given  anharmonic  ratios. 

The  foregoing  equations 

9  (5,  6,  7,  8)  =  1234  (5,  6,  7,  8), 
9  (4,  6,  7,  8)  =1235  (4,  6,  7,  8), 

are  equivalent  to  and  constitute  the  geometrical  interpretation  of  the  equations  obtained 
(previous  to  M.  Chasles'  Memoir)  by  Weddle  in  the  paper  *'0n  the  construction  of 
the  ninth  point  of  intersection  of  two  curves  of  the  third  degree  when  the  other 
eight  points  are  given,"  Cambridge  and  Dublin  Mathematical  Journal,  t.  vi.,  pp.  83 — 86 
(1851).  In  fact,  reproducing  his  analysis  with  only  a  slight  change  of  notation,  let 
012  denote  the  determinant 


X 


y 


^,   yu   ^1 

^3>        y^i        ^2 

so   that  012  =  0  is   the   equation  of  the  line  through  the  points  1  and  2;  and  in  like 
manner  let  012345  denote  the  determinant 

a^,  y'.  ^,  yz,  zx,  ocy 
Xi\  &c. 


so  that  012345  =  0  is  the  equation  of  the  conic  through  the  points  1,  2,  3,  4,  5. 
Of  course  123,  123456,  &c.  will  denote  given  functions  of  the  coordinates  of  the  points 
1,  2,  3,  the  points  1,  2,  3,  4,  5,  6,  &c.     This  being  so 

012345  .  078  =  X .  012347 .  058 

is  the  equation  of  a  particular  cubic  passing  through  the  points  1,  2,  3,  4,  5,  7,  8,  and 
which  if  we  properly  determine  X,  viz.  if  we  write 


X  = 


612345 . 678 
612347 . 658 


will  also  pass  through  the  point  6. 
C.   IV. 
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And  similarly 

012345  .  076  =  M  .  012347  .  066 

is  the  equation  of  a  particular  cubic  curve  passing  through  the  points  1,  %  3,  4,  5,  6,  7 
and  which  if  we  properly  determine  /i,  viz.  if  we  write 

_  812345 .  876 
'^  "*  812347  .866 

will  also  pass  through  the  point  8.  Hence  the  two  curves,  each  of  them  passing 
through  the  points  1,  2,  3,  4,  5,  6,  7,  8  will  intersect  in  the  remaining  point  9;  and 
writing  9  for  0,  and  combining  the  two  equations,  we  have 

978  .  956     X  ^  612345  812347 

958.976     fjL     612347  812345' 

or,  what  is  the  same  thing, 

956  .  978  ^  123456  .  123478 

958.967     123458.123467' 

which  is  Weddle's  equation,  and  is  equivalent  to  the  above-mentioned  equation 

9  (6,  6,  7.  8)  =  1234  (5,  6,  7,  8). 

To  prove  this  I  remark  that  we  have  identically 

012  .  034 .  514 .  523  -  014 .  023 .  512 .  534  =  012345. 

In    fact    the    left-hand    side    equated    to    zero    is    the    equation    of   the   conic    througtr^^ 

1,  2,  3,  4,  5,  and  such   left-hand  side  must  therefore,  save  to  a  mere  numerical  factoi -> 

be  equal  to  012345.    And  to  determine  this  factor  it  is  to  be  observed   that  01234^^^ 
contains  the  term 

but  that  there  is  no  such  term  in  012.034.514.523,  and  that  there  is  in  —014.023.512.53' 
the  equivalent  term 

80  that  the  numerical  factor  is  rightly  determined. 
The  foregoing  identity  written  under  the  form 

012  .  034     512  .  534  012345 


014 .  023     514 .  523     014 .  023 .  514 .  523 

shows  that,  when   012345  =  0,  le.  if  0  be  a  point  of  the  conic  through   1,  2,   3,  4,       o, 

then  we  have 

0  (1,  2,  3,  4)  =  5  (1,  2,  3,  4), 

which  is  in   fact    the    anharmonic    property  of   the  points  of   a  conic.     And  observLxij' 
that  012345  =  051234,  and  substituting  5,  6,  for  0,  5  respectively,  the  identity  becomes 

512.534     612.  634  _  561234 

514 .  523     614  .  623  "  514 .  523  .  614 .  623  * 
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The  equation  012345  =  0  may  be  written 

«12  •  034  -  g|^  014 .  023  =  0. 

and  hence  the  anharmonic  ratio  of  the  conies 

012345  =  0,  012346  =  0,  012347  =  0,  012348  =  0 

is  equal  to  that  of  the  quantities 

512 . 534      612 . 634      712 . 734      812 . 834 
614.523'     614.623'     714.723'    814.823' 

or  calling  these  quantities  for  a  moment  a,  /3,  y,  S,  it  is 

(a-8)0-7)' 
where 

^  512.534  612.634      561234 

a  —  ^=r  — 


514.523     614.623     514.523.614.623' 

and   forming  in  this  manner  the   expressions   of   each   of   the  four   factors  a  — /8,  7  —  8, 
a  —  8,  ^  —  7,  we  have 

(a  -  /9)  (7  -  S)     561234 .  781234 


so  that  in  the  equation 


(a  -  S  )  O  -  7)     581234 .  671234  ' 


956  .  978  ^  561234 .  781234 
958 .  967  ""  581234  .  671234 ' 


the  right-hand  side  is 

=  1234  (5,  6,  7,  8), 

and  since  by  what  precedes  the  left-hand  side  is  =9(5,  6,  7,  8)^  the  equation  is 

9  (5,  6,  7,  8)  =  1234  (5,  6,  7,  8), 
which  is  the  transformation  in  question. 

Now  resuming  the  two  equations 

9  (5,  6,  7,  8)  =  1234  (5,  6,  7,  8), 
9  (4,  6,  7.  8)  =  1235  (4,  6,  7,  8), 

the  right-hand  sides  are  given  anharmonic  ratios,  and  as  we  have  seen  the  question 
18  to  find  9  so  that  the  anharmonic  ratios  9  (5,  6,  7,  8),  9  (4,  6,  7,  8)  shall  have  given 
valuea  But  for  the  geometrical  solution  by  the  ruler  alone,  we  have  the  preliminary 
question,  from  the  given  eight  points,  without  the  assistance  of  the  before-mentioned 
conies,  to  construct  the  given  anharmonic  ratios  1234(5,  6,  7,  8)  and  1235(4,  6,  7,  8). 
The  solution  of  both  questions  is  given  in  Dr  Hart's  paper,  "Construction  by  the 
ruler  alone  to  determine  the  ninth  point  of  intersection  of  two  curves  of  the  third 
degree,"  Cambridge  and  Dvhlin  Mathematical  Journal,  t.  VL,  pp.  181,  182  (1851). 
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The  Preliminary  Question.  The  anharmonic  ratio  1234(5,  6,  7,  8)  is  equal  to  that 
of  the  polars  of  an  arbitrary  point  X  in  regard  to  the  conies  12345,  12346,  12347, 
12348  respectively  (these  polars  all  pass  through  one  and  the  same  point).  Now  to 
construct  the  polars  of  X  in  regard  to  these  conies,  and  first  in  regard  to  the  conic 
12345 :  the  fourth  harmonics  of  X  in  regard  to  the  lines  12,  34,  in  regard  to  the  lines 
13,  42,  and  in  regard  to  the  lines  14,  23,  meet  in  a  point;  and  considering  the  several 
combinations  1234,  1235,  1245,  1345,  2345  we  have  thus  five  points;  these  lie  on  a 
line  which  is  the  required  polar  of  X  in  regard  to  the  conic  12345.  The  polars  in 
regard  to  the  other  conies  are  obtained  in  the  same  manner;  and  it  is  clear  that  the 
first  above-mentioned  point  (viz.  that  deduced  from  the  points  1,  2,  3,  4)  is  in  &ct 
the  point  of  intersection  of  the  four  polars,  or  point  of  the  pencil  formed  by  the  polars. 

The  Principal  Question  then  is,  given  the  points  4,  5,  6,  7,  8  to  find  the  point  9, 
such  that 

9  (5,  6,  7,  8)  =  1234  (5,  6,  7,  8), 
9  (4,  6,  7,  8)  =  1235  (4,  6,  7,  8), 

where  the  right-hand  sides  represent  given  anharmonic  ratios. 

For  this,  let   65,   74  (see  the  figure)  meet  in   Af,  and  on   74  find  a  point  Q  sue 


that    the    anharmonic    ratio    of    the    points   (4,   ilf,   7,    Q)   may  be    equal    to    the    giv^^^ 
ratio  1235  (4,  6,  7,  8),  say 

(4,  M,  7,  Q)  =  1235  (4,  6,  7,  8), 

• 

and  let  64,  85  meet  in  N  and  on  85  find  a  point  -R,  such  that  the  anharmon— ^^ 
ratio  of  the  points  5,  i^,  iZ,  8  is  equal  to  the  given  anharmonic  ratio  1234(5,  6,  7,  fc-^/' 
say 

(5,  N,  iZ,  8)  =  1234  (5,  6,  7,  8). 

Join  QR  meeting  65   in  K  and  64  in  i;  then   IK  and  8i   will  meet  in  the  requi 
point  9. 

In   fact  taking    Y  as  the   intersection   of  the   lines   6oKM  and   SL,  and   Z  as 
intersection  of   the   lines  64iVi  and   7K',    then,  as  is  clear  from  the  figure,   first, 


be 
be 


295]  CUBICS  WHICH   PASS   THROUGH   EIGHT   GIVEN   POINTS.  501 

anharmonic  ratio   9(4,  6,  7,  8)  is  equal   to   that   of  the   points   (4,  6,  Z,  L)  on   the   line 
46ZZ,  that  is 

9  (4,  6,  7,  8)  =  (4,  6,  Z,  L\ 

which  is 

=  (4,  Jf,  7,  Q), 

since    the    lines     6if,    Z7,    LQ    meet    in    the    point    K\    but     by    the     construction 
(4,  if,  7,  Q)  =  1235  (4,  6,  7,  8),  that  is,  we  have 

9  (4,  6,  7,  8)  =  1235  (4,  6,  7,  8) ; 

and,   secondly,    the    anharmonic    ratio    9(5,   6,   7,    8)    is    equal    to    that    of   the    points 
(5,  6,  K,  Y)  on  the  line  bQKY,  that  is 

9  (5,  6,  7,  8)  =  (5,  6,  K,  F), 

ivhich  is 

=  (5,  N,  R,  8), 

since   the    lines   6i^,  KR,   T8   meet    in    the   same    point    L;    but    by  the    construction 
<5,  N,  R,  8)  =  1234  (5,  6,  7,  8),  that  is,  we  have 

9(6,  6,  7,  8)  =  1234  (5,  6,  7,  8), 

so  that  the  point  9  satisfies  the  required  conditions. 

It  has  been    already  remarked  that  the  point  a;  in    M.   Chasles'  theorem   for    the 

construction    of    the    cubic    through    nine    points    is    determined    by    precisely    similar 

conditions  to  those   which  determine  the  ninth  intersection  of  the  two  cubics;  that  is, 

the   foregoing  construction  by  the  ruler  alone  is  applicable  to  the  determination  of  the 

point  x;    and  when   this    is    once   obtained,   the  remainder    of   the  construction,  giving 

the  points    of   the   cubic    through    the    nine  given  points,  can    obviously  be  performed 

by  the  ruler  alone.     The   construction  for  the   cubic  through   nine  points  gives  implicitly 

the  relation  between  ten  points  of  the  cubic  and  such  relation  is  accordingly  expressed 

bv  the  equation 

x(l,  2,  3,  4,  5,  10)  =  6789(1,  2,  3,  4,  5,  10), 

which   is  one  out  of  210  similar   forms.     But  it  is  possible  that  some  more  convenient 
form  of  the  relation  between  the  ten  points  may  yet  be  found. 

I   proceed  to  further  develope    the    analytical    theory.     Writing    for  convenience   a> 
in  the  place  of  10,  we  have 

x(h  2,  3,  4,  5,  6)  =  789a)  (1,  2,  3,  4,  5,  6), 
or,  what  is  the  same  thing, 

x(l,  2,  3,  4)  =  7890)  (1,  2,  3,  4), 
x(h  2,  3,  5)  =  7890)  (1,  2,  3,  5), 
X  (1,  2,  3,  6)  =  789o)  (1,  2,  3,  6), 
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which  belong  to  three   conies  each   of  them   passing  through   1,  2,  3,   and  which  must 
have  a  remaining  fourth  point  of  intersection. 

The  equation  of  the  first  conic  is 

012.034  = -014.023, 

where 

X  =  7890)12  .  789(»34, 

/i  =  789«14 .  789(»23, 

and  thence,  in  virtue  of  an  identical  equation  already  referred  to, 

-  X  -  /i  =  7890)13 .  789o)24. 
But  we  have  identically 

123  .  0|p9  =  ljt>5. 023  +  2pq.0Sl+3pq .  012, 

and  thence  in  particular 

123 .  034  =  134 .  023  +  234  .  031, 

123 .  014  =  214 .  031  4-  314 .  012, 

and  the  equation  of  the  conic  may  therefore  be  written 

012  (134 .  023  +  234 .  031) /x-  023  (214 .  031  +  314 .  012)  X  =  0, 
that  is 

031.012.234./x  +  012.023.314(-X-Ai)  +  023.031.124.X  =  0, 

or,  substituting  for  fi,  —  X  — /x,  X,  their  values,  this  is 

031 .  012 .  234 .  789o>14 .  789o)23 
+  012 .  023 .  314 .  7890)13 .  789o)42 
+  023 .  031 .  124 .  789o)12 .  789o)34  =  0, 
or,  what  is  the  same  thing, 

234.  7890)1 4.  789o)23     314 .  789o)13 .  789o)24     124.789o)12.  789o)34 
023  "^  031  "^  012 

or,  making  a  slight  change  of  form,  the  equation  of  the  conic  is 

423 .  789o)41 .  789o)23     431 .  789o)42 .  789o)31     412.  789o)43.789o)12 
023  "^  031  "^  012 

The  equations  of  the  other  two  conies  are  deduced  by  writing  successively  5  and 
in  the  place  of  4;  and  the  condition  in  order  that  the  conies  may  have  a  remaini 
fourth  point  of  intersection  is 


423  .  789o)41,  431 .  789o)42,  412 .  789o)43 
523 .  789o)51,  531 .  789o)52,  512  .  789o)53 
623  .  789o)61,    631 .  789o)62,    612 .  789o)63 


=  0. 
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This  equation,  say  0=0,  expresses  the  relation  between  the  coordinates  of  the  ten 
points  1,  2,  3,  4,  5,  6,  7,  8,  9,  o),  of  the  cubic.  Hence  if  123456789(»  denote  the 
determinant 


SO2  f    06C« 


V,     yi%,    z^x^,    x^y^,    y^z^\    z^x^\    xiy^\    Xyy^z^ 


1234'56789a)  must  be  a  factor  of  D,  and  a  little  consideration  shows  that  the  other 
factor  which  is  of  the  order  one  as  regards  the  coordinates  of  each  of  the  points 
1,  2,  3,  and  of  the  order  three  as  regards  the  coordinates  of  each  of  the  points 
7,  8,  9,  o),  must  be  of  the  form  123  .  789 .  78a) .  79a) .  89(i>.     We  must  therefore  have 

D  =  € .  123 .  789 .  78a) .  79a) .  89a) .  123456789a), 

"where  the  merely  numerical  factor  €  is,  I  believe,  equal  to  + 1  or  else  to  —  1. 

In  order  to  verify  the  factor  123. 789. 78a).  79a) .  89a),  observing  that  the  points 
T,  8,  9,  a)  enter  symmetrically,  it  will  be  suflBcient  to  show  that  123,  789  are  each 
of  them  factors  of  D,  or,  what  is  the  same  thing,  that  if  123  =  0,  or  if  789  =  0,  then 
in  either  case  0  =  0. 

First,  if  123  =  0,  we  may  write 

equations  which  give 

423  =  X. 421,  431  =X.  421,  &c., 

^x:id  the  equation  0=0,  thus  becomes 

789a)41,     789a)42,     789a)43 


789a)51,     789a)52,     789a)53 
789a)61,     789a)62,     789a)63 


=  0, 


,  what  is  the  same  thing. 


789a)14,     789a)24,     789a)34    =0. 
789a)15,     789a)25,     789a)35  \ 
789a)16,     789a)27,     789a)36 

^ow   if   the    terms    in    the   same    column    are    multiplied  by  789a)56,   789a)64,   789a)45 
Respectively  and  added,  then  for  the  first  column  the  sum  is 

789a)14  .  789a)56  -h  789a)15  .  789a)64  +  789a)16  .  789a)45, 

>vhich   is   =  0,   and   the    sums    for    the    second    and    third   columns  are  each  =  0   in   the 
^me  manner:    wherefore  the  determinant  vanishes  as  it  should  do. 
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Next,  if  789  =  0,  we  have  identically 

789«41  =  789 .  741 .  «81 .  a>94  +  781 .  794 .  «89 .  «41, 

which  when  789  =  0  gives 

789ft)41  =  781 .  794 .  (oS9  .  ft)41, 


and  in  like  manner, 


789ft)42  =  782 .  794 .  ft)89 .  ft)42, 
789ft)43  =  783  .  794 .  ©89 .  «43, 


in  which   three  equations  4  may  be  changed  into   5   and   6  successively. 
D  =  0  thus  becomes 


The  equation 


423 .  0)41,  431 .  a>42,  41 2 .  a)43 
523 .  0)51,  531 .  0)52,  512  .  a>53 
623.0)61,     631.0)62,     612.o)63 


=  0, 


or,  what  is  the  same  thing, 


423 .  41o),  421 .  40)3,  42o) .  431 
523.510),  521.5o)3,  52o).531 
623 .  61a),     621 .  6q)3,     69o)  .  631 


=  0, 


and  since  the  sum   of   the  terms  in   each   line  of  the   determinant   is  =0,  the  detei 
minant  is  as  it  should  be  =  0. 

The  foregoing  equation 

412 .  789a>43,  423 .  789o)41,  431 .  789o)42 

512 .  789o)53,  523 .  789o)51,  531 .  789o)52 

612 .  789o)63,  623 .  789o)61,  631 .  789o)62 

=  € .  123 .  789 .  78o) .  79o) .  89o) .  123456789o), 


(since     412,    789o)43,    &c.    are     interpretable    functions 
geometrical  interpretation  of  the  equation 

1234567890)  =  0 


of    the    coordinates)    aflfords         a 


between    the    coordinates    of    the    ten    points    of    the    cubic;    but    it    would    be    m 
satis&ctory  if   a   similar   identical   equation    could   be   found,   having  on   the   right-b^^ 
side  the  function  123456789o)  without  the  irrelevant  factor 

123.789.78o).79o).89o). 


ire 
d 


2,  Stone  Buildings,  W.C.,  6th  March,  1862. 
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296. 


ON  THE  CONICS  WHICH  PASS  THROUGH  THE  FOUR  FOCI 

OF  A  GIVEN  CONIC. 

[From  the   Quarterly  Journal   of  Pure  and  Applied  Mathematics,  vol.  v.  (1862), 

pp.  275—280.] 

The  foci  of  a  conic  are  the  points  of  intersection  of  the  tangents  through  the 
circular  points  at  infinity;  the  pair  of  tangents  through  each  of  the  circular  points 
^t  infinity  is  a  conic  through  the  four  foci;  and  we  have  thus  two  conies  P  =  0,  Q  =  0 
passing  through  the  four  foci ;  the  equation  of  any  other  conic  through  the  four  foci 
is  of  course  P  +  XQ  =  0;  and  in  particular  if  X  be  suitably  determined  this  equation 
gives  the  axes  of  the  conic. 

I  was  led  to  develope  the  solution,  in  seeking  to  obtain  the  elegant  formulae 
given  in  Mr  P.  J.  Hensley's  paper  "Determination  of  the  foci  of  the  conic  section 
expressed  by  trilinear  coordinates,"  Journal,  t.  v.,  pp.  177 — 183,  (March,  1862). 

I  take  the  coordinates  to  be  proportionate  to  the  perpendicular  distances  of  the 
point  firom  the  sides  of  the  fundamental  triangle,  each  distance  divided  by  the  perpen- 
^cular  distance  of  the  side  &om  the  opposite  angle.  This  being  so,  the  equation  of 
t}he  line  infinity  is 

cuid,  a,  /9,  7  denoting  the  sides  of  the  fundamental  triangle,  the  equation  of  the  circle 
cnrcumscribed  about  the  triangle  is 

?^  +  ^  +  5f  =  o. 
X      y      z 

The   foregoing  two  equations  determine  the  circular  points  at  infinity;  and  if  (xi,  y^,  z^) 
^re  the  coonKnates,  there  is  no  diflBculty  in  obtaining  the  system  of  values 


=     a(cosO  — isinC) 
=     a(co8-B  +  i8in-B) 

C.    IV. 


/8(cos(7  +i8inC) 
)8(cosil  — isinil) 


7(co8-B  +fsin-B) 
7  (cos -4  +isinil) 

-7 

64 
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where  as  usual  i  =  V(--l)»  and  where  A,  B,  C  denote  the  angles  of  the  triangle,  so 
that  the  cosines  and  sines  of  these  angles  denote  given  functions  of  a,  fi,  y.  The 
coordinates  (^,  y,,  ^,)  of  the  other  circular  point  at  infinity  are  of  course  obtained 
by  merely  writing  —t  for  i.     We  find  also 

which  are  the  formula  chiefly  made  use  of  in  the  sequel. 

Suppose  now  that  the  equation  of  the  conic  is 

[7=  (a,  6,  c,/,  g,  K){x,  y,  zf^^\ 
then  putting  for  a  moment 

TJi  =(a,  6,  c,/,  g,  A)(a?i,  y„  z^f, 

Fi  =  (a,  6,  c,  /,  g,  h)(x,  y,  z){xy,  y^,  r,), 

and  the   like    as    regards    U,  and    TT,;    the    tangents    from   the  points  {p^^  yi,  t^ 
(xty  Vj,  ^j)  respectively  are 

which  are   respectively  pairs  of  lines  intersecting  in  the  four  focL     And  it  is  moreo^s^-er 
clear  that  the  equation  of  the  axes  is 

The  foregoing  equations  may  be  written 

(81,  S3,  6,  g,  ®,  «&) (y^i - yi-J,  zx^-z^x,  xy^-x^yy^^Q, 
(81,  33,  6,  g,  ®,  ^){yz^-'y^,  zx^-z^,  ayj-«iy)'  =  0, 

where  (81,  9,  6,  %  ®,  «&)  are  the  inverse  system  of  coefficients. 

These  may  be  written 

(a,  b,  c,  f,  g,  h)(aji,  y^,  ^i)>  =  0, 
(a ,  b,  c ,  f ,  g  ,  h  )  (aj,,  y„  z^  =  0, 

where  a,  b,  c,  f,  g,  h  are  quadric  functions  of  x,  y,  z,  viz. 

a=  »2:«  +gy«  -2gy^, 
b=  (&r»  +8U»  -2®^, 
c  =     8ly«  +  93a^  -  2^ay, 

f  =  -  8Iy^  -  ga;^  +  ®a:y  +  ^ic^, 
g  =  -  33-?^;  -  @y>  +  ^yz  +  gya;, 
h  =  -  Say  -  ^z^  +  gza;   +  ®ooy, 
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and  this  being  so,  I  combine  the  two  equations  as  follows: 

a?3«   (a,  ...)(xiy  yu  Zif-k-x^^    (a,  ...)(^»,  ^j,  -^8)'  =  0, 
y^  »  H-yi'  »  =0, 

y^aCa,  ...)(«!>  yi.  -3^i)*  +  yi^i  (a,  ...)(iPs,  ys,  '^2)'=0, 

^J^«  »  +  ^1^1  it  =^  V, 

iPaya  »  +a?iyi  „  =0, 

any  one  of  which  is  the  equation  of  a  conic  passing  through  the  four  foci;  the 
current  coordinates  being  always  {x,  y,  z). 

The  first  of  these  equations  is 

a  (-  ari V)  +  b  (a^,«yi»  +  x^h/^")  +  c  (a:, V  +  a?! V) 

+  2f  {x^iZi  +  x^y^i)  +  2g  {x^z^x^  +  x^z^^  +  2h  (ajj'iCiyi  +  x^x^^  =  0, 

^^here  the  quantities  multiplied  by  a,  b,  &c.  are  all  of  them  easily  expressible  in 
t^nns  of  XiX^,  y^y^^  z^z^,  yiZt  +  yvSi,  ZiX^  +  z^i,  x^y^  +  x^i,  which  are  respectively  pro- 
portional to  given   functions   of  (a,  13,  7);   and   replacing  for  a,  b,  &c.  their   values,   the 

equation  is 

(    ©2^  +  (&B«  -  2%^: )  .     2a* 

+    (    (Ea^  +  ^y*  "  2®zx)  .     (a«  +  )9»  -  7*)"  -  2a«)9» 

+    (    %^  +  93.'c«  -  2^a?y)  .     (7*  +  a»  -  )8»)»  -  27*a» 

+  2(--%z-ga^  +  ®xy  +  ^xz).      a«  (z?^  +  7»)  _  (^  -  7»)« 
+  2(-S3-^a;-%«+  ^yz+%yz).-  a^d" +a^ - /S") 
+  2(-ga;y-^2:«+  %zx  +@zy).-  a« (a»  +  )8» - 7^)  =  0. 

!Now  putting  for  shortness 

D  =a*  +  ^  +  7*--2i8V-27»a»-2a2/8», 

80   that   —  D    is  equal    to   sixteen    times   the    square  of    the  area  of   the  fundamental 
triangle,  the  coefficient  of  a^  is 

=  83  (D +2aV)  + 6(0 +2a«/3«)--2g{-n-a>(/8«  +  7» -««)}, 
which  is 

=  (»  +  e  +  2g)  D  +  2a»  {»7»  + Si8«  +  g  ()8»  +  7»-a% 

And  reducing  in  a  similar  manner  the  other  coefficients,  the  equation  is 

n{(»  +  g  +  2g)a;»  +  a(y  +  ^)»-2(^  +  ®)ic(y  +  ^)}  +  2a«e  =  0, 

where  for  shortness 

e=  0^.  S37»H-e  i8«  +  g  (/8»  +  7* -a«) 
+  f  .  Sa«  -ha  7«  +  @(7*  +a«  -)8») 
+  ^«  .      a)8»  +  S3  a«H.^(a2  +/3t-yi) 

+  y^  .  -  2ga«  +  21  (/3^  +  7»  -  a«)  -  *&  (7^  +  a«  -  )8»)  -  ®  (a«  +  /8«  -  7») 
+  2:ic.-2@/3»-»&0»  +  7»-a«)+g3(7»+a»-)3«)-g  (a»  +  /3^-7») 

+  a;y.--2^7»-®()8»  +  7»--a»)-g  (7*  +  a» - )8»)  +  6 (a» -h /3» - 7"), 

64—2 
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or,  what  is  the  same  thing,  the  equation  is 

DKa  +  »  +  6  +  2g  +  2@  +  2^)a:»-2(8l  +  ^  +  ®)ic(a:  +  y  +  «)  +  a(«  +  y  +  «)«}+2flf«  =  0, 
or  putting  for  shortness 

a+s3  +  e  +  2g  +  2®+a&  =  ^, 

^  +  8  +  g  =«, 

®+g+e  =«, 

80  that  in  fact 

the  equation  is 

n{«Pa»-28«(<r  +  y  +  «)  +  a(a!  +  y  +  «)*}  +  2a^  =  0. 

The  equation  with  y^t,  y\'h  is  in  a  similar  manner  found  to  be 

n{g*'-(6+®)y'-(g5+^)z*+(a  +  2g+®+^)y«+(-g5-^+g)«r+(-a-®+g) 

or,  what  is  the  same  thing, 

D[(a  +  9  +  e  +  2g+2®  +  2^)y«-{(®  +  g  +  6)y  +  (^  +  »  +  g)*}(a;+y+*)  +  g(a!+y+« 

-(^  +  7'-a»)e  =  0, 
or,  finally, 

D  {%*- («y  +  W«)(x  +  y  +  «)  +  g(«  +  y  +  r)*}  -  ()8»  +  y  -  tf) e  =  0. 


?=y) 


m 


Hence  the  entire  ^tem  of  equations  is 


□  mz 

U[^ary 


-2?a!  {x-\-y  +  z)  +  ^{x-\-y  +  zy 
-2<Wy  (a;  +  y  +  «)  +  g5(ar  +  y  +  z)« 

-  291  ar   (a;  +  y  +  «)  +  g  (a;  +  y  +  z)* 

(«y  +  aJle)  (x  +  y  +  *)  +  g  (a;  +  y  +  «)» 
(?z  +  9la;)(a:  +  y  +  «)  +  ®(<r  +  y  +  «)» 
(aia;+    8y)(«  +  y  +  4r)  +  ^(a;  +  y  +  z>' 


+  2a»e  =  0, 
+  2/3»e  =  0, 

-(7»+a»-/9»)© 
-(a'+)8»-y)e 


0, 
0, 
0, 


which  are  the  equations  of  six  conies,  each  of  them  passing  through  the  four  focL 
From  the  first  three  of  these,  we  have 

-,  {«lJa!»  -  28a;  (a;  +  y  +  «)  +  Sl  (a;  +  y  +  ir)»l 


i  {*Pi^-29l^  (a:  +  y  +  «)  +  g(a;  +  y  +  r)»}, 
T 
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which,  allowing  for  the  difference  of  notation,  are  Mr  Hensley's  equations:  it  appears 
by  his  investigation  that  their  geometrical  signification  is  as  follows;  viz.  if  for 
shortness  we  denote  the  equations  by 

then  if  we  consider  the  tangents  parallel  to  the  a;-side  of  the  Rindamental  triangle,  and 
'the  tangents  parallel  to  the  y-side  of  the  fundamental  triangle,  the  equation  A=B  is 
tihe  locus  of  a  point  such  that  the  feet  of  the  perpendiculars  let  &11  firom  it  on  the 
£our  tangents  lie  in  a  circle.     And  similarly  for  the  equations  A=C,  B=  C. 

If  we  multiply  the  six  equations  by  1,  1,  1,  2,  2,  2  and  add,  we  obtain  the 
identical  equation  0  =  0;  if  we  multiply  them  by  a,  6,  c,  2f,  2g,  2h  and  add,  then 
sifter  some  easy  reductions,  we  obtain  for  the  equation  of  a  new  conic  passing  through 
"the  four  foci 

D  {5pi7  +  ^(a?  +  y  +  ^)«}  +  2iSe  =  0, 

"where 

t7=(a,  b,  c,f,  g,  h)(x,  y]  zf, 

JC  is  the  discriminant  oic  — q/"*  — ft^f^  — cA'  + 2/^A,  and 

or,  what  is  the  same  thing. 

It  would  be  interesting  to  ascertain  the  geometrical  signification  of  the  six  conies  and 
of  the  last-mentioned  new  conic. 

2,  Stone  Buildings,  W.G.,  March  13^,  1862. 
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if  D    denote  the   function  in    {   )   with  the   signs  reversed     The  function    D    may  be 
expressed  in  the  form 

+  (6«(7»  +  c»a»)(5r»-A»-/») 


and  also  in  the  form 
if  for  shortness 


n=         U'+(f+9  +  h)V, 
U=     aJ^f  +b'g  +  d'h  +fgh, 

'^{h'g''\'(^a?){g-h-'f) 
+  (d'h''\-a^b')(h^f^g)] 

and  it  may  be  remarked  that  since  D  is  an  even  function  of  /,  g,  h,  we  may  in  this 
last  formula  change  at  pleasure  the  signs  of  these  quantities;  we  thus  obtain  in  all 
four  similar  forms  of  the  function  D. 

It  is  clear  that  considering  a  triangle,  and  any  point  in  the  plane  of  the  triangle, 
J^j  g,  h  may  be   taken  to  denote  the  sides  of   the  triangle,  and  a,   b,  c  the  distances 
of   the    point    &om    the  vertices :    and    the    equation    D  =  0  is  the  relation  connecting 
the  sides  and  distances. 

The  equation  f+g-^-h^O  denotes  that  the  vertices  are  in  lined,  and  when  this 
equation  is  satisfied  we  have 

[7=  a'f+  b'g  +  c»A  -{•fgh  =  0, 

which  is  in  fact,  as  it  is  easy  to  see,  the  relation  connecting  the  distances  of  a  point 
from  any  three  points  in  lined. 

For  a,  b,  c  write  a  +  a?,  b  +  x,  c  +  a?;  x  will  be  the  radius  of  a  circle  touching  the 
circles,  radii  a,  b,  c,  described  about  the  vertices  as  centres.  The  equation  0=0 
becomes  after  all  reductions 

-{-x  [     ifU (of  +  bg '\- ch) 

-2if+g-^h){(ap  +  bc{b+c)){f^g''h) 

+  {bg^  +  ca{c  +a))(g''h  -/) 
+  (cA«  +  a6(a  +  6))(A-/-(7)}] 
+  ^  [     /M-  4ja«  +  6a  (6  +  c  )  -  66c } 
+  g^  {-  46«  +  66  (c  +  a)  -  6ca} 
+  A«  {-  4c»  +  6c  (a  +  6)  -  6a6}]  =  0, 

which  is  a  quadratic  equation  only:  the  two  circles  thus  obtained  are  those  which 
touch  the  given  circles  all  three  externally  or  all  three  internally.  But  by  changing 
in  every  possible  manner  the  signs  of  a,  6,  c  we  obtain  in  all  four  equations  giving 
the   eight    tangent    circles.     It  may  be  noticed   that  if   as  before  f+g  +  h^O,    J7'=0, 
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EEPOET  ON   THE   PEOGRESS   OF   THE   SOLUTION   OF   CEETAIN 

SPECIAL  PEOBLEMS   OF  DYNAMICS. 


[From  the  Report  of  the  British  Association  for  the  Advancement  of  Science,  1862, 

pp.  184—252.] 

My  "  Report  on  the  Recent  Progress  of  Theoretical  Dynamics "  was  published  in  the 
Report  of  the  British  Association  for  the  year  1857,  [195].  The  present  Report  (which  is 
in  some  measure  supplemental  thereto)  relates  to  the  Special  Problems  of  Dynamics :  to 
give  a  general  idea  of  the  contents,  I  will  at  once  mention  the  heads  under  which 
these  problems  are  considered;  viz.,  relating  to  the  motion  of  a  particle  or  system  of 
particles,  we  have 

Rectilinear  Motion  ; 

Central  Forces,  and  in  particular 

Elliptic  Motion; 

The  Problem  of  two  Centres ; 

The  Spherical  Pendulum; 

Motion  as  affected  by  the  Rotation  of  the  Earth,  and  Relative  Motion  in  general ; 

Miscellaneous  Problems; 

The  Problem  of  three  bodies. 

-And  relating  to  the  motion  of  a  solid  body,  we  have 

The  Transformation  of  Coordinates ; 
Principal  Axes,  and  Moments  of  Inertia; 
Rotation  of  a  Solid  Body ; 
Kinematics  of  a  Solid  Body ; 
Miscellaneous  Problems. 
c.  IV.  65 
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As  regards  the  first  division  of  the  subject,  I  remark  that  the  lunar  and  planetary 
theories,  as  usually  treated,  do  not  (properly  speaking)  relate  to  the  problem  of  three 
bodies,  but  to  that  of  disturbed  elliptic  motion — a  problem  which  is  not  considered  in 
the  present  Report.  The  problem  of  the  spherical  pendulum  is  that  of  a  particle 
moving  on  a  spherical  sur&ce;  but,  with  this  exception,  I  do  not  much  consider  the 
motion  of  a  particle  on  a  given  curve  or  surface,  nor  the  motion  in  a  resisting  medium; 
what  is  said  on  these  subjects  is  included  under  the  head  Miscellaneous  Problems. 
The  first  six  heads  relate  exclusively,  and  the  head  Miscellaneous  Problems  relates 
principally,  to  the  motion  of  a  single  particle.  As  regards  the  second  division  of  the 
subject,  I  will  only  remark  that,  from  its  intimate  connexion  with  the  theory  of  the 
motion  of  a  solid  body,  I  have  been  induced  to  make  a  separate  head  of  the 
geometrical  subject,  "  Transformation  of  Coordinates,'*  and  to  treat  of  it  in  considerable 
detail 

I  have  inserted  at  the  end  of  the  present  Report  a  list  of  the  memoirs  and 
works  referred  to,  arranged  (not,  as  in  the  former  Report,  in  chronological  order,  but) 
alphabetically  according  to  the  authors'  names :  those  referred  to  in  the  former  Report 
formed  for  the  purpose  thereof  a  single  series,  which  is  not  here  the  case.  The  dates 
specified  are  for  the  most  part  those  on  the  title-page  of  the  volume,  being  intended 
to  show  approximately  the  date  of  the  researches  to  which  they  refer,  but  in  some 
instances  a  more  particular  specification  is  made. 

I  take  the  opportunity  of  noticing  a  serious  omission  in  my  former  Report,  viz., 
I  have  not  made  mention  of  the  elaborate  memoir,  Ostrogradsky  "M^moire  sur  les 
A[uations  diflKrentielles  relatives  au  probl^me  des  Isop^rim^tres,"  MSm.  de  St  Pit,  t.  iv. 
(6  s^r.)  pp.  385 — 517,  1850,  which  among  other  researches  contains,  and  that  in  the 
viost  general  form,  the  transformation  of  the  equations  of  motion  from  the  Lagrangiaa 
to  the  Hamiltonian  form,  and  indeed  the  transformation  of  the  general  isoperimetric 
system  (that  is,  the  system  arising  from  any  problem  in  the  calculus  of  variations^ 
to  the  Hamiltonian  form.  I  remark  also,  as  regards  the  memoir  of  Cauchy  referred  to 
in  the  note  p.  12  as  an  unpublished  memoir  of  1831,  there  is  an  "Extrait  du  M^moire 
pr^sent^   k  TAcad^mie   de   Turin   le    11    Oct.    1831,"   published   in   lithograph   under  tho 

date   Turin,   1832,   with   an   addition   dated   6    Mar.    1833.     The    Extract  begins   thus: 

"§  I.  Variation  des  Constantes  Arbitraires.  Soient  donates  entre  la  variable  ^, . .  • 
n  fonctions  de  t  d^sign^es  par  x,  y,  z . ,  et  n  autres  fonctions  de  t  d^gn^s  par  u,  v,w,,  , 
2n  Equations  difiKrentielles  du  premier  ordre  et  de  la  forme 

dx  _^     dQ       dy  ^     dQ       dz_     dQ 
dt         du '      dt         dv'     dt~     dw' 


du        dQ 

dv        dQ 

dw 

dt''     dx' 

dt~     dy* 

dt 

dQ 
dz' 


&C." 


without   any   explanation   as   to   the   origin   of    these    equations ;    and    the    formulae 
then  given  for  the  variations  of  the  constants  in   the  integrals  of  the  foregoing  syst^ 
this   seems   suflBcient   to  establish   that   Cauchy  in  the   year   1831   was  familiar  with 
Hamiltonian  form  of  the  equations  of  motion. 
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Bout's  "M^moire  sur  rint^gration  des  Equations  difiP^rentielles  de  la  M^canique," 
as  published,  M^.  pris.  d  VTnst.,  t.  xiv.  pp.  792 — 821,  is  substantially  the  same  as 
the  extract  thereof  in  Liouville's  Journal,  referred  to  in  my  former  Report ;  but  since 
the  date  of  that  Report  there  have  been  published  in  the  Comptes  Rendvs,  1861  and 
1862,  several  short  papers  by  the  same  author ;  also  Jacobi's  great  memoir,  see  list, 
Jacobi,  Nova  Methodus  &c.,  1862,  edited  after  his  decease  by  Clebsch;  some  valuable 
memoirs  by  Natani  and  Clebsch  {Crelle,  1861  and  1862)  relating  to  the  Pfaffian  system 
of  equations  (which  includes  those  of  Dynamics),  and  Boole  "  On  Simultaneous  Diffe- 
rential Equations  of  the  First  Order,  in  which  the  number  of  the  Variables  exceeds  by 
more  than  one  the  number  of  the  Equations,*'  Phil,  Trana.y  t.  CLii.  (1862),  pp.  437 — 454. 


Rectilinear  Motion,    Article  Nos.  1  to  5. 

1.  The  determination  of  the  motion  of  a  falling  body,  which  is  the  case  of  a 
constant  force,  is  due  to  Galileo. 

2.  A  variable  force,  assumed  to  be  a  force  depending  only  on  the  position  of  the 
particle,  may  be  considered  as  a  function  of  the  distance  from  any  point  in  the  line, 
selected  at  pleasure  as  a  centre  of  force;  but  if,  as  usual,  the  force  is  given  as  a 
function  of  the  distance  from  a  cei-tain  point,  it  is  natural  to  take  that  point  for  the 
centre  of  force.  The  problem  thus  becomes  a  particular  case  of  that  of  central  forces ; 
and  it  is  so  treated  in  the  Principia,  Book  I.  §  7 ;  the  method  has  the  advantage  of 
explaining  the  paradoxical  result  which  presents  itself  in  the  case  Force  cc(Dist.)"*,  and 
in  some  other  cases  where  the  force  becomes  infinite.  According  to  theory,  the  velocity 
becomes  infinite  at  the  centre,  but  the  direction  of  the  motion  is  there  abruptly 
reversed;  so  that  the  body  in  its  motion  does  not  pass  through  the  centre,  but  on 
arriving  there,  forthwith  returns  towards  its  original  position;  of  course  such  a  motion 
cannot  occur  in  nature,  where  neither  a  force  nor  a  velocity  ever  is  actually  infinite. 

3.  Analytically  the  problem  may  be  treated  separately  by  means  of  the  equation 
^=X,  which  is  at  once  integrable  in  the  form  (-7-]  =C  +2jXda!, 

4.  The  following  cases  may  be  mentioned: 

Force   oc  Dist.    The   law  of   motion  is  well  known,  being   in   fact  the   same  as  for 
the  cycloidal  pendulum. 

Force  « (Dist.)~*,  =  ^ ,  which  is  the  case  above  alluded  to. 

Assuming  that  the  body  falls  from  rest  at  a  distance  a,  we  have 

a;  =  a  (1  —  cos  (f>), 

I 
ere,  if  n  =  -^ ,  ^  is  given  in  terms  of  the  time  by  means  of  the  equation 

nt  =  (f>-'  sin  <f), 

65—2 
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If  the  body  had  initially  a  small  transverse  velocity,  the  motion  would  be  in  a  very 
eccentric  ellipse,  and  the  formulae  are  in  fact  the  limiting  form  of  those  for  elliptic 
motion. 

5.  There  are  various  laws  of  force  for  which  the  motion  may  be  determined  In 
particular  it  can  be  determined  by  means  of  Elliptic  Integrals,  in  the  case  of  a  body 
attracted  to  two  centres,  force  oc(dist.)~*:  see  Legendre,  Exercices  de  Col.  InUg.,  t.  IL 
pp.  502—512,  and  IMnie  des  Fond.  EUip.,  t.  L  pp.  531—538. 


Centred  Forces,  Article  Nos.  6  to  26. 

6.  The  theory  of  the  motion   of  a  body  under  the  action  of  a  given  central  foi 
was   first   established    in   the   Principia,  Book    L  §§  2  and  3 :    viz.    Prop.   I.    the    areai^^ 
are  proportional  to  the  times,  that  is  (using  the  ordinary  analytical  notation),  r\i^  = 

and  Prop.  VI.  Cor.  3,  Poe    ^      „,  ~  ^''*' ( ^/^  "*"  ^) '  ^  ^^^ 

7.  It  is  to  be  noticed  that,  given  the  orbit,  the  law  of  force  is  at  once  determin< 
and  §  2  contains  several  instances  of  such  determination;  thus, 

Prop.  VII.     If  a  body  revolve  in  a  circle,  the   law  of  force  to  a  point  8  is  for-^i» 
«         -^         (P  the  body,  PV  the  chord  through  8). 

Prop.  IX.     If  a  body  move  in  a  logarithmic  spiral,  force  oc(dist)~*. 

Prop.  X.  If  a  body  move  in  an  ellipse,  force  to  centre  ocdist.,  and  as  a  particulLar 
case,  if  the  body  move  in  a  parabola  under  the  action  of  a  force  parallel  to  the  assis, 
the  force  is  constant.  The  particular  case  of  motion  in  a  parabola  had  been  obtained  l)f 
Galileo. 

And  §  3,  Props.  XI.  XII.  XIII.  If  a  body  move  in  an  ellipse,  hyperbola,  or 
parabola  under  the  action  of  a  force  tending  to  the  focus,  force  «  (dist.)~*. 

8.  But  Newton  had  no  direct  method  of  solving  the  inverse  problem  (which  dep^^»ds 
on   the   solution  of  the  differential  equation),  "Given  the  force  to  find  the  orbit."     TTius 
force  oc(dist.)"*,   after  it   has  been  shown   that  an  ellipse,  a  hyperbola,  and   a  parafcwia 
may   each   of   them   be   described   under  the  action   of   such  a  force,  the    remainder  of 
the   solution   consists   in   showing  that,  given   the   initial   circumstances  of  the  motioxi,  a 
conic   section   (ellipse,   parabola,  or   hyperbola,  as   the   case   may  be)   can   be  constructed, 
passing  through    the   point    of   projection,   having  its   tangent   in   the    direction   of    tie 
initial  motion,  and  such  that  the  velocity  of  the  body  describing  the  conic  section  under 
the  action  of  the  given  central  force  is  equal  to  the  velocity  of  projection;  which  being 
so,   the   orbit   will   be    the    conic    section    so    constructed.     This    is   what   is   done,  Prop. 
XVII. ;  it   may  be   observed   that  the  latus  rectum  is  constructed  not   very  elegantly  hy 
means  of  the  latus  rectum  of  an  auxiliary  orbit. 
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9.  A  more  elegant  construction  was  obtained  by  Cotes  (see  the  Harmonia  Mensurarum, 
pp.  103 — 105,  and  demonstration  from  the  author's  papers  in  the  Notes  by  R.  Smith, 
pp.  124,  125),  depending  on  the  position  of  a  point  C,  such  that  the  velocity  acquired 
in  falling  under  the  action  of  the  central  force  from  C  directly  or  through  infinity  Q) 
to  P  the  point  of  projection,  is  equal  to  the  given  velocity  of  projection. 

10.  But  Newton's  original  construction  is  now  usually  replaced  by  a  construction 
which  employs  the  space  due  to  the  velocity  of  projection  considered  as  produced  by 
a  constant  force  equal  to  the  central  force  at  the  point  of  projection. 

11.  §  9  of  Book  I.  relates  to  revolving  orbits,  viz.,  it  is  shown  that  a  body  may 
be  made  to  move  in  an  orbit  revolving  round  the  centre  of  force,  by  adding  to 
the  central  force  required  to  make  the  body  move  in  the  same  orbit  at  rest,  a  force 
oc  (dist.)"'.     This  appears  very  readily  by  means  of  the  differential  equation  (ant^,  No.  6), 

viz.  writing  therein  P  +  cu!^  for  P,  and  then  ^,  h'  in  the  place  of  0  VI  -4,  A  Vl-^, 

n^  nr 

respectively,    the    equation   retains    its    original   form,    with    ff,   h'   in    the    place   of  d,  h 

respectively. 

12.  It  may  be  remarked  that  when  the  original  central  force  vanishes,  the  fixed 
orbit  is  a  right  line  (not  passing  through  the  centre  of  force).  It  thus  appears  by 
§  9  that  the  curve  w  =  -4  cos  {n0  +  B)  may  be  described  under  the  action  of  a  force 
oc  (dist.)""'.  A  proposition  in  §  2,  already  referred  to,  shows  that  a  logarithmic  spiral 
may  be  described  under  the  action  of  such  a  force. 

13.  But  the  case   of  a  force   oc(dist.)"'  was  first  completely  discussed  by  Cotes  in 


the  Harmonia  Mensurarum,  pp.  31 — 35,  98 — 104,  and   Notes,  pp.  117 — 173.     There  are 
in  all  five  cases,  according  as  the  velocity  of  projection  is 

1.     Less  than  that  acquired  in   falling  from   infinity,  or  say   equal  to  that  acquired 
in  falling  from  a  point  C  to  P,  the  point  of  projection. 

1  In  the  second  case  C  lies  on  the  radius  vector  produced  beyond  the  centre,  and  the  body  is  supposed 
to  fall  from  rest  at  C  (under  the  action  of  the  central  force  considered  as  repulsive)  to  infinity,  and  then 
from  the  opposite  infinity  (with  an  initial  velocity  equal  to  the  velocity  so  acquired)  to  P. 
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2.  Equal  to  that  acquired  in  falling  from  infinity. 

3,  4,  5.  Greater  than  that  acquired  in  falling  from  infinity,  or  say  equal  to  that 
acquired  in  falling  from  a  point  (7,  through  infinity,  to  P;  \vl  PQ  being  the 
direction  of  projection,  and  SQ,  CT  perpendiculars  thereon  from  8  and  C 
respectively, 

3.  SQ<TQ; 

4.  SQ^TQ; 

5.  SQ>TQ; 
the  equations  of  the  orbits  being 

1.  ?f  =  il^"*+  BeT^,  A  and  B  same  sign,  so  that  rad.  vector  is  never  infinite. 

2.  w=il^*  or  Ber^*,  logarithmic  spiral. 

3.  u^^Ae^-^-BeT^,  A  and  B  opposite  signs,  so  that  rad.  vector  becomes  infinite 

4.  u  =  A0'\- B,  vi  =  0,  reciprocal  spiral. 

5.  u  =  il  cos  (nO  +  B),  vi  =  ?iV  —  1. 
14.  The  before-mentioned  equation, 

is  in  effect  given  (but  the  etjuation  is  encumbered  with  a  tangential  force)  iu 
Clairaut's  Thiorie  de  la  Lune,  1765.  It  is  given  in  its  actual  form,  and  extensively 
used  (in  particular  for  obtaining  the  above-mentioned  equations  for  Cotes*  spirals)  in 
WheweU's  DynainicSy  1823.  The  equation  appears  to  be  but  little  known  to  contineDtal 
writers,  and  (under  the  form  w"  -I-  tz  —  a^i^R  =  0)  it  is  given  as  new  by  Schellbach  as 
late  as  1853.  The  fonnulfie  used  in  place  of  it  are  those  which  give  t  and  0  each  of 
them  in  terms  of  r;    viz. 

rdr 


dt  = 


de 


{-A«-*-7--(C-2/Pdr)}i* 
hdr 


r{-A--hr^(C-2/Pcfr)}i' 
which,  however,  assume  that  P  is  a  function  of  r  only. 

15.  Force  oc(dist.)~*.  The  law  of  motion  in  the  conic  sections  is  implicitly  given 
by  Newton  s  theorem  for  the  equable  description  of  the  areas.  For  the  parabola,  if 
a  denote  the  pericentric  distance,  and  /  the  angle  from  pericentre  or  true  anomaly, 
we  have 
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For  the  ellipse  we  have   an  angle  g^  the  mean  anomaly  varying  directly  as  the  time 

lg=znt  if  ^  =  — t)  ;  ail  auxiliary  angle  u,  the  eccentric  anomaly,  connected  with  g  by  the 

equation 

g  =  u—e sin  u ; 

and   then  the   radius   vector  r  and  the  true  anomaly  /  are  given  in  terms  of  u  by  the 
equations  r  =  a  (1  —  e  cos  m),  and 

^     cosu  —  e  .    ^    Vl  —  6»  sin  It         ,  ^,       -       ^      -  .        /l  +  ^  ^      i 

coaf^- ,       am/= — = ,  and  therefore  tan*/=A/:; tan  ^ti. 

•'l— ecosw  -^         1  —  ecosu  ^      \   l  —  e        ^ 

16.  It  is  very  convenient  to  have  a  notation  for  -  and  /  considered  as  functions 
of  e,  g,  and  I  have  elsewhere  proposed  to  write 

r  =  a  elqr  {e,  g),    /=  elta  (e,  g), 
read  elqr  elliptic  quotient  radius,  and  elta  elliptic  true  anomaly. 

17.  The  formulae  for  the  hyperbola  correspond  to  those  for  the  ellipse,  but  they 
contain  exponential  in  the  place  of  circular  functions  (see  post,  Elliptic  Motion). 

18.  Euler,  in  the  memoir  "  Determinatio  Orbitae  Cometae  Anni  1742,"  (1743), 
p.  IG  et  seq,,  obtained  an  expression  for  the  time  of  describing  a  parabolic  arc  in  terms 
of  the  radius  vectors  and  the  chord ;  viz.  these  being  f,  g,  and  k,  the  expression  is 


'^^°^^  =  6^{(^-^^-^')'-(^+^-*)*}' 


which,  however,  as  remarked  by  Lagrange,  Mdc.  Anal.,  t  n.  (3rd  edit.  p.  28),  is  deducible 
from  Lemma  X.  of  the  third  book  of  the  Principia.  But  the  theorem  in  its  actual  form 
is  due  to  Euler. 

19.  Lambert,  in  the  Proprietates  Insigniores  <kc,  (1761),  Theorem  VII.  Cor.  2, 
obtained  the  same  theorem,  and  in  section  4  he  obtained  the  corresponding  theorem 
for  elliptic  motion;   viz.  the  expression  for  the  time  is 


if 


=  4=  ]<^  -  <^' -  (sin  <^  -  sin  <^')L 


The  form  of  the  formula  is,  it  will  be  observed,  similar  to  that  for  motion  in  a 
straight  line  (aw^,  No.  4),  and  in  fact  the  motion  in  the  ellipse  is,  by  an  ingenious 
geometrical  transformation,  made  to  depend  upon  that  in  the  straight  line.  The 
geometrical  theorems  upon  which  the  transformation  depends  are  stated,  Cayley  "  On 
Lamberts  Theorem  «&c."  (1861). 
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20.  The  theorem  was  also  obtained  by  Lagrange  in  the  memoir  "Recherches  &c." 
(1767)  as  a  corollary  to  his  solution  of  the  problem  of  two  centres ;  viz.  upon  making 
the  attractive  force  of  one  of  the  centres  equal  to  zero,  and  assuming  that  such  centre 
is  situate  on  the  curve,  the  expression  for  the  time  presents  itself  in  the  form  given 
by  Lambert's  theorem. 

21.  Two  other  demonstrations  of  the  theorem  are  given  by  Lagrange  in  the  memoir 
"Sur   une   mani^re   particulifere  d'exprimer  le  temps  &c."   (1778),  reproduced  in  Note  V. 
of  the  second   volume  of  the  last  edition  (Bertrand's)  of  the  Micaniqae  Analytique. 
M.   Bertrand   remarks,   these    demonstrations  are   very   complete,   very   elegant,   and   verj-^i, 
natural,  assuming  that  the  theorem  is  known  beforehand. 

Demonstrations  were  also  given   by  Qauss,  "Theoria  Motus"  (1809),  p.  119   et  seq,  

Pagani,  "Demonstration   dun   th^orfeme  &c."  (1834);  and  (in   connexion  with  Hamilton"^^ 
Principal  Function)  by  Sir  W.  R.  Hamilton,  "  On  a  General  Method  Ac."  (1834),  p.  28! 
Jacobi,    "Zur  Theorie   &c."   (1837),   p.    122;    Cayley,   "Note   on   the    Theory  of   Ellipl 
Motion"  (1856). 


22.  C!onnected   with  the  problem   of  central   forces,   we  have   Sir  W.  R  Hamiltoi 
"  Hodograph,"  which   in    the   paper  (Proc.   R,    Irish    Acad,    1847)    is   defined,  and   tBrie 
fundamental  properties  thereof  are   stated;  viz.   if  in   an   orbit  round  a   centre   of  for^cie 
there  be  taken   on   the   perpendicular   from   the   centre  on   the  tangent  at  each  point,     a 
length  equal  to  the   velocity  at  that  point  of  the  orbit,  the  extremities  of  these  lengths 
will  trace   out   a  curve   which   is   the   hodograph.     As  the   product   of  the   velocity  into 
the  perpendicular  on   the  tangent  is  equal   to   twice  the   area  swept  out   in   a   unit  of 
time    (vp  =  A),   the   hodograph   is    the    reciprocal   polar    of   the    orbit  with   respect  to  a 

circle  described  about  the  centre  of  force,  radius  =  VA.  Whence  also  the  tangent  at 
any  point  of  the  hodograph  is  perpendicular  to  the  radius  vector  through  the  corre- 
sponding point  of  the  orbit,  and  the  product  of  the  perpendicular  on  the  tangent  into 
the  corresponding  radius  vector  is  =A. 

If  force  oc  (dist.)"'^  the  hodograph,  qiid  reciprocal  polar  of  a  conic  section  with 
respect  to  a  circle  described  about  the  focus,  is  a  circle. 

23.  The  following  theorem  is  also  given  without  demonstration ;  viz.  if  two  circular 
hodographs,  which  have  a  common  chord  passing  or  tending  through  a  common  centre 
of  force,  be  both  cut  at  right  angles  by  a  third  circle,  the  times  of  hodographically 
describing  the  intercepted  arcs  (that  is,  the  times  of  describing  the  corresponding  elliptic 
arcs)  will  be  equal. 

24.  Droop,  "On  the  Isochronism  &c."  (1856),  shows  geometrically  that  the  last- 
mentioned  property  is  equivalent  to  Lambert's  theorem ;  and  an  analytical  demonstration 
is  also  given,  Cayley,  "A  demonstration  of  Sir  W.  R.  Hamilton's  Theorem  &c."  (1857). 
See  also  Sir  W.  R.  Hamilton's  Lectures  on  Quaternions  (1853),  p.  614. 

25.  The    laws    of   central   force   which   have    been    thus    far    referred    to  are  force 

11  G 

oc  ?•,  cc  — ,   oc  -  ;  and  it  has  been  seen  that  the  case  of  a  force  -P  +  -,  depends  upon  that 
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C  B     C 

of  a   force  P,  so   that  the   motions  for  the  forces  Ar  +  —i  and  -r+   ,   are  deducible  from 

B  A 

those    for  the   forces   Ar   and    —   respectively.     Some   other  laws    of  force,   e.g.  —±Br, 

A     B     C     D 

—  4--^  +  -^  + -J,  are  considered  by  Legendre,  "Th^orie  des  Fonctions  Elliptiques"  (1825), 

M 
being    such    as    lead  to   results  expressible   by  elliptic  integrals,  and    also    the    law    — , 

for  which  the  result  involves  a  peculiar  logarithmic  integral.  But  the  most  elaborate 
examination  of  the  diflFerent  cases  in  which  the  solution  can  be  worked  out  by  elliptic 
integrals  or  otherwise  is  given  in  Staders  memoir  **De  Orbitis  &c."  (1852),  where  the 
investigation  is  conducted  by  means  of  the  formulae  which  give  t  and  6  in  terms  of  r 
{anii.  No.  14). 

26.  In  speaking  of  a  central  force,  it  is  for  the  most  part  implied  that  the  force 
is  a  function  of  the  distance:  for  some  problems  in  which  this  is  not  the  case,  see 
post,  Miscellaneous  Problems,  Nos.  86  and  87. 

It  is  to  be  noticed  that,  although  the  problem  of  central  forces  may  be  (as  it  has 
80  far  been)  considered  as  a  problem  in  piano  (viz.  the  plane  of  the  motion  has  been 
made  the  plane  of  reference),  yet  that  it  is  also  interesting  to  consider  it  as  a  problem 
in  space;  in  fact,  in  this  case  the  integrals,  though  of  course  involved  in  those  which 
belong  to  the  plane  problem,  present  themselves  under  very  distinct  forms,  and  afford 
interesting  applications  of  the  theory  of  canonical  integrals,  of  the  derivation  of  the 
successive  integrals  by  Poisson's  method,  and  of  other  general  dynamical  theories.  More- 
over, in  the  lunar  and  planetary  theories,  the  problem  must  of  necessity  be  so  treated. 
Without  going  into  any  details  on  this  point,  I  will  refer  to  Bertrand's  memoir,  "Sur 
les  Equations  diff^rentielles  de  la  M^canique "  (1852),  Donkin's  memoir  "  On  a  Class 
of  Differential  Equations  &c."  (1855),  and  Jacobi's  posthumous  memoir,  "Nova  Methodus 
&a"  (1862). 

EUiptic  Motion,  Article  Nos.  27 — 40. 

27.  The  question  of  the  development  of  the  true  anomaly  in  terms  of  the  mean 
anomaly  (Kepler's  problem),  and  of  the  other  developments  which  present  themselves 
in  the  theory  of  elliptic  motion,  is  one  that  has  very  much  occupied  the  attention  of 
geometers.  The  formulae  on  which  it  depends  are  mentioned  anti,  No.  15 ;  they  involve 
as  an  auxiliary  quantity  the  eccentric  anomaly  u. 

'  28.     Consider  first  the  equation 

^  =  u  —  c  sin  w, 

which  connects  the  mean  anomaly  g  with  the  eccentric  anomaly  u. 

cos 
Any  function   of   u,  and  in   particular  u   itself,  and    the    functions     .    nu  may  be 

expanded  in  terms  of  g  by  means  of  Lagrange's  theorem  (Lagrange,  Mim,  de  Berlin, 
1768—1769,  "Th^orie  des  Fonctions,"  chap.  16,  and  "Trait<^  de  la  Evolution  des 
Equations   Num^riques,"  Note   11). 

0.  IV.  66 
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29.     Considering  next  the  equation 

which  gives  the  true  anomaly  in  terms  of  the  eccentric  anomaly,  then,  by  replacing 
the  circular  functions  by  their  exponential  values  (a  process  employed  by  Lagrange 
Mdm.  de  Berlin,  1776),/  can  be  expressed  in  terms  of  u]   viz.  the  result  is 

/=  u  +  2X  sin  w  +  2 V .  i  sin  2w  +  2X» .  J  sin  3u  +  &c., 

\ «.  Vl e*  /  6        \ 

where  X= f  = . —   .  j.     Hence  if  u,  sin  u,  sin 2u,  &c.  are  expressed  in  term_4 

of    the  mean  anomaly,  /  will    be  obtained   in  the   form  /  =  ^  +  a   series    of    multiply 
sines  of  g,  the  coefficients  of  the  different  terms  being  given  in  the  first  instance 
functions  of  e  and  X;  and  to  complete   the  development  X  and  its  powers  have  to 
developed  in  powers  of  e.    The  solution  is  carried  thus  tax  in  the  Micaniqm  Analytiq^ 
(1788),  and  in  the  Micanique  Celeste  (1799). 


30.     We  have  next  Bessel's  investigations  in   the   Berlin   Memoirs  for  1816,  18^  <$ 
and  1824,  and  which  are  carried  on  mainly  by  means  of  the  integral 


2w/**  =  I    cos  {hu  —  A;  sin  w)  d% 


and    various    properties    are    there    obtained    and   applications   made    of   this   importaot 
transcendant. 

31.  Relating  to  this  integral  we  have  Jacobi's  memoir,  "Formulae  transformationis 

&c"    (1836),    Liouville,   "Sur    I'int^grale    f'cosi(w-^8inM)du"    (1841),    and    HaDsen's 

"  Elrmittelung  der  absoluten   Storungen  "  (1843) ;  the   researches   of  Poisson  in  the  Cm- 
naissance  des  Temps  for  1825  and  1836  are  closely  connected  with  those  of  Bessel. 

32.  A  very  elegant  formula,  giving  the  actual  expression  of  the  coefficients  con- 
sidered as  functions  of  e  and  X,  is  given  by  Greatheed  in  the  paper  "  Investigation  of 
the  General  Term  &c."  (1838) ;   viz.   this   is 


f=g  +  22V  le^ '^+^"'>  +  X-*- €-*(^+a-^1  ?M  , 


where,  after  developing  in  powers  of  X,  the  negative  powers  of  X  must  be  rejected, 
and  the  term  independent  of  X  divided  by  2,  This  result  is  extended  to  other  functions 
of/,  Cayley  "On  certain  Expansions  &c."  (1842). 

33.  An  expression  for  the  coefficient  of  the  general  term  as  a  function  of  e  only 
is  obtained,  Lefort,  "Expression  Num^rique  &c."  (1846).  The  expression,  which,  from 
the  nature  of  the  case,  is  a  very  complicated  one,  is  obtained  by  means  of  Bessel's 
integral.  This  is  an  indirect  process  which  really  comes  to  the  combination  of  the 
developments  of  /  in  terms  of  u,  and  u  in  terms  of  g ;  and  an  equivalent  result  is 
obtained  directly  in  this  manner,  Greedy,  "General  and  Practical  Solution  &c."  (1855). 
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34.  We  have  also  on  the  subject  of  these  developments  the  very  valuable  and 
interesting  researches  of  Hansen,  contained  in  his  Fundamenta  Nova  &c.  (1838),  in 
the  memoir  "  Ermittelung  der  absoluten  Storungen  &c."  (1845),  and  in  particular  in  the 
memoir  "  Entwickelung  des  Products  &c."  (1853). 

35.  But  the    expression  for  the  coefficient  of  the  general  term     .    rg  in    any  of 

these  expansions  is  so  complicated  that  it  was  desirable  to  have  for  the  coefficients 
corresponding  to  the  values  r  =  0,  1,  2,  3,...  the  finally  reduced  expressions  in  which 
the   coefficient  of  each   power  of  e  is  given  as  a  numerical  fraction.     Such  formulae  for 

(T        N"*  cos 
1 )      'if,  where  j'  is  a  general  symbol,  the   expansion  being 

carried  as  far  as  e',  were  given,  Leverrier,  Annahs  de  VOhservatoire  de  Paris,  t.  i.  (1855). 

36.  And  starting  from  these  I   deduced  the  results  given  in   my  "Tables  of  the 
Developments  &c."  (1861);  viz.  these  tables  give  (x  =  — l), 

(ar, ....  of), 


all  carried  to  eF, 


37.  The   true  anomaly  /  has  been  repeatedly  calculated  to  a  much  greater   extent, 

in  particular  by  Schubert  (Ast.  Thiorique,  St  P^t.  1822),  as  fiu:  as  e*^.     The  expression  for 

r  ,  T 

-    as    fer    as    e^'    is    given    in   the   same    work,  and   that    for    log—   as   far    as   6*   was 

calculated  by  Oriani,  see  Introd.  to  Delambre's  Tables  du  Soleil,  Paris  (1806). 

38.  It  may  be  remarked  that  when  the  motion  of  a  body  is  referred  to  a  plane 
which  is  not  the  plane  of  the  elliptic  orbit,  then  we  have  questions  of  development 
similar  in  some  measure  to  those  which  regard  the  motion  in  the  orbit;  if,  for  instance, 
2  be  the  distance  from  node,  ^  the  inclination,  and  x  the  reduced  distance  from  node, 
then  cos  z  =  cos  <t>  cos  x,  from  which  we  may  derive  ^r  =  a?  +  series  of  multiple  sines  of  x. 
And  there  are,  moreover,  the  questions  connected  with  the  development  of  the  reciprocal 

distance  of  two  particles — say  (a*  +  a'*  —  2aa'  cos  O)"^ — ^which  present  themselves  in  the 
planetary  theory;  but  this  last  is  a  wide  subject,  which  I  do  not  here  enter  upon. 
I  will,  however,  just  refer  to  Hansen's  memoir,  "Ueber  die  Entwickelung  der  negativen 
und  ungeraden  Potenzen  &c."  (1854). 

66—2 
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39.     The  question  of  the   convergence  of  the  series  is  treated   in   Laplace's  memoir 

o{  1823,  where   he  shows  that  in    the  series  which  express  r  and  /  in  multiple  cosines 

cos 
or  sines  of  g,  the  coeflScient  of  a   term     .    ig,  where   i  is  very  great,  is  at   most  equal 

BUl 

in   absolute   value   to  a  quantity  of  the  form    r-y.  (-1,-4  and  X  being  finite  quantities 

independent   of  i,  whence  he   concludes  that,  in  order   to   the  convergency  of  the  series, 
the  limiting  value  of  the  eccentricity  is  c  =  X,  the  numerical  value  being  e  =  0'66195. 


40.  The  following  important  theorem  was  established  by  Cauchy,  as  part  of  s^fc  ^ 
theory  of  the  convergence  of  series  in  general;  viz.  so  long  as  c  is  less  than  0*6627432^^^2 
which  is  the  least  modulus  of  e  for  which  the  equations 


-s  t£  —  e  sin  w,     1  —  c  cos  w  =  0, 


can  be  satisfied,  the  development  of  the  true  anomaly  and  other  developments  in  ttrflbe 
theory  of  elliptic  motion  will  be  convergent.  I'his  was  first  given  in  the  "M^moire  s^i^^ur 
la  M^canique  Celeste,"  read  at  Turin  in  1831,  but  it  is  reproduced  in  the  memr — -^^jj. 
"  Considerations  nouvelles  sur  les  suites  &c.,'*  Mhi.  dCAndL  et  de  Pht/s.  Math,  t,  L  (lS4C^mo); 
and   see   also  the  memoirs  in  LUyuvUles  Journal  by  Puiseux,  and   his  Note   L  to  voL  n. 

of  the  3rd  ed.  of  the  Mdcanique  Analj/tiqtie  (1855).     There  are  on  this  subject,  and  on 

subjects  connected  with  it,  several  papers  by  Cauchy  in  the  Comptes  Rendus,  1840  et 
which  need  not  be  particularly  referred  to. 


The  Problem  of  two  Centres,  Article  Nos.  41  to  64. 

41.  The  original  problem  is  that  of  the  motion  of  a  body  acted  upon  by  tozmrces 
tending  to  two  centres,  and  varying  inversely  as  the  squares  of  the  distances;  bufc,  as 
will  be  noticed,  the  solutions  apply  with  but  little  variation  to  more  general  laws  of 
force. 

42.  It   may  be   convenient   to   notice   that    the    coordinates    made   use    of   (in    the 
several   solutions)   for    determining  the   position    of    the  body,  are    either    the    sum  btmA 
difference   of  the   two   radius  vectors,  or   else  quantities  which  are  respectively  functio^:^ 
of  the   sum   and   the   difference   of  these  radius   vectors  (^).     If  the  plane   of  the  moticp^**^ 
is   not   given,    then   there   is  a  third   cooixiinate,   which   is   the   inclination   of  the  plar^ 
through   the   body   and   the   two  centres   to   a  fixed   plane   through   the  two  -centres,  (^^^ 
say  the  azimuth  of  the  axial  plane,  or  simply  the  azimuth. 

1  If  V,  u  are  the  distances  of  the  body  P  from  the  centres  A  and  B,  a  the  distance  AB,  ^,  iy  the  angl^^      ^ 
at  A   and  B  respectively,   and  p=tan|^tan|77,  9=:tan|^-^tan  j^t;,  then,  as  mi^  be  shown  without   difficultj^"^ 

V'\-u=a- — -  y  v-u  =  a- — -,    so  that  p  and  q  are  functions  of  r  +  u  and  v  —  u  respectively;    these  quantiti^'-^ 

p  and  q  are  Eoler's  original  coordinates. 


& 
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43.  Calling  the   first-mentioned   two  coordinates   r   and  8,  and  the   azimuth  y^,  the 
solution  of  the  problem  leads  ultimately  to  equations  of  the  form 

dr       ds  j^     Tidr     ads        ^ ,      pdr     ads 

where  R  and  8  are  rational  and  integral  functions  (of  the  third  or  fourth  degree,  in 
the  case  of  forces  varying  as  (dist.)"^)  of  r,  s  respectively  (but  they  are  not  in  general 
the  same  functions  of  r,  s  respectively);  X  and  p  are  simple  rational  functions  of  r, 
and  fi  and  a  simple  rational  functions  of  ^;  so  that  the  equations  give  by  quadratures, 
the  first  of  them  the  curve  described  in  the  axial  plane,  the  second  the  position  of 
the  body  in  this  curve  at  a  given  time,  and  the  third  of  them  the  position  of  the 
axial  plane.  In  the  ordinary  case,  where  It  and  8  are  each  of  them  of  the  third  or 
the  fourth  order,  the  quadratures  depend  on  elliptic  integrals  (^) ;    but   on   account  of  the 

presence  in  the  formulae  of  the  two  distinct  radicals  '/R,  VS,  it  would  appear  that 
the  solution  is  not  susceptible  of  an  ulterior  development  by  means  of  elliptic  and 
Jacobian  functions  (^)  similar  to  those  obtained  in  the  problems  of  Rotation  and  the 
Spherical  Pendulum. 

44.  It  has  just  been   noticed    that  when  R,  8  are    each  of  them  of   the  fourth 

order,   the   quadratures  depend    on    elliptic    integrals;    in   the   particular  cases   in  which 

TTvdv     fids 
the  relation  between  r,  «  is  of  the  form  -~-  =  -^ ,  R  and  8  being  the  same  fiinctions 

yR      vo 

of  r,  8  respectively,  and   m  and  n  being  integers  (or  more  generally  for  other  relations 

between  the  forms  of  R,  8  given  by  the  theory  of  elliptic  integrals),  the  equation  admits 

of  algebraical   integration;   but  as  the  relations  in  question  do  not  in  general  hold  good, 

the   theory  of  the   algebraical   integration   of  the   equations   plays   only  a  secondary  part 

in   the   solution   of    the   problem.     It   is,   however,   proper    to    remark    that    Euler,   when 

he  wrote  his  first  two  memoirs  "On  the   Problem   of  the  two  Centres"  (post,  Nos.  45 

and  46),   had  already   discovered  and  was   acquainted   with   the   theory  of  the   algebraic 

Tifidir     Ttds 
integration    of   the   equation    —p^  =  -^  (ii,   S,   m,  n,    ut   svprd),   although   his    memoir, 

"Integratio  sequationis 

dx ^ dy „ 

^.  Comm.  Petrop,  t.  xii.  1766 — 1767  ?,  bears  in  fact  a  somewhat  later  date. 

45.  Having  made  these  preliminary  remarks,  I  come  to  the  history  of  the  problem. 

It  is  I  think  clear  that  Euler's  earliest  memoir  is  the  one  "De  Motu  Corporis  &c." 
in  the   Petersburg  Memoirs   for   1764  (printed   1766).     In  this    memoir  the  forces  vary 

1  The  elliptio  integrals  are  Legendre's  functions  F,  E^  U;  the  elliptic  and  Jacobian  functions  are  einam, 
^^osam,  Aam,  and  the  higher  transcendants,  8,  H, 
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as    (dist.)"*,  and    the    body    moves    in    a   given    plane.     The    equations   of   motion    are 
taken  to  be 

which,  if  ^,  f)  are  the  inclinations  of  the  distances  v,  u  to  the  axis  respectively  (se^^-s^^ 
foot-note  to  No.  42),  lead  to 

tW  d^df)  =  2g(UjW  (-4  cos  f  +  5  cosi;  +  /)), 

where   D,  E  are    constants   of  integration.     Substituting    for  v,  u  their  values  in   terrr      m  a^ 
of  fj,  f  and  eliminating  dt,  Euler  obtains 

dS'sini7^P-fVP'-Q« 

dv  sin  $*  Q  * 

where 

A  cost;  +  5cos  f  +  Dcos  fcosiy  +  ^sinfsiniyasP, 

-4.  cos  f  +  5  cos  17  +  2)  =  Q. 

And  he  then  enters  into  a  very  interesting  discussion  of  the  particular  case  -4  =  0  o^*^ 
B  =  0  (viz.  the  case  where  one  of  the  attracting  masses  vanishes,  which  was  of  cour^^^ 
known  to  be  integrable);  and  after  arriving  at  some  paradoxical  conclusions  which  bi. 
does  not  completely  explain,  although  he  remarks  that  the  explanation  depends  on  tlm 
circumstance  that  the  integral  found  is  a  singular  solution  of  a  derivative  equatio 
and  as  such  does  not  satisfy  the  original  equations  of  motion, — he  proceeds  to  noti 
that  an  inquiry  into  the  cause  of  the  difficulty  led  him  to  a  substitution  by 
the  variables  were  separated. 


46.     But    in   the    memoir   "  Problfeme,   un    Corps    &c."    in    the    Berlin    Memoirs 
1760   (printed    1767),    after    obtaining    the    last-mentioned    formulae,    he    gives    at 
without   explaining  how  he  was  led  to  it,  the  analytical  investigation  of  the  substitutioB 
in  question,  viz.  in  each  of  the  two  memoirs  he  in  feet  writes 


dfsin 
(2^  sin 


in  7;+  dT/sinf         /PTQ 
in7;-d7;sin?"  V  P -Q ' 


f 

tanjf=/,     tani7;=5r,    fg=p,    ^-^q, 

that  is 

p  =  tan  ^f  tan  Jt;  ;     q  =  tan  ^f-i-  tan  ^ ; 

and  in  terms  of  these  quantities  p^  q,  the  equation  becomes 

dp  __  dq 
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fio  that  P  and  Q  are  cubic  fiinctioDs  (not  the  same  functions)  of  p  and  q  respectively 
and  the  equation  for  the  time  is  found  to  be 

dt'/^^        pdp  qdq 

which  are  the  formulae  for  the  solution  of  the  problem,  as  obtained  in  Euler's  first 
and  second  memoirs. 

47.  In   his  third  memoir,   viz.   that    "De   Motu    Corporis   &c."   in   the    Petersburg 

Memoirs  for    1765   (printed   1767),   Euler  considers   the  body  as    moving    in   space,   the 

forces  being  as  before  as  (dist.)~*.     Assuming  that  the  coordinates  jy,  z  are  in  the  plane 

djz        dti 
perpendicular  to  the  axis,  there  is  in  this  case  the  equation  of  areas  y-^  — £r-^  =  const. ; 

and  writing  y  =  y'sin'^,  £r  =  y'cos'^,  that  is,  y'  =  Vy'Hh-z^*,  and  -^  the  azimuth,  the  integral 
equations  for  the  motion  in  the  variable  plane  (coordinates  x,  j/)  are  not  materially 
different  in  form  from  those  which  belong  to  the  motion  in  a  fixed  plane,  coordinates 
X,  y  (see  posty  No.  56,  Jacobi) ;  and  the  last-mentioned  equation,  which  reduces  itself  to 

the  form  y'' -^  =  const.,  gives  at  once  d^  in  a  form   such   as    that  above    alluded   to 

(ante.  No.  43),  and  therefore  -^  by  quadratures.  The  variables  employed  by  Euler  in  the 
memoir  in  question  are 

v  +  w,    V  — w,  (say  r,  «),  and  '^, 

t;,  u  being,  as  above,  the  distances  from  the  two  centres,  and  -^  the  azimuth  of  the 
axial  plane.  The  functions  of  r,  8  under  the  radical  signs  are  of  the  fourth  order; 
this  is  so,  with  these  variables,  even  if  the  motion  is  in  a  fixed  plane;  but  this  is  no 
disadvantage,  since,  as  is  well  known,  the  case  of  a  quartic  radical  is  not  really  more 
complicated  than  that  of  a  cubic  radical,  the  two  forms  being  immediately  convertible 
the  one  into  the  other. 

48.  Lagrange's  first  memoir  (Turin  Memoirs,  1766 — 1769)  refers  to  Euler's  three 
memoirs,  but  the  author  mentions  that  it  was  composed  in  1767  without  the  knowledge 
of  Euler's  third  memoir.  The  coordinates  ultimately  made  use  of  are  v  +  w,  v  —  w,  (say  r, «), 
and  '^,  the  same  as  in  Euler's  third  memoir,  and  the  results  consequently  present 
themselves  in  the  like  form. 

49.  If  the  attractive  force  of  one  of  the  centres  is  taken  equal  to  zero,  then  the 
position  of  such  centre  is  arbitrary,  and  it  may  be  assumed  that  the  centre  lies  on 
the  curve,  which  is  in  this  case  an  ellipse  (conic  section);  the  expression  of  the  time 
presents  itself  as  a  frmction  of  the  focal  radius  vectors  and  the  chord  of  the  arc 
described;  which,  as  remarked,  anti.  No.  20,  leads  to  Lambert's  theorem  for  elliptic 
motion. 
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50.  The  case  presents  itself  of  an   ellipse  or  hyperbola  described  under  the  action 

dv       ds 
of  the   two   forces,  viz.   the   equation   -j=  =  -^   will   be  satisfied  by  r  —  a  =  0,  ifr  —  a  be 

a  double  factor  of  R,  or  by  « -  /9  =  0,  if  «  —  /9  be  a  double  fisu^tor  of  S,  a  case  which 
is  also  considered  in  the  Mdcanique  Analyttque ;  and  see  in  regard  to  the  analytical 
theory,  t.  II.  3rd  ed.  Note  IIL  by  M.  Serret,  and  "Thfese,"  Liouv.  1848.  It  is  remarked 
by  M.  Bonnet,  Note  IV.  and  Liouv,  t.  ix.  p.  113,  (1844),  that  the  result  is  a  mere 
corollary  of  a  general  theorem,  which  is  in  eflfect  as  follows,  viz.  if  a  particle  under 
the  separate  actions  of  the  forces  F,  F,,,,  starting  in  each  case  from  the  same  point 
in  the  same  direction  but  with  the  initial  velocities  v,  r',  &c.  respectively,  describe  the 
same  curve,  then  such  curve  will  also  be  described  under  the  conjoint  action  of  all  the 
forces,   provided   the   body   start   from   the   same   point   in   the  same   direction,   with   the 

initial  velocity  F=Vi;>  +  t/« +  . . . 

51.  Lagrange's  second  memoir  (same  volume  of  the  Turin  Memoirs)  contains  an 
exceedingly  interesting  discussion  as  to  the  laws  of  force  for  which  the  problem  can 
be  solved.     Writing    U,  F,  t*,  v  in  the  place   of  Lagrange's  P,  Q,  p,  g,  the  equations  of 

motion  are 

d^x     (x  —  a)U     (x^a)V      ^ 

dt^  u  V 

d1?  u  V  ' 

d^z   u-cyu  (,z-i)V _ . 

jv^-A h  =  U, 

av  u  V 

where  

u  =  ^{x-ay  +  (y-6)"  +  {s-cy, 


t;  =  V(,,-a)«4-(y-)8)«+(^-7)«, 

and   putting  also  /(=  V(a  —  a)*  +  (6  —  /S)*  -h  (-?  —  7)')  the  distance  of  the  centres,  and  then 

U  V 

i/«  =zf^x,   r*  =/*y,   —  =  -X",    —  =  Y(x,   y   are   of   course   not    to    be    confounded    with   the 

u  V 

coordinates  originally  so  represented),  Lagrange  obtains  the  equations 

which  he  represents  by 

^  dt"  ' 

and  he  then  inquires  as  to  the  conditions  of  integrability  of  these  equations,  for  which 
purpose  he  assumes  that  the  equations  multiplied  by  mdx  +  ndy  and  fidx  +  viy 
respectively  and   added,  give  an   integrable   equation. 
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52.  A  case  satisfying  the  required  conditions  is  found  to  be 

Z  =  2a  +  -^,       F=2a+~^, 
X yx  y Ny 

or,  what  is  the  same  thing, 

Cr  =  2au  +  ^,       F=2at;+^'; 

that  is,  besides  the  forces  -^ ,   --  ,  which  vary  as  (dist.)~*,  there  are  the  forces  2aw,  2at;, 

varying  directly  as  the  distance,  and  of  the  same  amount  at  equal  distances ;  or,  what 
is  the  same  thing,  there  is,  besides  the  forces  varying  as  (dist.)""",  a  force  varjring 
directly  as  the  distance,  tending  to  a  third  centre  midway  between  the  other  two,  a 
case  which  is  specially  considered  in  the  memoir ;  it  is  found  that  the  functions  in 
r,  s  under  the  radicals  (instead  of  rising  only  to  the  order  4)  rise  in  this  case  to  the 
order  6. 

53.  Among  other  cases  are  found  the  following,  viz. : 

2^  JJ^Oiu^^u\ 

F=&;  +  lt;», 

where  /9=€,  or  else  a€  =  /9S  =  2/9€. 

In  regard  to  the  subject  of  this  second  memoir  of  Lagrange,  see  'posty  Miscellaneous 
Problems,  liouville's  Memoirs,  Nos.  100  to  105. 

54.  In  the  Mecanique  Analytique  (1st  ed.  1788,  and  2nd  ed.  t.  IL  1813),  Lagrange 

in  eflfect  reproduces  his  solution  for  the  above-mentioned  law  of  force  (say  [7=  -J-I-27W, 

o 
V=^  +  2rfv),{^)     There   are   even   in   the  third   edition  a   few  trifling  errors  of  work  to 

tr 

be  corrected.  The  remarks  above  referred  to,  as  made  by  Lagrange  in  his  first  memoir, 
are  also  reproduced  (see  ante,  Nos.  49  and  50). 

55.  Legendre,  Exerdces  de  Calcvl  Integral,  t.  11.  (1817),  and  Theorie  dea  Fonctions 
EUiptiques,  t.  L  (1825),  uses  p^  and  5^  in  the  place  of  Euler's  p,  q;  the  forces 
are  assumed  to  vary  as  (dist.)"^,  and  in  consequence  of  the  change  Euler's  cubic 
radicals    are    replaced    by    quartic    radicals    involving    only    even    powers    of  p    and    q 

1  In  the  MScanique  Analytique,  Lagrange's  letters  are  r,  9  for  the  distances  r+9=:«,   r-q=u:  the  change 
in  the  present  Beport  was  occasioned  by  the  retention  of  Euler's  Tariables  p,  q, 

c.  IV.  67 
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58.  In  Serret*s  "Thfese  sur  le  Mouvement  &c."  (1848),  the  problem  is  very  elegantly 
worked  out  according  to  the  principles  of  Liouville's  memoirs  as  follows :  viz,  assuming 
that  the  expression  of  the  distance  between  two  consecutive  positions  of  the  body  is 

where  m,  n  are   functions  of  /li,  v  respectively,  and  if  the   forces  can  be  represented  by 

means    of    a    force-function    U,    then    the    motion    can    be    determined,  provided    only 

X" 
X,  XCT,  —  are  of  the  forms 

X  =  ^/Li  -  4>i/, 

—  =  tsr/Li  -  Ui/, 

where  the  functional  symbols  <f>,  4>,  &c.  denote  any  arbitrary  functions  whatever. 

59.  It  is  then  assumed  that  /i,  v  are  the  parameters  of  the  confocal  ellipses  and 
hjrperbolas  situate  in  the  moveable  plane  through  the  axis,  viz.  that  we  have 

^ f_^l 

!/«      6^  _  ^ 

(the  origin  is  midway  between  the  two  centres,  26  being  their  distance;  ^fi,  ^p  are  in 
fact  equal  to  the  sum  and  diflFerence  w  +  t;,  u  —  v  of  the  two  centres  respectively);  and 
that  the  position  of  the  moveable  plane  is  determined  by  means  of  7,  the  inclination 
to  a  fixed  plane  through  the  axis,  or  say,  as  before,  its  azimuth.  In  fact,  with  these 
values  of  the  coordinates,  the  expression  of  cb*  is 

which  is  of  the  required  form.  And  moreover  if  the  forces  to  the  two  centres  vary 
as  (dist.)"^,  and  there  is  besides  a  force  to  the  middle  point  varying  as  the  distance,  then 

/Ll-f  P       fl—  P 

whence  (observing  that  X  =  /£'— i/*)  XU  is  of  the  required  form.  The  equations  obtained 
by  substituting  for  U  the  above  value  give  the  ordinary  solution  of  the  problem. 

60.  Liouville's  note  to  the  last-mentioned  memoir  (1848)  contains  the  demonstration 
of  a  theorem  obtained  by  a  different  process  in  his  second  memoir,  but  which  is  in 
the  present  note,  starting  from  Serret's  formulae,  demonstrated  by  the  more  simple 
method  of  the  first  memoir,  viz.,  it  is  shown  that  the  motion  can  be  obtained  if  the 
two   centres,  instead   of  being  fixed,  revolve   about   the   point   midway  between   them   in 

67—2 
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The  question  was  considered  by  Lagrange,  M^.  Anal.,  Ist  edit.  p.  283.  The  angles 
which  determine  the  position  are  -^  the  inclination  of  the  string  to  the  horizon,  ^  the 
inclination  of  the  vertical  plane  through  the  string  to  a  fixed  vertical  plane,  or  say 
the  azimuth.  And  then  forming  the  equations  of  motion,  two  integrals  are  at  once 
obtained ;  these  are  the  integrals  of  Vis  Viva,  and  an  integral  of  areas.  And  these  give 
equations  of  the  form  dt  =  funct.  (•^)  d-^,  d<f>  =  funct.  (•^)  d^ ;  so  that  f,  (f)  are  each  of 
them  given  by  a  quadrature  in  terms  of  yjr,  which  is  the  point  to  which  the  solution 
is  carried.  It  is  noticed  that  -^  may  have  a  constant  value,  which  is  the  case  of  the 
conical  pendulum. 

66.  In  the  second  edition,  t.  xi.  p.  197  (1815),  the  solution  is  reproduced;  only, 
what  is  obviously  more  convenient,  the  angles  are  taken  to  be 

y^,  the  inclination  to  the  vertical, 
<f>,   the  azimuth. 

It  is  remarked  that  yfr  will  always  lie  between  a  greatest  value  a  and  a  least  value 
fi,  and  the  integrals  are  transformed  by  introducing  therein  instead  of  -^  the  angle  tr, 
which  is  such  that 

cos  -1^  =  cos  a  sin'  <7  +  cos  /9  cos*  <7, 

by  which  substitution  they  assume  a  more  elegant  form,  involving  only  the  radical 

Vl  -f  i*  (cos  13  —  cos  a)  cos  2<r, 

where  A;  is  a  constant  depending  on  cos  a,  cos/9;  and  the  integration  is  effected 
approximately  in  the  case  where   cos  fi  —  cos  a  is  small. 

M.  Bravais  has  noticed,  however,  that  by  reason  of  some  errors  in  the  working 
out,  Lagrange  has  arrived  at  an  incorrect  value  for  the  angle  4>,  which  is  the  apsidal 
angle,  or  difference  of  the  azimuths  for  the  inclinations  a  and  /9:  see  the  3rd  edition 
(1855),  Note  VII.,  where  M.  Bravais  resumes  the  calculation,  and  he  arrives  at  the 
value   4>  =j7r(l +§0)8),  a  and  0  being  small. 

Lagrange  considers  also  the  case  where  the  motion  takes  place  in  a  resisting 
medium,  the  resistance  varying  as  velocity  squared. 

67.  A  similar  solution  to  Lagrange's,  not  carried  quite  so  fer,  is  given  in  Poisson's 
Micanique,  t.  I.  pp.  385  et  seq.  (2nd  ed.  1833). 

A  short  paper  by  Puiseux,  "Note  sur  le  Mouvement  d'un  point  materiel  sur  une 
sphfere  "  (1842),  shows  merely  that  the  angle  <l>  is  >  ^tt. 

68.  The  ulterior  development  of  the  solution  consists  in  the  effectuation  of  the 
integrations  by  the  elliptic  and  Jacobian  functions.  It  is  proper  to  remark  that  the 
djmamical  problem   the   solution   whereof  by  such   functions   was  first   fairly   worked   out, 
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«L  -M  Bfcor^  ditficult  one  of  the  rotation  of  a  solid  body,  as  solved  by  Jacobi  (1839),  in 
MoipitfCM  of  Rueb's  solution  (1834),  post,  Nos.  186  and   197. 

<R^«  lu  relation  to  the  present  problem  we  have  Gudermann's  memoir  "  De  pen- 
iiusi  jftoriois  ic."  (1849),  who,  however,  does  not  arrive  at  the  actual  expressions  of 
)b»r  vwid.iua(e8  in  terms  of  the  time;  and  the  perusal  of  the  memoir  is  rendered 
jkjjk*ul?  bv  the  author's  peculiar  notations  for  the  elliptic  functions  (*). 

TvX  It  would  appear  that  a  solution  involving  the  Jacobian  functions  was  obtained 
S  IVtri'^^  iu  a  memoir  completed  in  1849,  but  which  is  still  unpublished  ;  see  §  XX. 
vc'  his  liivw  der  elliptischen  Functionen  (1861),  where  the  memoir  is  in  part  reproduced. 
li  i*  i\*ii*rwil  to  by  Richelot  in  the  Note  presently  mentioned. 

71.  Wo  have  next  Tissot's  Tliise  de  M^canique,  1852,  where  the  expressions  for  the 
\^tf«Kk»ei  in  terms  of  the  time  are  completely  obtained  by  means  of  the  Jacobian 
ittiKli\^iu»  Ht  H,  and  which  appears  to  be  the  earliest  published  one  containing  a  com- 
|4**lo  *i>lutiou  and  discussion  of  the  problem. 

72.  Richelot,  in  the  Note  "  Bemerkungen  zur  Theorie  des  Raumpendels  *'  (1853), 
M^«>e«  alsH).  but  without   demonstration,  the   final  expressions  for  the  coordinates  in  terms 

,V  I  ho  timo. 

IXtnkin's  memoir  "  On  a  Class  of  Diflferential  Equations  &c."  (1855)  contains  (No.  59) 
Ml  application  to  the  case  of  the  spherical  pendulum. 

73.  The  first  part  of  the  memoir  by  Dumas,  "Ueber  die  Bewegung  des  Raum- 
wndols.  &c."  (1855),  comprises  a  very  elegant  solution  of  the  problem  of  the  spherical 
iH^miulum  based  upon  Jacobi's  theorem  of  the  Principal  Function  (1837),  and  which  is 
.^^ij^pl^»toly  developed  by  the  elliptic  and  Jacobian  functiona  The  latter  part  of  the 
iMomoir  relates  to  the  effect  of  the  rotation  of  the  Elarth ;  and  we  thus  arrive  at  the 
uo.xt  division  of  the  general  subject. 


Motion  as  affected  by  the  Rotation  of  the  Earth,  and  Relative  Motion  in  general. 

Article  Nos.  74  to  85. 

74.  Laplace  (M^c.  Cileste,  Book  X.  c.  5)  investigates  the  equations  for  the  motion 
of  a  teiTestrial  body,  taking  account  of  the  rotation  of  the  Earth  (and  also  of  the 
n^sistance  of  the  air),  and  he  applies  them  to  the  determination  of  the  deviations  of 
falling  bodies,  &c.     He  does  not,  however,  apply  them  to  the  case  of  the  pendulum. 

75.  We  have  also  the  memoir  of  Gauss,  "  Fundamental-gleichungen  &c.'*  (1804): 
the  equations  ultimately  obtained  are  similar  to  those  of  Poisson.  I  have  not  had  the 
opportunity  of  consulting  this  memoir. 

1  The  mere  use  of  sn,  en,  dn  as  an  abbreviation  of  the  somewhat  cumbrous  sinam,  cosam,  Aam  of  the- 
fundamenta  Nova  is  decidedly  convenient. 
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76.  Poisson,  in  the  "  M^moire  sur  le  mouvement  des  Projectiles  &a"  (1838),  also 
obtains  the  general  equations  of  motion,  viz.  (omitting  terms  involving  n%  these  may 
be  taken  to  be 


dt 


'=        X+2„(|rin^+|co.^), 


^^=g  +  Z  +  2n    ^co8^ 

(see  p.  20),  where  the  axes  of  x,  y,  z  are  fixed  on  the  Earth  and  moveable  with  it : 
viz.,  <2  is  in  the  direction  of  gravity;  a?,  y  in  the  directions  perpendicular  to  gravity, 
viz.,  y  in  the  plane  of  the  meridian  northwards,  a?  westwards;  g  is  the  actual  force  of 
gravity  as  affected  by  the  resolved  part  of  the  centrifugal  force ;  /9  is  the  latitude. 
There  are  some  niceties  of  definition  which  are  carefully  given  by  Poisson,  but  which 
need  not  be  noticed  here. 

77.  Poisson  applies  his  formulae  incidentally  to  the  motion  of  a  pendulum,  which 
he  considers  as  vibrating  in  a  plane;  and  after  showing  that  the  time  of  oscillation 
is  not  sensibly  affected,  he  remarks  that  upon  calculating  the  force  perpendicular  to 
the  plane  of  oscillation,  arising  from  the  rotation  of  the  Earth,  it  is  found  to  be  too 
small  sensibly  to  displace  the  plane  of  oscillation  or  to  have  any  appreciable  influence 
on  the  motion — a  conclusion  which,  as  is  well  known,  is  erroneous.  He  considers  also 
the  motion  of  falling  bodies,  but  the  memoir  relates  principally  to  the  theory  of 
projectiles. 

78.  That  the  motion  of  the  spherical  pendulum  is  sensibly  affected  by  the  rotation 
of  the  Earth  is  the  well-known  discovery  of  Foucault;  it  appears  by  his  paper, 
"Demonstration  Physique  &c.,"  Comptes  Rendus,  t.  xxxiL  1851,  that  he  was  led  to  it 
by  considering  the  case  of  a  pendulum  oscillating  at  the  pole;  the  plane  of  oscillation, 
if  actually  fixed  in  space,  will  by  the  rotation  of  the  Elarth  appear  to  rotate  with  the 
same  velocity  in  the  contrary  direction ;  and  he  remarks  that  although  the  case  of  a 
different  latitude  is  more  complicated,  yet  the  result  of  an  apparent  rotation  of  the 
plane  of  oscillation,  diminishing  to  zero  at  the  equator,  may  be  obtained  either  from 
analytical  or  from  mechanical  and  geometrical  considerations.  Some  other  Notes  by 
Foucault  on  the  subject  are  given,  Comptes  Rendus,  t.  xxxv.  (1853). 

79.  An  analytical  demonstration  of  the  theorem  was  given  by  Binet,  Coinptes 
Rendus,  t.  xxxii.  (1851),  and  by  Baehr  (1853).  Various  short  papers  on  the  subject 
will  be  found  in  the  Philosophical  Magazine,  and  elsewhere. 

80.  In  regard  to  the  above-mentioned  problem  of  falling  bodies,  we  have  a  Note 
by  W.  S.,  Camb.  and  DubL  Math.  Joum.  t.  III.  (1848),  containing  some  errors  which  are 
rectified  in  a  subsequent  paper,  "Remarks  on  the  Deviation  of  Falling  bodies,  &c." 
t.  rv.  (1849),  by  Dr  Hart  and  Professor  W.  Thomson. 
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81.  The  theory  of  relative  motion  is  considered  in  a  very  general  manner  in 
M.  Quet's  memoir,  "  Des  Mouvements  relatifs  en  g^n^ral  &c."  (1853).  Suppose  that 
X,  y,  z  are  the  coordinates  of  a  particle  in  relation  to  a  set  of  moveable  axes;  let 
f,  17',  f  be   the  coordinates  of  the  moveable  origin  in  reference  to  a  fixed  set  of  axes, 

and   treating  the   accelerations    ~  ,   -j^  ,     ,^    as  if   they  were    coordinates,   let    these, 

when  resolved  along  the  moveable  axes,  give  u\  v\  vf :  suppose,  moreover,  that  p,  y,  r 
denote  the  angular  velocities  of  the  system  of  the  moveable  axes  (or  axes  of  at,  y,  z) 
round  the  axes  of  ar,  y,  and  z  respectively;  w',  v',  w\  p,  q,  r  are  considered  as  given 
functions  of  the  time,  and  then,  if 

^^  .  ft  /    dz       dy\  ,     da       dr        ,  .         ,  x  .     / 


w 


=S+K^S"'S+yt-''§+^^''''--p^^-*^«^-'^^+'^' 


it  is  shown  that  the  equations  of  motion  ar»  to  be  obtained  from  the  equation 

tm  [(u  -  Z)  &c  +  (t;-  7)%  +  (w  -  Z)  Sz]  =  0, 

where   &r,  Sy,  Sz  are  the   virtual   velocities  of  the  particle  m  in   the  directions  of  the 
moveable  axea     This  equation  is  in  fact  obtained  as  a  transformation  of  the  equation 


[(l^-^)«-(S-'')«'-(^'--)«]-«. 


which  belongs  to  a  set  of  fixed  axes  of  f,  1;,  f. 

82.  The  equations  for  the  motion  of  a  free  particle  are  of  course  u  =  X,  v  =  F,  w  =  Z. 
In  the  case  where  the  moveable  axes  are  fixed  on  the  Earth,  and  moveable  with  it 
(the  diurnal  motion  being  alone  attended  to),  these  lead  to  equations  for  the  motion 
of  a  particle  in  reference  to  the  Elarth,  similar  to  those  obtained  by  Gauss  and  Poisson. 
The  formulae  are  applied  to  the  case  of  the  spherical  pendulum,  which  is  developed 
with  some  cai-e ;  and  Foucault's  theorem  of  the  rotation  of  the  plane  of  oscillation 
very  readily  presents  itself.  The  general  formula?  are  applied  to  the  relative  motion 
of  a  solid  body,  and  in  particular  to  the  question  of  the  gyroscope ;  the  memoir  con- 
tains other  interesting  results. 

83.  The  principal  memoirs  on  the  motion  of  the  spherical  pendulum,  as  affected 
by  the  rotation  of  the  Earth,  are  those  of  Hansen,  "Theorie  der  Pendelbewegung  &c." 
(1853),  which  contains  an*  elaborate  investigation  of  all  the  physical  circumstances 
(resistance  of  the  air,  torsion  of  the  string,  &c.)  which  can  affect  the  actual  motion, 
and  the  before-mentioned  memoir  by  Dumas,  "  Ueber  der  Bewegung  des  Raumpendels 
&c."  (1855).     The  investigation   is  conducted  by  means  of  the  variation  of  the  constants^ 
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the  integrals  for  the  undisturbed  problem  were,  as  already  noticed,  obtained  by  means 
of  Jacobi's  Principal  Function,  that  is,  in  a  form  which  leads  at  once  to  the  expressions 
for  the  variation  of  the  constants;  and  the  investigation  appears  to  be  carried  out  in 
a  most  elaborate  and  complete  manner. 

84.  In  concluding  this  part  of  the  subject  I  refer  to  Mr  Worm's  work.  The 
Rotation  of  the  Earth  (1862),  where  the  last-mentioned  questions  (felling  bodies,  the 
pendulum,  and  the  gyroscope)  are,  in  reference  to  the  proofs  they  afford  of  the 
rotation  of  the  Earth,  considered  as  well  in  an  experimental  as  in  a  mathematical 
point  of  view.  The  second  part  of  the  volume  contains  the  theory  (after  Laplace  and 
Gauss)  of  felling  bodies,  that  of  the  pendulum  (after  Hansen),  and  that  of  the  gyroscope 
(after  Yvon  Villarceau);  and  the  whole  appears  to  be  a  complete  and  satisfactory 
r^mS  of  the  experimental  and  mathematical  theories  to  which  it  relates. 

85.  We  have  also  Cohen  "On  the  Differential  Coefficients  and  Determinants  of 
lines  &c."  (1862),  where  the  equations  for  relative  motion  are  obtained  in  a  very 
elegant  manner.  The  fundamental  notion  of  the  memoir  may  be  considered  to  be  the 
dealing  directly  with  lines,  velocities,  &c.,  which  are  variable  in  direction  as  well  as 
in  magnitude,  instead  of  referring  them,  as  in  the  ordinary  analytical  method,  to  axes 
fixed  in  space.  The  memoir  is  a  highly  interesting  and  valuable  one,  and  the  results 
are  brought  out  with  great  facility ;  but  I  cannot  but  think  that  the  great  care  required 
to  apply  the  method  correctly  is  an  objection  to  it,  if  used  otherwise  than  by  way  of 
interpretation  of  previously  obtained  results,  and  that  the  ordinary  method  is  preferable. 

I  may  remark  that  the  theory  of  relative  motion  connects  itself  with  the  lunar 
and  planetary  theories  as  regards  the  reference  of  the  plane  of  the  orbit  to  the  variable 
ecliptic,  and  as  regards  the  variations  of  the  position  of  the  orbit ;  but  this  is  a 
subject  which  I  have  abstained  from  entering  upon. 


Miscellanemcs  Problems,     Articles  Nos.  86  to  111  (several  subheadings). 

Motion  of  a  single  particle. 

86.  Jacobi,  in  the  memoir  "De  Motu  puncti  singularis"  (1842),  ilotices  (§  5)  the 
case  of  a  body  acted  on  by  a  central  force  which  is  any  homogeneous  ftinction  of  the 
degree  —  2   of  the   coordinates  ;   or  representing  these   by  r  cos  (f>,  r  sin  (f>,  then  the  force 

is  =  -^ ,   where   4>   is    any  function    of   the   angle    <f>.    In    fact,  after   integrating   by  a 

process    different   from   the    ordinary   one   the   case   of  a  central   force   «=  -^ ,   he   remarks 
that  the  method  in  fact  applies  to  the  more  general  law  of  force  just  mentioned. 

87.  Jacobi,  in  the  memoir  "  Theoria  Novi  Multiplicatoris  &c."  (1845),  considers  (§  25) 
the   case   of    a    body  acted    on   by  a   central   force   P  a   function   of    the   distance,   and 

c  IV.  68 
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finally  the    time  t  would  be  given  by  a   quadrature.     The  system   of   three    equations 
has  the  multiplier   M  =  ,   hence    if  one    integral    were   known    the    other 

would  be  at  once  furnished    by  the  general   theory.     There  is  a  simplification    in  the 

form  of   the   solution   if   h    (the    constant    of   Vis    Fira)  =  0.     It  is  remarked  that  the 

method  is  equally  applicable  when  the   force   varies  as  any  power  of  the  distance;  and 

moreover  that  when  the   force   varies  as  (dist.)"*,   then   the  solution  depends   upon  one 
quadrature  only. 

92.  The  concluding  part  of  the  section  relates  to  the  very  general  problem  of  a 
svstem  of  n  particles  acted  on  by  any  forces  homogeneous  functions  of  the  coordinates 
(this  includes  the  case  of  n  particles  mutually  attracting  each  other  according  to  a 
DOwer  of  the  distance),  and  this  more  general  investigation  illustrates  the  method  employed 
in  regard  to  the  three  bodies  in  a  line.  It  may  be  remarked  that  in  the  general 
theorem  for  the  n  particles  "  sint  vires  &c.,"  the  constant  of  Vis  Viva  is  supposed  to 
vanish. 

Particular  cases  of  the  motion  of  three  bodies, 

93.  In  the  case  of  three  bodies  attracting  each  other  according  to  the  inverse 
square  of  the  distance,  the  bodies  may  move  in  such  manner  as  to  be  constantly  in 
a  line  (a  moveable  line  in  space);  this  appears  by  the  memoir,  Euler,  "Considerations 
crenA-ales  &c."  (1764),  in  which  memoir,  however  (which  it  will  be  observed  precedes 
the  memoir  "  De  Motu  rectilineo  &c."  (1765),  referred  to  No.  88),  Euler  assumes  that 
the  mass  of  one  of  the  bodies  is  so  small  as  not  to  aifect  the  relative  motion  of  the 
other  two.  Calling  the  bodies  the  Sun,  Earth,  and  Moon,  and  taking  the  masses  to 
be  1,  wi,  0,  then  a  result  obtained  is,  that  in  order  that  the  Moon  may  be  perpetually  in 
conjunction,  its  distance  must  be  to  that  of  the  Sun  as  a  :  1,  where  m(l  —  a)*  =  3a'  — 3a*  +  ct*, 

or  a  =  ^yr^  nearly.  It  appears,  however  (anti.  No.  88),  that  the  foregoing  restriction 
as  to  the  masses  is  unnecessary,  and,  as  will  be  mentioned,  the  problem  has  since 
been  treated  without  such  restriction.  Euler  investigates  the  motion  in  the  case  where 
the  initial  circumstances  are  nearly  but  not  exactly  as  originally  supposed;  this  assumes, 
however,  that  the  motion  is  stable — i.e.  that  the  bodies  will  continue  to  move  nearly, 
but  not  exactly  as  originally  supposed,  which  is  at  variance  with  the  conclusions  of 
Liouville's  memoir,  post,  No.  95.     I  have  not  examined  the  cause  of  this  discrepancy. 

94.  In   the  M^canique  Cileste  (1799),   Book   X.   c.   6,   Laplace    considers    two 
where  the  motion  can  be  exactly  determined. 

V,     Force   varies    as   any   function   of   the   distance.     It    is   shown  that   the   motioi 
may  be  such  that  the  bodies  form  always  an  equilateral  triangle  of  variable  magnitude- 
the   motion   of  each   body  about   the   centre   of  gravity  being  the  same  as  if  that  poi 
were  a  centre  of  force  attracting  the  body  according  to  a  similar  law. 


2'.     Force    cc(dist.)".     The    motion    may   be    such   that   the   three   bodies   are   alwa^>>y 
in   a   right   line  (moveable  in   space),  the  relative   distances   being  in  fixed  ratios  to  eacz^^ 
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other.     In  particular,  if  force   oc(dist.)~*,  then  m,  m',  m"  being  the  masses,  the  quantity 
z  which  determines  the  ratio  of  the  distances  m'W,  nira  is  given  by 

0  =  mz"  [(1+^)3-1]  -  m'  (1  +  <2)»(1  --2')-^"  [(1+^)"  --«•]  =  0, 
which  is,  in  fact,  the  formula  in  Euler  s  memoir  "  De  Motu  rectilineo  &c" 

95.  Liouville's  memoir  "Sur  un  cas  particulier  &c."  (1842)  has  for  its  object  to 
show  that  if  the  initial  circumstances  are  not  precisely  as  supposed  in  the  second  of 
the  two  cases  considered  by  Laplace,  or,  what  is  the  same  thing,  in  Euler's  memoir 
"Considerations  gdn^rales  &c.,"  then  the  motion  is  unstable;  the  instability  manifests 
itself  in  the  usual  manner,  viz.  the  expressions  for  the  deviations  from  the  normal 
positions  are  found  to  contain  real  exponentials  which  increase  indefinitely  with  the  time. 

96.  It  may  be  proper  to  refer  here  to  Jacobi's  theorem,  Comptes  Bendtis,  t.  IIL  p.  61 
(1836),  quoted  in  the  foot-note  to  No.  31  of  my  Report  of  1857,  [195],  which  relates  to 
the  motion  of  a  point  without  mass  revolving  round  the  Sun,  and  disturbed  by  a  planet 
moving  in  a  circular  orbit,  and  properly  belongs  (as  I  have  there  remarked)  to  the 
problem  of  two  centres,  one  of  them  moveable  and  the  other  revolving  round  it  in 
a  circle  with  uniform  velocity.  The  theorem  (given  without  demonstration  by  Jacobi) 
is  proved  by  Liouville  in  his  last-mentioned  memoir,  and  he  remarks  that  the  theorem 
follows  very  simply  as  a  corollary  of  the  theorem  by  Coriolis,  "M^moire  sur  le  principe 
des  forces  vives  dans  les  mouvemens  relatifs  des  Machines,"  Joum,  de  VEcole  Polyt 
t  xnL  pp.  268 — 302  (1832).  There  is,  however,  no  diflSculty  in  proving  the  theorem; 
another  proof  is  given,  Cayley,  "  Note  on  a  Theorem  of  Jacobi's  &c."  (1862). 

Motion  in  a  resisting  medium, 

97.  I  do  not  consider  the  various  integrable  cases  of  the  motion  of  a  particle  in 
a  resisting  medium,  the  resistance  varying  with  the  velocity  according  to  some  assumed 
law,  the  particle  being  either  not  acted  on  by  any  force,  or  acted  upon  by  gravity  only. 
Some  interesting  cases  are  considered  in  Jacobi  s  memoir  "  De  Motu  puncti  singularis " 
(1842),  §§  6  and  7  (see  post,  No.  108). 

98.  In  the  case  of  a  centi-al  force  varying  as  (dist.)~*,  the  eflfect  of  a  resisting 
medium  {Roc^f)  is  considered  in  reference  to  the  lunar  theory,  in  the  MScanique  Cdleste, 
Book  VII.  c.  6.  Formulae  for  the  variations  of  the  elliptic  elements  are  given  in  the 
Mecanique  Analytique,  t.  n.  (2nd  edition).  But  the  variations  of  the  elliptic  elements 
are  fully  worked  out  by  means  of  elliptic  and  Jacobian  functions  in  Sohncke's  valuable 
memoir  *'  Motus  CJorpoinim  &c."  (1833). 

99.  The  effect  of  the  resistance  of  the  air  on  a  pendulum  has  been  elaborately 
considered  by  Poisson,  Bessel,  Stokes,  and  others;  as  the  dimensions  of  the  ball  are 
attended  to,  the  problem  is  in  fact  a  hydrodynamical  one. 

The  effect  on  the  spherical  pendulum  is  considered  in  ELansen's  memoir  "  Theorie 
der  Pendelbewegung  &c.  (1853). 

The  eflfect  on  the  motion  of  a  projectile  is  considered  in  Poisson's  memoirs  "Sur 
le  Mouvement  des  Projectiles  &c."  (1838). 
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102.  Passing  to  the  applications:  in  the  first  place,  if  a,  ^  are  rectangular  coordi- 
nates of  a  point  in  piano,  then  writing  instead  of  them  x,  y,  we  have  d^^da^+df^ 
which  is  of  the  required  form  ;  but  the  result  obtained  is  the  self-evident  one,  that 
the  equations  may  be  integrated  by  quadratures  when   U  is  of  the  form  fiinct.  x  —  funct  y. 

But  taking  instead  the  elliptic  coordinates  /i,  v,  of  a  point  in  piano — viz.,  as  emploj'ed 
by  the  author,  these  are  the  semiaxes  of  the  confocal  ellipse  and  hyperbola  represented 
by  the  equations 

^  ,      f     ^1      ^ ?/     ^, 

— very  interesting  results  are  obtained.     The  equations  give 
and  thence 

which  is  of  the  proper  form,  and  the  corresponding  expression  of  17  is 

so  that  the    force-function   having  this  value    (//i,  Fv    being    arbitrary   functions  of  ft 
and  V  respectively),  the  equations  of  motion  may  be  integrated  by  quadratures 

103.  In  particular,  if 

Fv^gv-g'v  +A:(i;*  -  6«i/»), 
then 

But  ii+v,  /i— f  are  the  distances  of  the  point  from  the  two  foci,  and  /i*-f  i^— 6^=^+^) 
is  the  square  of  the  distance  from  the  centre,  so  that  the  expression  for  U  is 

r      r 

and  the  case  is  that  of  forces  to  the  foci  varying  inversely  as  the  squares  of  the 
distances,  and  a  force  to  the  centre  varying  directly  as  the  distance — the  case  con- 
sidered by  Lagrange  in  the  problem  of  two  centres.  But  this  is  merely  one  particular 
case  of  those  given  by  the  general  formula. 

The   cases  g=0,  g'=0,  /:  =  0  (no   forces),  and  ^  =  0,  ^'  =  0  (a   force  to  the   centi-e) 

lead   to   some   interesting  results ;   it   is   noticed   also   that   the   expression   for  the  force- 

rr     funct.  (r  4-  /)  —  funct.  (r  —  r')  j  ^i    .    -x  i.     xu     Ur 

function   may  be   wntten    U= ^ —, ^^ ,   and  that   it  may  be  thereb) 

ascertained  (without  transforming  to  elliptic  coordinates)  whether  a  given  value  of  the 
force- function  is  of  the  form  considered  in  the  theory. 
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In  §  3  the  author  considers  the  expression  da^ 'hdy^  =  X(da^ +  d0^),  \  being  in  the 
first  instance  any  function  whatever  of  a  and  ^ ;  and  he  shows  that  the  expressions 
of  X,  y  are  given  by  the  equation 

a;4.y  V-l=i/r(a-f/9V^), 

^  being  any  real  function.  If,  however,  it  is  besides  assumed  that  \  is  of  the  required 
form  =fa—Fl3,  then  he  shows  that  the  system  of  elliptic  coordinates  is  the  only  one 
for  which  the  conditions  are  satisfied.  ^  4,  5,  6  and  7  relate  to  the  motion  of  a  point 
on  a  sphere,  an  ellipsoid,  a  surface  of  revolution,  and  the  skew  helicoid  respectively ;  and 
the  concluding  §  8  contains  only  a  brief  reference  to  the  author's  second  memoir. 

104.  liouville's  second  and  third  memoirs  may  be  more  briefly  noticed.  In  the 
second  memoir  the  author  starts  fi^om  Jacobi's  theorem  of  the  V  function,  viz.,  assuming 
that   there   is   a   force-function    U  independent   of  the   time,   then   in   order  to   integrate 

the    equations    of   motion   (  j^=^»   77/«~77~'   ^~"^j'  ^    required  is  to 

find  a  function  0  of  x,  y,  z  containing  three  arbitrary  constants  A,  B,  C  (distinct  from 
the  constant  attached  to  0  by  mere  addition)  satisfying  the  differential  equation 

dSV     /de\»     /dSV 


/dev    /d^v    /ae\«    „,,^    ^ 


for  then  the  required  integrals  of  the  equations  of  motion  are 


d0_  .,       d0_^ 
dA^     '       dB'     ' 


dC 


=  t-hCr, 


A\  Bt,  C"   being  new   arbitrary  constants.     Liouville  introduces   in   place   of  a?,  y,  z,  the 
elliptic  coordinates  />,  /i,  i/,  which  are  such  that 

L ^ I ss  1 

t«  "^  i^a  -  A2       ^s  _  ,,s       ^' 


or,  what  is  the  same  thing. 


t 


ir>       6*  -  i;'      C^  —  1/* 


^"   be  ' 


=  1, 


y 
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and  he  then  finds  that  the  resulting  partial  differential   equation   in  p,   ft.,   v  may  be 
integrated  provided  that  Z7  is  of  the  form 

_  Oi'-'^)//g  +  0>'-'^)^M  +  (p'-'^)t»ry 
(/j«-M')(p'-«^)0*'-«^) 

f,  F,  V  being  any  functional  symbols  whatever :  viz.,  the  expression  for  S  is 


a,  fj       /2/p  +  A  +  Bp' +  iCp' 


jdf*^/ 


f  ,      /2vu  +  A+Bi^  + 


Si'/t  +  il  +  Bft*  +  2Cn* 
(^._6.)-(c»-^)« 

2C? 


In  the  case  where  [TbO  we  have  a  particle  not  acted  on  by  any  forces,  and  the 
path  is  of  course  a  straight  line.  The  peculiar  form  in  which  these  equations  are 
obtained  leads  to  veiy  interesting  results  in  regard  to  the  theory  of  Abelian  integrals, 
and  to  that  of  the  geodesic  lines  of  an  ellipsoid. 

The  formulae  require  to  be  modified  in  certain  cases,  such  as  c  =  &  or  6  =  0.  The 
case  6  =  0  leads  to  the  theory  developed  in  the  first  memoir  in  relation  to  the  problem 
of  two  centres.     The  case  is  indicated  where  6  =  0,  c  =  0,  the  ratio  6  :  c  remaining  finite. 

The  case  is  briefly  considered  of  a  particle  moving  on  a  given  surface. 

105.  The  third  memoir  purports  to  relate  to  a  system  of  particles,  but  the 
formulae  are  exhibited  under  a  purely  analjrtical  point  of  view;  so  much  so,  that  the 
coordinates  of  the  points  (3  for  each  point)  are  considered  as  forming  a  single  system 
of  variables  ^,  a^,*  •••  ^t*     The  partial  differential  equation  is 


which  is  transformed  by  introducing  therein  the  new  variables  pi,  p^f'pi  analogous  to 
the  elliptic  coordinates  of  the  second  memoir.  The  memoir  really  belongs  rather  to  the 
theory  of  the  Abelian  integrals  (in  regard  to  which  it  appears  to  be  a  very  valuable 
one)  than  to  dynamics. 


Memoirs  by  Jacobi,  Bertrand,  and  Donkin,  relating  to  various  Special  Problems, 

106.  I  have  inserted  this  heading  for  the  sake  of  showing  at  a  single  view  what 
are  the  special  problems  incidentally  considered  in  the  undermentioned  memoirs  which 
are  referred  to  in  several  places  in  the  present  Report. 
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107.  Jacobi,  "De  Motu  puncti  singularis"  (1842). — I  call  to  mind  that  the  memoir 
chiefly  depends  on  the  theorem  o^  the  Ultimate  Multiplier  (the  theory  in  its  generality 
being  developed  in  the  later  memoir  "  Theoria  Novi  Multiplicatoris  &c./'  1844 — 45). 
§  4  is  entitled  "The  motion  of  a  point  on  the  surface  of  revolution,"  which,  the 
principle  of  the  conservation  of  areas  holding  good,  is  reduced  to  the  problem  of  the 
motion  on  the  meridian  curve,  and  thus  depends  upon  quadratures  only.  §  5  is  entitled 
"  On  the  motion  of  a  point  about  a  fixed  centre  attracted  accoixiing  to  a  certain  law 
more  general  than  the  Newtonian  one  *'  {antk,  No.  85).  §  6,  "  On  the  motion  of  a 
point  on  a  given  curve  and  in  a  resisting  medium "  (resistance  =  a  +  bel^,  or  =  a  -f  bv^) ; 
and  §  7,  "  On  the  Ballistic  Curve,"  viz.,  the  forces  are  gravity  and  a  resistance  =  a  +  bv\ 

108.  In  Jacobi's  memoir  "Theoria  Novi  Multiplicatoris  &c."  (1845),  §  25  is  entitled 
"  On  the  motion  of  a  point  attracted  towards  a  fixed  centre "  (see  anti,  No  87) ; 
§  26,  "On  the  motion  of  a  point  attracted  towards  two  fixed  centres  according  to  the 
Newtonian  law "  (anti,  No.  56) ;  §  27,  "  On  the  rotation  of  a  solid  body  about  a  fixed 
point"  (post,  No.  193);  §  28,  "On  the  problem  of  three  bodies  moving  in  a  right  line; 
the  Eulerian  substitution;  theorems  on  homogeneous  forces"  (anti,  No.  91);  and  §  29, 
"  The  principle  of  the  ultimate  multiplier  applied  to  a  free  system  of  material  points 
moving  in  a  resisting  medium ;  on  the  motion  of  a  comet  in  a  resisting  medium  about 
the  sun." 

109.  And  in  Jacobi's  memoir  "  Nova  Methodus  &c."  (1862),  besides  §  64  and  §  65, 
which  are  applications  of  the  method  to  general  dynamical  theorems,  we  have  §  66, 
containing  a  simultaneous  solution  of  the  problem  of  the  motion  of  a  point  attracted 
to  a  fixed  centre  and  of  that  of  the  rotation  of  a  solid  body  (post,  No.  206)  and 
§  67,  relating  to  the  motion  of  a  point  attracted  to  a  fixed  centre  according  to  the 
Newtonian   law. 

110.  Bertrand's  "M6moire  sur  les  inte'grales  difiP^rentielles  de  la  M^canique  "  (1852). — 
§  III.  relates  to  the  motion  of  a  point  attracted  to  a  fixed  centre  by  a  force  varying 
as   a  function   of  the   distance;  §  IV.   to   the  case  where   the   forces  arise  from  a  force- 

fiinction    U=— i^(~)  i^^f  what  is  the  same  thing,  =;j]  (anti,  No.  87);   §  V.  to  the 

problem  of  two  centres  (anti,  No.  62),  and  §  VI.   to   the   problem   of  three   bodies  (post. 
No.  117). 

111.  Donkin's  memoir  "On  a  Class  of  Differential  Equations  &c."  (1855).  Part  I. 
Nos.  27  to  30  relate  to  the  problem  of  central  forces  (in  space).  No.  31  to  the  rotation 
of  a  solid  body,  and  §  III.  to  the  same  subject,  viz.  Nos.  40  and  41  to  the  general 
case,  Nos.  42  to  44  to  the  particular  case  A  =^B;  and  Nos.  45  to  48  to  the  reduction 
thereto  of  the  general  case  by  treating  the  forces  which  arise  from  the  inequality  of 
A  and  B  as  disturbing  forces.  Part  II.  Nos.  59  and  60  relate  to  the  spherical 
pendulum;  Nos.  72  and  73  to  "Transformation  fi:om  fixed  to  moving  axes  of  coordi- 
nates," say  to  Relative  Motion ;  and  Nos.  84j  to  96  to  the  problem  of  three  bodies 
(post,  No.  120). 
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centre  of  gravity  of*  the  three  bodies  moves  uniformly  in  a  right  line,  and  it  may 
without  any  real  loss  of  generality  be  taken  to  be  at  rest ;  that  is,  if  the  a;-coordinates 
of  the  three  bodies  are  fi,  fg,  fj,  then  Wif ,  +  r^i^f g  +  ^/igf s  =  0>  or  fi>  ^2,  fs  Daay  be  taken 
to  be  linear  functions  of  two  quantities  a^  and  a;,.  And  similarly  for  the  y-coordinates 
and  the  -^-coordinates  respectively.  And  {a^j  yi,  Zi),  (x^,  y^,  z^  may  be  regarded  as  the 
coordinates  of  two  bodies  revolving  about  a  fixed  centre  of  force.  Hence  representing 
the  differential  coefficients  in  regard  to  the  time  by  x^,  &c.,  and  treating  these  as  new 
variables,  the  equations  of  motion  will  assume  the  form 

da?i  _  dyi  _  dzi  _  dx^  _  dy%  __  dz^  _  dx^  __  dy/  _  dz^  _  da^  _  dy^  _  dz^ ,      , . 
^      y\       ^i       ^a'      y^       zi      X\       5^1       Z\       -2^2       Fa      Zi 

where  X„  Fi,  Z^,  Xa,  Fj,  Z^  are  forces  capable  of  representation  by  means  of  a  force- 
function  U.  This  is  a  system  of  twelve  equations;  but  since  Xj,  Fi,  Zi^  Xj,  Fj,  Z^ 
are  independent  of  the  time,  we  may  omit  the  equation  {=dt),  and  treat  the  system 
as  one  of  eleven  equations  between  the  variables  a?,,  y,,  z^,  x^,  y^,  ^a,  Xi\  y/,  Zi,  x^\  y^,  z^i 
if  this  system  were  integrated,  the  determination  of  the  time  would  then  depend  on 
a  quadrature  only.  But  for  the  system  of  eleven  equations  we  have  four  integrals,  viz., 
the  integral  of  Vis  Viva  and  the  three  integrals  of  areas,  and  the  system  is  thus 
reducible  to  one  of  (11—4=)  seven  equations.  This  preliminary  transformation  in 
Jacobi's  memoir  explains  the  remark  that  the  problem,  as  it  stood  before  him,  depended 
on  a  system  of  seven  equations. 

115.  Jacobi  remarks  that  in  the  transformed  problem  the  three  integrals  of  areas 
show  (1)  that  the  intersection  of  the  planes  of  the  orbits  of  the  two  bodies  lie  in  a 
fixed  plane,  the  invariable  plane  of  the  system ;  (2)  that  the  inclinations  of  the  planes 
of  the  two  orbits  to  this  fixed  plane,  and  the  parameters  of  the  two  orbits  considered 
as  variable  ellipses,  are  four  elements  any  two  of  which  rigorously  determine  the  two 
others. 

And  then  choosing  for  variables  the  inclinations  of  the  two  orbits  to  the  invariable 
plane,  the  two  radius  vectors,  the  angles  which  they  form  with  the  intersection  of  the 
planes  of  the  two  orbits,  and  lastly  the  angle  between  this  intersection  (being  as  already 
mentioned  a  line  in  the  invariable  plane)  with  a  fixed  line  in  the  invariable  plane,  he 
finds  that  the  last-mentioned  angle  entirely  disappears  from  the  system  of  differential 
equations,  and  is  determined  after  their  integration  by  a  quadrature.  In  this  new  form  of 
the  differential  equations  there  is  no  trace  of  the  nodes.  The  differential  equations 
which  determine  the  relative  motion  of  the  three  bodies  are  reduced  to  five  equations  of 
the  first  order  and  one  of  the  second  order.  The  equations  in  question  are  the  equations 
I.   to   VI.  given   at   the   end   of  the   memoir.     It   is  to  be  remarked  that  the  differential 

dt  is  not   eliminated  from  these  equations;   the  last  of  them  is  ^^(/ir"  +  Aiiri^)  =  2C/'— 2A; 

and    if    to    reduce    them    to    a  system    of    equations    of    the     first    order    we     write 

-i-(/Ar*-f /Airi')=  ^,   and   therefore   -j-  =  2U—2h,   the    system    may   be    presented    in    the 

form 

^  —  ^  _di__dii ^dr  ^dri  ^dd  .     ,  v 


298]  CERTAIN   SPECIAL   PROBLEMS  OF   DYNAMICS.  551 

where  U,  Ui,  &c.  are  functions  of  the  quantities  u,  v^,  v,  &c.  Omitting  from  the 
system  the  equation  (=  dt\  there  are  eight  equations  between  nine  quantities ;  but 
there  are  two  known  integrals,  viz.,  the  integral  of  Vis  Viva  and  the  integral  of 
principal  moment  (or  sum  of  the  squares  of  the  integrals  of  areas);  that  is  to  say, 
the  system  is  really  a  system  of  six  equations. 

119.  Painvin,  "Recherche  du  dernier  Multiplicateur  &c."  (1854). — The  author 
investigates  the  ultimate  multiplier  for  two  systems  of  differential  equations: 

V.     The  system   of  the   equations   I.   to  VI.  in  Jacobis  memoir  "  Sur   T^limination 

df  df 

des   Noeuds  &c."  (anti,  No.  114).     Writing  in  the  equations   7,=^',  jtt  =^i'>  ^^^  treating 

r\  r/  as  new  variables,  the  sjrstem  may  be  written  in  the  form 

du  _  duj  _  di  _dii_^dr  ^  dr^  _dr^  ^  dr^  ._  , . 

which,   omitting    the    equation    (=dO>    ^    *   system    of   seven    equations    between    eight 

variables;  and   it    is  for  this  form   of  the   system   that   the   value   of  Jlf  is   determined, 

.     •  .    . 
sm  %  sm  % 

the  result  obtained  being  the  simple  and  elegant  one,  M  =  — ;— ^  .—  .    The  system  of 

seven  equations  has  an  integral  which  is  in  fact  the  equation  V.  of  the  system  in 
Jacobi's  form,  so  that  it  is  really  a  sjrstem  of  six  equations  (aw^.  No.  115). 

2°.     The  system  secondly  discussed  is  Bertrand's  system  of  nine  equations  {anti,  No.  118). 

1111 

The  multiplier  M  is  obtained  under  four  different  forms,  Jlf  =  ■>:—  =  -,.—  =  -;-= — ^  =  — 

^  ^B'-AG     Voai     AZ-k-B     mn 

(I  do  not  stop  to  explain  the  notation),  the  last  of  them  being  referred  to  as  a  result 
announced  by  M.  Bertrand  in  his  course.  But  it  is  shown  by  M.  Bour  in  the  memoir 
next  referred  to  {post,  No.  122),  that  the  multiplier  for  the  system  in  question  can 
be  obtained  in  a  very  much  more  simple  manner,  almost  without  calculation. 

120.  In  connexion  with  Jacobi's  theory  of  the  elimination  of  the  Nodes,  I  may 
refer  to  the  investigations  "  Application  to  the  Problem  of  three  Bodies,"  Nos.  84  to 
96  of  Donkin's  memoir  "On  a  Class  of  Differential  Equations  &c."  Part  II.  The  author 
remarks  that  his  differential  equations  No.  93  afford  an  example  of  the  so-called 
elimination  of  the  Nodes,  quite  different  however  (in  that  they  are  merely  transfor- 
mations of  the  original  differential  equations  of  the  problem  without  any  integrations) 
from  that  effected  by  Jacobi. 

• 

121.  It    may   be    right    to   refer    again    in   this    place    to    the    concluding   part    of 

§  28  of  Jacobi's  memoir  "Nova  Theoria  Multiplicatoris  &c."  {anti,  No.  92),  as  bearing 
on  the  problem  of  three  bodies. 

122.  Bour's  "M^moire  sur  le  Problfeme  des  Trois  Ciorps"  (1856).— -The  author 
remarks  that  Bertrand's  system  of  equations  have  lost  the  remarkable  form  and  the 
properties  which   characterize    the    ordinary   equations   for   the    solution    of   a  dynamical 
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problem.     But   by   selecting    eight   new   variables,   functions  of    Bertrand's   variables,  the 
system  may  be  brought  back  to  the  standard  Hamiltonian  form 

dqi  _  dH     dpi  _     dH 
dt      dpi '    dt  dqi ' 

or  to  the  form  adopted  by  M.  Bour,  of  a  partial  differential  equation 


\dqi  dpi     dpi  dqi)        ' 


and  guiding  himself  by  a  theorem  in  relation  to  canonical  integrals  obtained  in  his 
memoir  of  1855  (see  No.  66  of  my  former  Report),  he  finds  by  a  somewhat  intricate 
analysis  the  expressions  of  the  eight  new  variables  p^,  p,,  p,,  p^,  ji,  9,,  9,,  q^.  The 
results  ultimately  obtained  are  of  a  very  remarkable  and  interesting  form,  viz.  J7  = 
funct.  (pi,  Pj,  pti  Pi,  }i,  }j,  }j,  ^4)  is  equal  to  the  value  it  would  have  for  motion  in  a 
plane,  plus  a  term  admitting  of  a  simple  geometrical  interpretation ;  and  he  thus 
arrives  at  the  following  theorem  as  a  risumi  of  the  whole  memoir,  viz., 

"In  order  to  integrate  in  the  general  case  the  problem  of  three  bodies,  it  is 
sufficient  to  solve  the  case  of  motion  in  a  plane,  and  then  to  take  account  of  a 
disturbing  function  equal  to  the  product  of  a  constant  depending  on  the  areas  by  the 
sum  of  the  moments  of  inertia  of  the  bodies  round  a  certain  axis,  divided  by  the 
square  of  the  triangle  formed  by  the  three  bodies." 

123.  It  may  be  remarked  that  the  only  given  integral  of  the  system  of  eight 
equations  is  the  integi-al  of  Vis  Viva,  H  =  const,  and  that  using  this  equation  to 
eliminate  one  of  the  variables,  and  omitting  the  equation  {=dt),  we  have,  as  in  the 
solutions  of  Jacobi  and  Bertrand,  a  system  of  six  equations  between  seven  variables^ 
As  the  equations  are  in  the  standard  dynamical  form,  no  investigation  is  needed  o 
the  multiplier  M,  which  is  given  by  Jacobi's  general  theory,  and  consequently  when- 
any  five  integrals  of  the  six  equations  are  given,  the  remaining  integral  can  b^ 
obtained  by  a  quadrature. 

In   the   case   of  three  bodies   moving   in   a   plane,  the   solution   takes  a   very  simple 
form,  which  is  given  in  the  concluding  paragraph  of  the  memoir. 


Transformation  of  Coordinates,  Article  Nos.  124  to  141. 

124.  It  may  be  convenient  to  remark  at  once  that  two  sets  of  rectangular 
coordinates  may  be  related  to  each  other  properly  or  improperly,  viz.,  the  axes  to  which 
they  belong  (considered  as  drawn  from  the  origin  in  the  positive  directions)  may  be 
either  capable,  or  else  incapable,  of  being  brought  into  coincidence.  The  latter  relation, 
although  of  equal  generality  with  the  former  one,  may  for  the  most  part  be  disregarded; 
for  by  merely  reversing  the  directions  of  the  one  set  of  axes,  the  improper  is  converted 
into  the  proper  relation. 
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125.    Id  the  memoir  "Problema  Algebraicum  &c."  (1770)  Euler  proposes  to  himself 
the  question  "Invenire  novem  numeros  ita  in  quadratum  disponendos 

A    B,    C 

D,    E,    F 

0.    H,    I 

ut  satisfiat   duodecem   sequentibus  conditionibiis  &c.",   viz.,  substituting  for  A^  B,  C,  &c. 
the  ordinary  letters 

a",  ff\  y, 


the  twelve  conditions  are 

y  +7''  +y''  = 

a^   +  i8»  +  7"  = 


a/9  +a'^+a"/9"  =  0, 
)97  +)8'7'  +  /8V  =  0, 

aa:  +Pff  +77'    =0, 


And   he  remarks  that  this  is  in  fact  the  problem  of  the  transformation  of  coordinates, 

viz.,  if  we  have 

X  —  ax+fi  y  +  y  z, 

Z^o{'x-\-fi"y-\-y'\ 
then  the  first  equations  are  such  as  to  give  identically 

126.  Assuming  the  first  six  equations,  he  shows  by  a  direct  analjrtical  process  that 
a»=(^7"  — /S'Y)**  or  ^—±{ffy'  —  ff'y)\  or  taking  the  positive  sign  (for,  as  the  numbers 
may  be  taken  as  well  positively  as  negatively,  there  is  nothing  lost  by  doing  so) 
a  =  /8V'"/9'V>  which  gives  the  system 

ci  =/9"7  -/3  7",         ^  -^i'oi   -7«",        y  =«"/3   -«/9", 

and  from  these  he  deduces  the  second  sjrstem  of  six  equations.     The  inverse  system  of 

equations 

X  =  CM?  +  a'y  +  a''  -e:, 

Z  ^yx-vyy  -Vy'z 


is  not  explicitly  referred  to. 
C.    IV. 


70 
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<t>,  the  inclination,  t,  the  angular  distance  of  X   from  node,  and   the  formulae  of  trans- 
formation then   are 


X 

Y 

Z 

X 

cos  T  COS  ^  —  sin  T  sin  ^  cos  ^ 

—  sin  T  cos  ^  —  cos  t  sin  ^  cos  ^ 

sin  ^  sin  ^ 

y 

cos  r  sin  ^  +  sin  r  cos  B  cos  ^ 

—  sin  r  sin  ^  +  cos  r  cos  ^  cos  ^ 

—  cos  B  sin  ^ 

z 

sin  r  sin  ^ 

cos  r  sin  ^ 

cos  ^ 

The  foregoing  very  convenient  algorithm,  viz.,  the  employment  of 


X 

y 
% 

X 

r 

z 

a 

P 

1 

/ 
a 

^ 

9 

y 

o" 

P' 

y 

to  denote  the  system  of  equations 


z  = 


aX^-^  7  +  yZ, 
ot!X  +  ffY  +  y'Z, 


is  due  to  M.  Lam^. 


131.  But  previously  to  the  foregoing  investigations,  viz.,  in  the  memoir  "Du 
Mouvement  de  Rotation  &e.,"  MSm.  de  Berlin  for  1758  (pr.  1765),  Euler  had  obtained 
incidentally  a  very  elegant  solution  of  the  problem  of  the  transformation  of  coordinates ; 
this  is  in  fact  identical  with  the  next  mentioned  one,  the  letters  I,  m,  n;  \  fi,  v 
being  used  in  the  place  of  f,  f',  ^' ]   rj,  V>  rj'\ 

132.  In  the  memoir  "Formulae  generales  pro  translatione  &c.*'  (1775),  Euler  gives 
the  following  formulae  for  the  transformation  of  coordinates,  viz.,  if  the  position  of  the 
set  of  axes  XYZ  in  reference  to  the  set  xyz  is  determined  by 

xX,  yX,  -^Z  =  90°-?,  90°-r,  90°-?",   ^'YXx,  YXy,  YXz^rj,  V,  V'. 
then  the  formulae  of  transformation  are 


X 

Y 

Z 

X 

sin  1^ 

cos  {;  sin  17 

cos  ^  COS  17 

y 

sinf 

cos  f  sin  17' 

COS  f  008  17' 

z 

sinr 

cos  C  sin  17" 

COS  f  COS  17" 
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'^      ^.'.i^J^Jlflr     '^.'.tf^iiii*      r 


iurr. 


-<    -  -r 


Jih 


^  -  *  ^7'      i^y      ">i<f-   J»    -x^    *'t**    J JTuij^   ji    iiii*!fCi:a   tatt   Twi    wB&   flc 

'/-in^r  '•^■.w  4^*iv.v/V'^/v  >r  A*';';  XiO^j^i  w  -^-iiatiru-T  M  •  iCi'.iLJi  ifcT*  iwai»  is^  semis 
•iu*/.  *,<u^'  "'«'»^  *^'  "^7  '''^'  «'u»^>  v^  v.v.vr*r>  -rri  -i**:  .iiirtr  are  ly  snaBff  :^  *  &* 
/'/ihfi/i**  */•/",•,  *  ^ArTJKS,  %XMi  ^•i^-jf'X,  UAj  'vx.-^^ilj^xji^j  be  ifenuec  "aif  fcrmMT'T  Anil 
TfrV  v;r,<n/{^Vv;r#  >A/k  >,v«*  v*  «r.  *f,-j«i/;t  ••Lite.  crLzr:  v-  ':*=  'a'M>**J  ay  lifr  aaeffioa* 

IJi^i     /  /<fW»*#V  'J^.  >i^/>^»!  '^'j  iAsL'/T.  L'i  far.-,  i- 

«-',    ^        .7  =0, 

«"  .  ^'    .  y-i 

III  whi'*h  C"i't»  It"  I"  **"  i"iiii<!<liiil<«  (!<>iiM<t({ii<!ti'»)  of  the  (»]uation8 

a,    fi  .    y     -I,  a~.^Y'-ff"y',  &c., 

«'.  /^'.  y 

«".    /<".    7" 
wliloii  i^t'i>  IniM  I'lir  I'hn  prnpnr,  hut  not  tor  i\u>  iiiiproiH^r  tmiisfonnation. 


Xic. 


■A 
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135.  In  the  undated  addition  to  the  memoir,  Euler  states  the  theorem  of  the 
resultant  axis  as  follows : — "  Theorema,  Quomodocunque  sphsera  circa  centrum  suum  con- 
vertatur,  semper  assignari  potest  diameter  cujus  directio  in  situ  translato  conveniat  cum 
situ  originali ;"  and  he  again  endeavours  to  obtain  a  verification  of  the  foregoing 
analytical   theorem. 

136.  The  theory  of  the  Resultant  Axis  was  further  developed  by  Euler  in  the 
memoir  "Nova  Methodus  Motum  &c."  (1775),  and  by  Lexell  in  the  memoir  "NonnuUa 
theoremata  generalia  &c."  (1775) :  the  geometrical  investigations  ai*e  given  more  com- 
pletely and  in  greater  detail  in  Lexell's  memoir.  The  result  is  contained  in  the  following 
system  of  formulae  for  the  transformation  of  coordinates,  viz.,  if  a,  /8,  7  are  the  incli- 
nations of  the  resultant  axis  to  the  original  set,  and  if  0  is  the  rotation  about  the 
resultant  axis,  or  say  the  resultant  rotation,  then  we  have 


X 

Y 

Z 

X 

cos'  a  +  sin'  a  cos  ^ 

cos  a  cos  P{1  —  cos  ^)  +  cos  y  sin  ^ 

cos  a  cos  y  (1  —  cos  ^)  —  cos  ^  sin  ^ 

y 

cos  )8  cos  a  (1  -  cos  ^)  -  cos  y  sin  ^ 

cos'  P  +  sin'  pcos<l> 

cos  P  cos  y  (1  —cos  ^)  +  cos  a  sin  ^ 

% 

cos  y  cos  0  (1  —  cos  ^)  +  cos  ^Ssin  ^ 

cos  y  cos  )8  (1  -  cos  fjj)-  cos  a  sin  ^ 

cos*  y  +  sin'  y  cos  ^ 

Euler  attempts,  but  not  very  successfully,  to  apply  the  formulae  to  the  dynamical 
problem  of  the  rotation  of  a  solid  body :  he  does  not  introduce  them  into  the  differential 
equations,  but  only  into  the  integral  ones,  and  his  results  are  complicated  and  inelegant. 
The  further  simplification  effected  by  Rodrigues  was  in  fact  required. 

137.  Jacobi's  paper,  "  Euleri  formulae  &a"  (1827),  merely  cites  the  last-mentioned 
result. 

138.  I  find  it  stated  in  Lacroix's  Differ ential  Calctdvs,  t.  L  p.  533,  that  the 
following  system  for  the  transformation  of  coordinates  was  obtained  by  Monge  (no 
reference  is  given  in  Lacroix),  viz.,  the  system  being  as  above, 

a',  ^',  y, 

«",    ^\    y\ 
SLjad  the  quantities  a,  ^,  7"  being  arbitrary,  then  putting 

l  +  a-/9'-7"  =  ^> 
l_a  +  i8'-7"  =  ^> 
l-a-i8'  +  7"  =  Q, 


that 


itf  +  iV^  +  P-f  (2  =  4, 
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we  have  

These  are  formulae  very  closely  connected  with  those  of  Rodrigues. 

139.  The  theory   was  perfected  by  Rodrigues  in   the   valuable    memoir  **Des  lois 

g^m^triques  &c."   (1840).     Using  for  greater  convenience  X,   fi,   v  in   the  place  of  his 

\m,  \n,  \p,  he  in  effect  writes 

tan  ^^cos  a  =X, 

tan^^cos^S'^/i, 
tan^^cos  y^v , 

and  this  being  so,  the  coefficients  of  transformation  are 

H-X>-/i«-i/»,     2(X/i+i/)        ,    2(Xi;-/i) 
20iX-i/)        ,     l-X«  +  /i«-i;»,     20ii'+X) 

2(i;X  +/i)        ,     2vfjL'-\  ,     l-X*-/i«  +  i/», 

all  divided   by  the  common  denominator   1  H-X'  +  zi'+i/*.     CJonversely,   if  the  coefficients 
of  transformation  are  as  usual  represented  by 

a'*    ^»    7'» 
a  ,    P  ,    7  » 
then  X',  /Lt",  I/",  X,  /i,  1/  are  respectively  equal  to 

l  +  a-/9'-7",     l-a  +  yS'-y',     l-a-)8'  +  7", 

each  of  them  divided  by  1  +  a  -f  /S'  +  7". 

The  memoir  contains  very  elegant  formulae  for  the  composition  of  finite  rotations, 
and  it  will  be  again  referred  to  in  speaking  of  the  kinematics  of  a  solid  body. 

140.  Sir  W.  R  Hamilton's  first  papers  on  the  theory  of  quaternions  were  published 
in  the  years  1843  and  1844 :  the  fundamental  idea  consists  in  the  emplo)rment  of  the 
imaginaries  t,  j,  Ar,  which  are  such  that 

i»=j*  =  A»  =  -l,    jAr  =  -A^'  =  t,    ki^'-ik^j,    ij^^ji^k, 
whence  also 

{w  +  ix-\-jy  +  kz)  (fi/  +  ia/  +jy  +  k/) 

=        ww'  —  xx'  —  y]/—  zz' 

+  i  {wx'  +  w'x  -f  yz'  —  y'z) 

+j  {vjx/  +  w'y  '\-zx  —  z'x) 

+  k  (wz*  +  w'z  +  xy'—  X  y) ; 
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80  that  representing  the  right-hand  side  by 

W  +  iX+jY+kZ, 
we  have  identically 

It  is  hardly  necessary  to  remark  that  Sir  W.  R  Hamilton  in  his  various  publications 
on  the  subject,  and  in  the  Lectures  on  Quaternions,  Dublin,  1853,  has  developed  the 
theory  in  detail,  and  has  made  the  most  interesting  applications  of  it  to  geometrical 
and  dynamical  questions;  and  although  the  first  explicit  application  of  it  to  the 
present  question  may  have  been  made  in  my  pwn  paper  next  referred  to,  it  seems 
clear  that  the  whole  theory  was  in  its  original  conception  intimately  connected  with 
the  notion  of  rotation. 

141.  Cayley,  "On  certain  Results  relating  to  Quaternions"  (1845). — It  is  shown 
that  Rodrigues'  transformation  formula  may  be  expressed  in  a  very  simple  manner  by 
means  of  quaternions ;   viz.,  we  have 

w?  +  jy  +  kz  =  (l+i\  +jfi  +  kv)-^  (tX  +j7+  kZ)  (1  +  i\  +j>  +  kv\ 

where  developing  the  function  on  the  right-hand  side,  and  equating  the  coeflBcients  of 
f,  J,  fc,  we  obtain  the  formulae  in  question.  A  subsequent  paper,  Cayley,  "  On  the 
application  of  Quaternions  to  the  Theory  of  Rotation "  (1848),  relates  to  the  composition 
of  rotations. 


Principal  Axes,  and  Moments  of  Inertia,    Article  Nos.  142 — 163. 

142.     The  theorem   of  principal  axes  consists  herein,  that  at  any  point  of  a  solid 
body  there  exists  a  sjrstem  of  axes  Oa?,  Oy^  Oz,  such  that 


I  yzdm  =  0,      I  zxdm  =  0,      /  ayydm  =  0. 

But  this,  the  original  form  of  the  theorem,  is  a  mere  deduction  fi:om  a  general  theory 
of  the  representation  of  the  integrals 

* 

I  oc^dm,      I  y^dm,      I  2^dm,      j  yzdm,      I  zxdm,      I  xydm 

for  any  axes  through  the  given  origin  by  means  of  an  ellipsoid  depending  on  the 
values  of  these  integrals  corresponding  to  a  given  set  of  rectangular  axes  through  the 
same  origin. 

143.     If,  for  convenience,  we  write  as  follows,  M  =  j  dm  the  mass  of  the  body,  and 
A'  =  I  af^dm,      R  =  I  y^dm,      C  =  I  z^dm,     F'  =  I  yzdm,  0'  =  I  zxdm,      H!  =  I  xydm. 


560  REPORT   ON   THE   PROGRESS   OF   THE   SOLUTION   OF  [298 

and   moreover 

F=  —  I  yzdm,     (?  =  —  1  zxdm,      JEr=  —  I  xydm,{^) 

80  that 

A  =  R  +  C\    B^C'+A\    C^A'+R,    F^-^F,    O^-^G',    H^^H\ 

then  the  ellipsoid  which  in  the  first  instance  presents  itself  for  this  purpose,  and  which 
Prof,  Price  has  termed  the  Ellipsoid  of  Principal  Axes,  but  which  I  would  rather  term 
the  "C!omomental  Ellipsoid,"  is  the  ellipsoid 

{A\  B,  C\  F\  0\  Hnjix,  y.  zY  =  ififc*, 

where  k  is  arbitrary,  so  that  the  absolute    magnitude    is    not    determined.     But   it  is 

more  usual,  and  in  some  respects  better  to    consider  in  place   thereof  the   ^  Momenta! 

Ellipsoid"    (Cauchy,   "Sur    les    Moments    d'Inertie,"    Exercices    de    MathAncttique,    t   n. 

pp.  93—103,  1827), 

(il,5,  C,F,  0,Hllx,y,zy^Mh. 

or  as  it  may  also  be  written, 

(A'  +  B'  +  C')(a^  +  j/'+:^)^(A\  R,  C\  F\  G\  HJx,  y,  zY^Mk^, 

which  shows  that  the  two  ellipsoids  have  their  axes,  and  also  their  circular  sections, 
coincident  in  direction. 

144.  And  there  is  besides  this  a  third  ellipsoid,  the  "Ellipsoid  of  Gyration,"  which 
is  the  reciprocal  of  the  momental  ellipsoid  in  regard  to  the  concentric  sphere,  radius  k 
The  last-mentioned  ellipsoid  is  given  in  magnitude,  viz.,  if  the  body  is  referred  to  its 
principal  axes,  then  putting  A  =  Ma\  B  =  iff,  C  =  Mc^,  the  equation  of  the  ellipsoid  of 
gyration  is 

The  axes  of  any  one  of  the  foregoing  ellipsoids  coincide  in  direction  with  the  principal 
axes  of  the  body,  and  the  magnitudes  of  the  axes  lead  very  simply  to  the  values  of 
the  principal  moments  A,  B,  C. 

145.  The  origin  has  so  far  been  left  arbitrary :  in  the  dynamical  applications,  this 
origin  is  in  the  case  of  a  solid  body  rotating  about  a  fixed  point,  the  fixed  point;  and 
in  the  case  of  a  fi'ee  body,  the  centre  of  gravity.  But  the  values  of  the  coefficients 
(A,  B,  C,  F,  0,  H\  or  {A\  E,  C\  F\  0\  H'\  corresponding  to  any  given  origin  what- 
ever, are  very  easily  expressed  in  terms  of  the  coordinates  of  this  origin,  and  the  values 
of  the  corresponding  coefficients  for  the  centre  of  gravity  as  origin;  or,  what  is  the 
same  thing,  any  one   of  the   ellipsoids   for  the   given   origin   may   be  geometrically  con- 

^  I   haTe   ventured  to  make  this  change    instead  of   writing  as  asnal   F=jyzdmt   &c.;    as  in  most  cases 
F=G  =  H=0,  the  formula  affected  by  the  alteration  are  not  numerous. 
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structed  by  means  of  the  ellipsoid  for  the  centre  of  gravity.  The  geometrical  theory, 
as  regards  the  magnitudes  of  the  axes,  does  not  appear  to  have  been  anywhere  explicitly 
enunciated ;  as  regards  their  direction,  it  is  comprised  in  the  theorem  that  the  directions 
at  any  point  are  the  three  rectangular  directions  at  that  point  in  regard  to  the  ellipsoid 
of  gyration  for  the  centre  of  gravity 0),  post,  No.  159.  The  notion  of  the  ellipsoids, 
and  of  the  relation  between  the  ellipsoids  at  a  given  point  and  those  at  the  centre 
of  gravity,  once  established,  the  theory  of  principal  axes  and  moments  of  inertia  becomes 
a  purely  geometrical  one. 

146.  The  existence  of  principal  axes  was  first  established  by  Segner  in  the  work 
Specimen  Theorice  Turbinum,  Halle  (1755),  where,  however,  it  is  remarked  that  Euler  had 
said  something  on  the  subject  in  the  {Berlin}  Memoirs  for  1749  and  1750  (post,  No. 
167),  and  had  constructed  a  new  mechanical  principle,  but  without  pursuing  the  question. 
Segner's  course  of  investigation  is  in  principle  the  same  as  that  now  made  use  of,  viz. 
a  principal  axis  is  defined  to  be  an  axis  such  that  when  a  body  revolves  round  it 
the  forces  arising  from  the  rotation  have  no  tendency  to  alter  the  position  of  the  axes. 

It  is  first  shown  that  there  are  systems  of  axes  x,  y,  z  such  that  jxzdm  =  0,  and  then, 

in  reference   to  such  a  set  of  axes,  the  position  of  a  principal  axis,  say  the  axis  of  X, 

is  determined  by  the  conditions    I  XYdm  =  0,  jXZdm^O,  viz.   the   unknown  quantities 

cos  CL  COS  Q  m 

being  taken  to  be  t  = ,  t  =   (a,  ^,  7  being   the   inclinations   of  the  principal 

axis   to    those    of  a?,   y,   z),   and   then   putting  -4  =  1  a^dm,   &c.    (-F  =  0    by    hypothesis), 
Segner's  equations  for  the  determination  of  t,  r,  are 

(y'^«  +  (C'-^')e-G'-irV  =  0, 

{C'^B)T-0'tT+HH  =  Q, 
the  second  of  which  gives 

H't 

T  = 


E^C'+O't' 
and  by  means  of  it  the  first  gives 

which  being  a  cubic  equation   shows   that  there   are   three    principal    axes;    and    it    is 
afterwards  proved  that  these  are  at  right  angles  to  each  other. 

147.     To  show  the   equivalence  of  Segner's  solution  to  the  modem  one,  I  remark 

that   if  w  =  I  X^dm,  we  have 

(A'^u)t+H'  T  +  0'  =0, 
ff  e  +  (£'-w)TH-l"  =0, 
0'        t+  r         tH-(7'-w  =  0, 

1  The  reotangular  directions  at  a  point  in  regard  to  an  ellipsoid  are  the  directions  of  the  axes  of  the 
drcnmscribed  cone,  or,  what  is  the  same  thing,  they  are  the  directions  of  the  normals  to  the  three  qaadrio 
surfaces,  confocal  with  the  given  ellipsoid,  which  pass  through  the  given  point  The  theory  of  confooal 
surfaces  appears  to  have  been  first  given  by  Chasles,  Note  XXXI.  of  the  Apergu  HUtorique  (1837). 
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whence 


<•  :  T*  :  1  :  T  :  t  :  tT  = 


ITF^RG'        +0'  u 


or  putting  therein  -F"s=0, 


f:T':l:T:t:^  = 


il'B'. 
(?'J5r 

C'H' 


by  means  of  which   Segner's  equations  may  be   verified.     I   have  given  this  analysis, 
the  first  solution  of  such  a  problem  is  a  matter  of  interest. 


as 


148.  There  is  little  if  anything  added  to  Segner's  results  by  the  memoir,  Eal^er, 
"  Recherches  sur  la  Connaissance  M^canique  des  Corps  "  (1758),  which  is  introductory  ^ 
the  immediately  following  one  on  Rotation. 

149.  Relating  to  the  theory  of  principal  axes  we  have  Binet's  "M^moire  sur  les 
axes  conjugu^  &c.,''  (1813).  The  author  proposes  to  make  known  the  new  systems  of 
axes  which   he  calls  conjugate  cuces,  which,  when  they  are  at  right  angles  to  each  otKrner, 

coincide  with   the   principal   axes ;  viz.   considering   the   sum   of  the  molecules  each  i iito 

its  distance   from  a  plane,  such  distance  being    measured   in   the    direction    of   a   I  ^ne, 
then   (the  direction  of   the   line  being  given)   of  all   the   planes  which   pass    througKri  a 
given  point,  there   is  one   for  which  the   sum   in  question  is  a  minimum,  and  this  pL^oe 
is   said   to   be   conjugate  to  the  given  line,  and  firom  the  notion  of  a  line  and  conju^^te 
plane   he   passes  to  that   of   a  system    of    conjugate  axes.     The   investigation   (whictx   is 
throughout   an   elegant   one)  is  conducted  analytically ;   the  coordinates  made  use  of    are 
oblique    ones,  and   the   formulae   are   thus   rendered    more    complicated    than   they  would 
have  been;  in  referring  to  them  it  will  be  convenient  to  make  the  axes  rectangular. 

150.  One  of  the  results  is  the  well-known  equation 

(^'-e)(B'-e)((7'-e)-^'«(.i'-e)-G'«(fi'-e)-fl^'«((7-e)+2i?^G'ir=o; 

which,  if  Xi,  j/i,  Zi  are  the  principal  axes,  has  for  its  roots  I  x^dm,  I  y^dm,  I  z^dm. 


I 
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And  the  equations  (1),  p.  49,  taking  therein  the  original  axes  as  rectangular,  are 

(2l'-^,]coBa-f    ^'  cos^4-    ©'  cos7  =  0, 

+  ^'  cosa  +  f93'-^Jcx)s^+    ^  cos  7  =  0, 

+  ®'  cosa+    B'  cos^  +  fS'- wj  cos7  =  0, 

where  21',  93',  S',  g',  ®',  ^'  denote  the  reciprocal  coefficients,  21'  =  RCT  -  F^  &c.,  and  K' 
is  the  discriminant  ^A'BC'''A'F^-E&^'-G'H"'-¥2F'&H':  this  is  a  symmetrical 
system  of  equations  for  finding  cos  a  :  cos  fi  :  cos  7,  less  simple  however  than  the 
modern  form  {post,  No.  154),  the  identity  of  which  with  Binet's  may  be  shown  without 
difficulty. 

151.  Another  result  (p.  57)  is  that  if  the  original  axes  are  principal  axes,  and 
if    Oxy   Oy,   Oz  are  the    principal    axes    through    a    point    the    coordinates   whereof   are 

/,  g,  h,  and  if  ©i'  =  (say)  1  a^^cJm,  then  we  have 

e/-ii'"*"e/-5'"*"e/-(7'-if' 

(in  which  I  have  restored  the  mass  M,  which  is  put  equal  to  unity),  so  that  if  0/  have 
a  given  constant  value,  the  locus  of  the  point  is  a  quadric  surfSace,  the  nature  whereof 
will   depend   on  the   value  of  ©i.     The  surfaces  in  question  are  confocal  with  each  other 

{and  with  the  imaginary  surface  — jj  +  — p,  H p}  =  t>  ,  which  is  similar  to  the  ellipsoid 

•c*      t/*      ^'       1 

"j;  +  ^  +  7T/  =  Tif »  which  is  the  reciprocal  of  the  comomental  ellipsoid  -4V  +  Ry^  +  C'2/^  =  Jfifc* 

in  regard  to  a  concentric  sphere,  radius  A;}.  The  author  mentions  the  ellipsoid 
-p+ ^+ T^^Tf  (sG®  p.  64),  and  he  remarks  that  his  conjugate  axes  are  in  fiswjt  con- 
jugate axes  in  respect  to  this  ellipsoid,  and  consequently  that  the  principal  axes  are 
in  direction  the  principal  axes  of  this  ellipsoid :  it  is  noticeable  that  the  ellipsoid  thus 
incidentally  considered  is  not  the  comomental  ellipsoid  itself,  but,  as  just  remarked,  its 
reciprocal  in  regard  to  a  concentric  sphere. 

152.  Poisson,  Micanique  (1st  ed.  1811,  and  indeed  2nd  ed.  1833),  gives  the  theory 
of  principal  axes  in  a  less  complete  form  than  in  Binet's  memoir;  for  the  directions 
of  the  principal  axes  are  obtained  in  anything  but  an  elegant  form. 

153.  Ampere's  Memoir  (1823). — The  expression  permanent  axis  is  used  in  the  place 
of  principal  axis,  which  is  employed  to  designate  a  principal  axis  through  the  centre 
of  gravity.  The  memoir  contains  a  variety  of  very  interesting  geometrical  theorems, 
which  however,  as  no  ellipsoid  is  made  use  of,  can  hardly  be  considered  as  exhibited 
in   their  proper  connexion.    The  author  arrives  incidentally  at  certain  conies,  which  are 

in   fact  the   focal  conies  of  the  ellipsoid  of  gyration  (■t+^+7»=i^)  for  the  centre  of 

gravity. 

71—2 
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explicitly  stated  in  Haughton's  account;  but  in  all  this  he  had  been  anticipated  by 
Cauchy.  And  afterwards,  referring  the  ellipsoid  to  its  principal  axes,  so  that  the  equation 
is  Aa^  +  By^  +  Cz^  =  Mk^,  he  writes  A=Ma\  B=Mb^,  C=Mc^,  which  reduces  the  equation 

to  aV  +  6y+c'-2'  =  A:*,  and  he  considers  the  reciprocal  ellipsoid   -,  +  ^+;5  =  l>  or,  what 

x^     y^     z^      \ 
is  the  same  thing,   ^  +  ^  +  y^  =  5if  >  which  is  the  ellipsoid  of  gyration. 

158.  Thomson,  "  On  the  Principal  Axes  of  a  Solid  Body "  (1846),  shows  analytically 
that  the  principal  axes  coincide  in  direction  with  the  axes  of  the  momental  ellipsoid 

(A,  B,  C,  F,  (?,  H^x,  y,  ^)«  =  Jfifc*; 

but  the  geometrical  theorem  might  have  been  assumed :  the  investigation  is  really 
an  investigation  of  the  axes  of  this  ellipsoid.  And  he  remarks  that  the  ellipsoid 
(A\  R,  (7,  F,  0\  H!\x,  y,  zy  =  Mk^  (the  comomental  ellipsoid)  might  equally  well  have 
been  used  for  the  purpose. 

159.  He  obtains  the  before-mentioned  theorem  that  the  directions  of  the  principal 
axes  at  any  point  are  the  rectangular  directions  in  regard   to  the  ellipsoid  of  gyration 

f-j+^  +  7Y  =  ^)  for  the  centre  of  gravity.     And  for  determining  the  moments  of  inertia 

at  the  given  point  (say  its  coordinates  are  f,  rf,  f )  he  obtains  the  equation 


r+v+r+^^  p+v+?«+^  p+if+?«+^ 


=1, 


where  the  three  roots  of  the  cubic  in  P  are  the  required  momenta  Analjrtically 
nothing  can  be  more  elegant,  but,  as  already  remarked,  a  geometrical  construction  for 
the  magnitudes  of  these  moments  appears  to  be  required. 

160.  Some  very  interesting  geometrical  results  are  obtained  by  considering  the 
" equimomental  surface",  the  locus  of  the  points  for  which  one  of  the  moments  of 
inertia  is  equal  to  a  given  quantity  11 ;   the  equation  is  of  course 

^ y*  z*  _  - 

^  +  y'  +  ^  +  — g--     a^'-hy'  +  ^r'-f     j^       ^  +  f  +  ^+—^ 

which  includes  Fresnel's  wave-surface.  In  particular  it  is  shown  that  the  equimo- 
mental  surface  cuts  any  surface 

a^  y*  z^  I 


A  +  ^     B  +  S     C  +  S     M 

confocal  with  the  ellipsoid  of  gyration  in  a  spherical  conic  and  a  curve  of  curvature ; 
a  theorem  which  is  also  demonstrated,  Cayley,  "Note  on  a  Geometrical  Theorem  &c." 
(1846). 
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161.  Townsend,  "  On  principal  Axes  &a"  (1846). — This  elaborate  paper  is  con- 
temporaneous, or  nearly  so,  with  Thomson's,  and  several  of  the  conclusions  are  conmion 
to  the  two.  From  the  character  of  the  paper,  I  find  it  difficult  to  give  an  account 
of  it;  and  I  remark  that,  the  theory  of  principal  axes  once  brought  into  connexion 
with  that  of  confocal  surfaces,  all  ulterior  developments  belong  more  properly  to  the 
latter  theory. 

162.  Haton  de  la  Goupillifere's  two  memoirs,  "Sur  la  Th^rie  Nouvelle  de  la 
Q6om^trie  des  Masses"  (1858),  relate  in  a  great  measure  to  the  theory  of  the  integral 

I  xydm,  and   its  variations  according  to  the   different  positions  of  the  two  planes  ^  =  0 

and  y  =  0;    the  geometrical  interpretations  of   the  several  results    appear   to    be    given, 
with    much    care    and    completeness,  but    I    have    not    examined    them    in   detail    The^ 
author  refers  to  the  researches  of  Thomson  and  Townsend. 

163.  I  had  intended  to  show  (but  the  paper  has  not  been  completed  for  publi-> 
cation)  how  the  momental  ellipsoid  for  any  point  of  the  body  may  be  obtained  fron:^ 
that  for  the  centre  of  gravity  by  a  construction  depending  on  the  "square  potency** 
of  a  point  in  regard  to  the  last-mentioned  ellipsoid. 


The  Rotation  of  a  solid  body.    Article  Nos.  164 — 207. 

164.  It  will  be  recollected  that  the  problem  is  the  same  for  a  body  rotating 
about  a  fixed  point,  and  for  the  rotation  of  a  fi^e  body  about  the  centre  of  gravity; 
the  case  considered  is  that  of  a  body  not  acted  on  by  any  forcea  According  to  the 
ordinary  analjrtical  mode  of  treatment,  the  problem  depends  upon  Euler's  equations 

Adp-\-{G-B)qrdt  =  0, 
Bdq-\-{A-C)rpdt^O, 
Cdr  +  {B'-A)pqdt  =  0, 

for  the  determination  of  p,  q,  r,  the  angular  velocities  about  the  principal  axes;  con- 
sidering p,  q,  r  ss  known,  we  obtain  by  merely  geometrical  considerations  a  system  of 
three  differential  equations  of  the  first  order  for  the  determination  of  the  position  in 
space  of  the  principal  axes. 

165.  The  solution  of  these,  which  constitutes  the  chief  difficulty  of  the  problem, 
is  usually  effected  by  referring  the  body  to  a  set  of  axes  fixed  in  space,  the  position 
whereof  is  not  arbitrary,  but  depends  on  the  initial  circumstances  of  the  motion ;  viz. 
the  axis  of  -^  is  taken  to  be  perpendicular  to  the  so-called  invariable  plane.  The 
solution  is  obtained  without  this  assumption  both  by  Euler  and  Lagrange,  although,  as 
remarked  by  them,  the  formulae  are  greatly  simplified  by  making  it;  it  is,  on  the 
other  hand,  made  in  the  solution  (which  may  be  considered  as  the  received  one)  by 
Poisson ;  and  the  results  depending  on  it  are  the  starting-point  of  the  ulterior  analytical 
developments  of  Rueb  and  Jacobi ;  the  method  of  Poinsot  is  also  based  upon  the  con- 
sideration of  the  invariable  plane. 
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166.  D'Alembert's  Principle,  which  affords  a  direct  and  general  method  for  obtaining 
the  equations  of  motion  in  any  dynamical  problem  whatever,  was  given  in  his  "Traits 
de  Dynamique"  (1743);  and  in  his  memoir  of  1749  he  applied  it  to  the  physical 
problem  of  the  Precession  of  the  Equinoxes,  which  is  a  special  case  of  the  problem  of 
notation,  the  motion  of  rotation  about  the  centre  of  gravity  being  in  fact  similar  to 
that  about  a  fixed  point.  But,  as  might  be  expected  in  the  first  attempt  at  the 
analytical  treatment  of  so  difficult  a  problem,  the  equations  of  motion  are  obtained  in 
a  cumbrous  and  unmanageable  i'orm. 

167.  They  are  obtained  by  Euler  in  the  memoir  "  D^couverte  d  un  Nouveau 
Principe  de  M^canique,"  Berlin  Memoirs  for  1750  (1752)  (written  before  the  establish- 
ment of  the  theory  of  principal  axes),  in  a  perfectly  elegant  form,  including  the 
ordinary  one  already  mentioned,  and,   in    fact,  reducible    to    it    by  merely   putting    the 

quantities  F,  (?,  H  (which   denote   the  integrals   I  yzdm,  &c.)  equal  to  zero.     But  Euler 

does  not  in  this  memoir  enter  into  the  question  of  the  integration  of  the  equations. 

168.  The  notion  of  principal  axes  having  been  suggested  by  Euler,  and  their 
existence  demonstrated  by  Segner,  we  come  to  Euler's  investigations  contained  in  the 
memoirs  "  Du  Mouvement  de  Rotation  &c.,"  Berlin  Memoirs  for  1758  (printed  1765)  and 
for  1760  (printed  1767),  and  the  "Theoria  Motus  Corporum  Solidorum  &c."  (1765).  In 
the  memoir  of  1760,  and  in  the  "Theoria  Motus,"  Euler  employs  8,  the  angular 
velocity  round  the  instantaneous  axis,  but  not  the  resolved  velocities  8  cos  a,  8cos)8, 
8cos7(=|),  q,  r):  these  quantities  (there  called  x,  y,  z)  are  however  employed  in  the 
memoir,  Berlin  Memoirs  {17 oS),  which  must,  I  apprehend,  have  been  written  after  the 
other,  and  in  which  at  any  rate  the  solution  is  developed  with  much  greater  complete- 
ness. It  is  in  fact  carried  further  than  the  ordinary  solutions,  and  after  the  angular 
velocities  p,  q,  r  have  been  found,  the  remaining  investigation  for  the  position  in  space 
of  the  principal  axes,  conducted,  (as  above  remarked),  without  the  aid  of  the  invariable 
plane,  is  one  of  great  elegance. 

169.  In  the  last-mentioned  memoir  Euler  starts  fix)m  the  equations  given  by 
d'Alembert's  principle;  viz.  the  impressed  forces  being  put  equal  to  zero,  these  are 


2dm(yg-^g)  =  0.  &c.; 


or,   what  is  the  same  thing,  using  u,  v,  w  to  denote  the  velocities  of  an  element  in 
the  directions  of  the  axes  fixed  in  space,  these  are 

dw       dv^ 
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It    is   assumed    that    at    any  moment    the  body  revolves  round    an    instantaneous  axis, 
inclinations  o,  ^,  7,  with  an  angular  velocity  »;  this  gives 

u^ii(z  cos  ^  —  y  cos  7)  =  ?^  —  ry, 
v  =  8  (a?  cos  7  —  -^  cos  a)  =  rx  ^pz, 
w^b(y  cos  a  — a? cos )8)  ^px  —  qy, 

if  8  cos  a,  8  cos  /9,  8  cos  7  are  denoted  by  p,  q,  r.  The  values  of  du,  dv,  dw  are  obtained 
by  differentiating  these  formulae,  treating  p,  q,  r,  x,  y,  z  hs  variable,  and  replacing 
dx,  dy,  dz  by  vdt,  vdt,  wdt  respectively;  in  the  resulting  formulse  for  ydw^zdv,  &a, 
X,  y,  z  are  considered  as  denoting  the  coordinates  of  the  element  in  regard  to  axe& 
fixed  in  the  body  and  moveable  with  it,  but  which  at  the  moment  under  consideration^ 
coincide  in   position  with   the  axes  fixed  in  space.    The  expressions  for  ^{j/dw^zd/^diit^ 

involve   the  integrals  -4  =  /  (y*  +  £:*)  dm,  &c.,  where  the  coordinates  refer  to  axes  fixed  L 

the  body;  and  if  these  are  taken  to  be  principal  axes,  the  expression  for  %{rjd'w^zdii))d'n^. 
is  =  Adp  +  (C — B)  qrdt,  which  gives  the  three  equations 

Adp  +  (C'-B)qrdt  =  0, 
Bdq'^(A-C)rpdt  =  0, 
Cdr  +  (B-A)pqdt=^0, 
already  referred  to  as  Euler's  equations. 

170.  Next,  as  regards  the  determination  of  the  position  in  space  of  the  principal 
axes:  if  about  the  fixed  point  we  describe  a  sphere  meeting  the  principal  axes  in 
Xi,  yi,  Zi,  and  if  P  be  an  arbitrary  point  on  the  sphere  and  PQ  an  arbitrary  direction 
through  P,  the  quantities  used  to  determine  the  positions  ot  Xi,  yi,  Zi  are  the  distances 
XiPf  yiP,  ZiP  (=/,  m,  n)  and  the  inclinations  XiPQ,  yiPQ,  ZiPQ(=\  /i,  v)  of  these  arcs 
to  the  fixed  direction  PQ  (it  is  to  be  observed  that  the  sines  and  cosines  of  the 
differences  of  X,  fi,  v  are  given  functions  of  the  sines  and  cosines  of  Z,  m,  n,  and, 
moreover,  that  cos'Z  +  cos'm  +  cos'w  =  1,  so  that  the  number  of  independent  parameters 
is  three).  The  above  is  Euler  s  definition ;  but  if  we  consider  a  set  of  axes  fixed  in 
space  meeting  the  sphere  in  the  points  X,  F,  Z,  then  if  the  point  X  be  taken  for  P, 
and  the  arc  XY  for  PQ,  it  is  at  once  seen  that  the  angles  used  for  determining  the 
relative  positions  of  the  two  sets  of  axes  are  the  same  as  in  Euler  s  memoir  *' Formulae 
Generales  &c.,"  1775  {ante,  No.  132),  where  the  formulae  for  this  transformation  of 
coordinates  are  considered  apart  fi:om  the  dynamical  theory. 

Euler  expresses  the  quantities  p,  g,  r  in  terms  of  an  auxiliary  variable  w,  which  is 
such  that  du^pqrdt'y  p,  g,  r  are  at  once  obtained  in  terms  of  u,  and  then  t  is  given 
in  terms  of  t^  by  a  quadrature.  Euler  employs  also  an  auxiliary  angle  U,  given  in  terms 
of  t^  by  a  quadrature.  And  he  obtains  finite  algebraical  expressions  in  u,  cos  U,  sin  U 
for  the  cosines  or  sines  of  Z,  m,  n;  8  (the  angular  distance  IP,  if  /  denote  the  point 
in  which  the  instantaneous  axis  meets  the  sphere),  <f>  (the  angle  IPQ)  and  \  •- if>,  fi  —  (f>,  p  —  (f>. 
The  formulae,  although  complicated,  are  extremely  elegant,  and  they  appear  to  have 
been  altogether  overlooked  by  subsequent  writers. 
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171.  Euler   remarks,  however,  that   the   complexity  of  his   solution  is  owing  to  the 

circumstance   that   the   fixed   point  P   is   left  arbitrary,  and  that  they  may  be  simplified 

by    taking    this    point    so    that   a   certain   relation    G^  —  2)'  =  0    may   be   satisfied   between 

the   constants   of  the   solution  ;   and  he  gives  the  far  more  simple  formulae  corresponding 

to  this  assumption.     This  amounts  to  taking  the  point  P  in  the  normal  of  the  invariable 

plane,   and   the   resulting    formulae   are   in   fact   identical   with   the   ordinary   formulae    for 

the   solution    of    the   problem.     The    expression    invariable  plane  is   not    used    by   Euler, 

and   seems  to   have   been  first  employed  in   Lagrange  s  memoir  "  Essai  sur  le   Problfeme 

de    Trois   Corps,"   Prix  de  VAcad.   de  Berlin,  t.  ix.  (1772):   the   theory   in   reference   to 

the  solar  system  has  been  studied   by  Laplace,  Poinsot,  and  others, 

172.  Lagrange's  solution  in  the  memoir  of  1773  is  substantially  the  same  with 
t>hat  in  the  Micanique  Analytiqiie,  Only  he  starts  from  the  integral  equations  of  areas 
and  of  Vis  Viva,  but  in  the  last-mentioned  work  from  the  equations  of  motion  as  ex- 
pressed in  the  Lagrangian  form  by  means  of  the  Via  Viva  function  r(=jS(^'*+y''-h/*)dm). 
The  distinctive  feature  is  that  he  does  not  refer  the  body  to  the  principal  axes  but 
t;o  any  rectangular  axes  whatever  fixed  in  the  body  :  the  expression  for  T  consequently 
is  T=^{A,  B,  C,  F,  G,  H\p,  q,  ry,  instead  of  the  more  simple  form 

T  =^  ^  {Ap' +  Bq^ -\- Cr^), 

vrhich  it  assumes  when  the  body  is  referred  to  its  principal  axes.  And  Lagrange  effects 
the  integration  as  well  with  this  more  general  form  of  T,  as  without  the  simplification 
afforded  by  the  invariable  plane;  the  employment,  however,  of  the  more  general  form 
of  T  seems  an  unnecessary  complication  of  the  problem,  and  the  formulae  are  not  worked 
out   nearly   so    completely   as   in   Euler  s  memoir.     It  may  be   observed   that  p,  q,  r  are 

expressed  as  functions  of  the  instantaneous  velocity  ©  (=  Vp' +  gf*  +  r"),  and  thence  t 
obtained  by  a  quadrature  as  a  function  of  o). 

173.  Poisson's  Memoir  of  1809. — The  problem  is  only  treated  incidentally  for  the 
sake  of  obtaining  the  expressions  for  the  variations  of  the  arbitrary  constants;  the 
results  (depending,  as  already  remarked,  on  the  consideration  of  the  invariable  plane) 
are  obtained  and  exhibited  in  a  very  compact  form,  and  they  have  served  as  a  basis 
for  further  developments;  it  will  be  proper  to  refer  to  them  somewhat  particularly. 
The  Eulerian  equations  give,  in  the  first  place,  the  integrals 

Ap^  +  Bq^  +  Cr'^^h, 
AY+B'q^+O^^i^; 

and  then  by  means  of  these,  p,  q  being  expressed  in  terms  of  r,  we  have  t  in  terms 
of  r  by  a  quadrature. 

174.  The  position  in  space  of  the  principal  axes  is  determined  by  referring  them, 
by  means  of  the  angles  0,  tf>,  t,  to  axes  Ox,  Oy,  Oz  fixed  in  space;  if,  to  fix  the 
ideas,  we  call  the  plane  of  xy  the  ecliptic  {Ox  being  the  origin  of  longitudes),  and 
the  plane  of  the  two  principal  axes  x^yi  the  equator,  then  we  have 

0,  the  longitude  of  node, 

^,  the  inclination, 

T,  the  hour-angle,  or  angular  distance  of  Ox^  fi'om  the  node, 

c.  IV.  72 
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178.  Poinsot's  "Throne  Nouvelle  de  la  Rotation  des  Corps."— The  *Extrait'  of  the 
memoir  was  published  in  1834,  but  the  memoir  itself  was  not  published  in  extenao 
until  the  year  1851.  The  *  Extrait '  contains,  however,  not  only  the  fundamental  theorem 
of  the  representation  of  the  motion  of  a  body  about  a  fixed  point  by  means  of  the 
momental  ellipsoid  rolling  on  a  fixed  tangent  plane,  but  also  the  geometrical  and 
mechanical  reasonings  by  which  this  theorem  is  demonstrated;  it  establishes  also  the 
notions  of  the  Peloid  and  Serpoloid  curves;  and  it  contains  incidentally,  and  without 
any  developments,  a  very  important  remark  as  to  the  representation  of  the  motion  by 
means  of  the  rolling  and  sliding  motion  of  an  elliptic  cone.  The  whole  theory 
(including  that  of  the  last-mentioned  representation  of  the  motion)  is  in  the  memoir 
itself  also  analytically  developed,  but  without  the  introduction  of  the  elliptic  and  Jacobian 
functions:  to  form  a  complete  theory,  it  would  be  necessary  to  incorporate  the  memoir 
with  that  of  Jacobi. 

179.  The  following  is  an  outline  of  the  '  Extrait ' : 

The  instantaneous  motion  of  a  body  about  a  fixed  point  is  a  motion  of  rotation 
about  an  axis  (the  instantaneous  axis) ;  and  hence  the  finite  motion  is  as  if  there 
were  a  cone  fixed  in  the  body  which  rolls  (without  sliding)  upon  another  cone  fixed 
in   space. 

The  instantaneous  motion  of  a  body  in  space  is  a  motion  of  rotation  about  an 
axis  combined  with  a  translation  in  the  direction  of  this  axis:  this  remark  is  hardly 
required  for  Poinsot's  purpose,  and  he  does  not  further  develope  the  theory  of  the 
motion  of  a  body  in  space.  The  effect  of  a  couple  in  a  plane  perpendicular  to  a 
principal  axis  is  to  turn  the  body  about  this  axis  with  an  angular  velocity  proportional 
to  the  moment  of  the  couple  divided  by  the  moment  of  inertia  about  the  axis. 

And  hence  by  resolving  any  couple  into  couples  perpendicular  to  the  principal  axes, 
the  effect  of  such  couple  may  be  calculated ;  but  more  simply  by  means  of  the 
central  ellipsoid  (momental  ellipsoid  a'ar*  +  6y  +  c*^^  =  A*,  if  ^,  -B,  C  =  Ma\  Mh\  Mc^),  viz., 
if  the  body  is  acted  on  by  a  couple  in  a  tangent  plane  of  the  ellipsoid,  the  instan- 
taneous axis  passes  through  the  point  of  contact ;  and  reciprocally,  given  the  instantaneous 
axis,  the  couple  must  act  in  the  tangent  plane. 

180.  Considering  now  a  body  rotating  about  a  fixed  point,  and  taking  as  the 
plane  of  the  couple  of  impulsion  a  tangent  plane  of  the  ellipsoid,  the  instantaneous 
axis  is  initially  the  diameter  through  the  point  of  contact ;  the  centrifugal  forces 
arising  from  the  rotation  produce  however  an  accelerating  couple,  the  effect  whereof  is 
continually  to  impress  on  the  body  a  rotation  which  is  compounded  with  tha^t  about 
the  instantaneous  axis,  and  thus  to  cause  a  variation  in  the  position  of  this  axis  and 
in  the  angular  velocity  round  it.  The  axis  of  the  accelerating  couple  is  always  situate 
in  the  plane  of  the  couple  of  impulsion. 

181.  Hence  also 

1°,  Throughout  the  motion  the  angular  velocity  is  proportional  to  the  length  of 
the  instantaneous  axis  considered  as  a  radius  vector  of  the  ellipsoid. 

72—2 
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2°.  The  distance  of  the  tangent  plane  from  the  centre  is  constant;  that  is,  the 
tangent  plane  to  the  ellipsoid  at  the  extremity  of  the  instantaneous  axis  is  a  fixed 
plane  in  space. 

Or,  what  is  the  same  thing,  the  motion  is  such  that  the  ellipsoid  remains  always 
in  contact  with  a  fixed  plane,  viz.,  the  body  revolves  round  the  radius  vector  through 
the  point  of  contact,  the  angular  velocity  being  always  proportional  to  the  length  ol 
this  radius  vector. 

It    is    right    to   remark    that    in   Poinsot's   theory   the   distance   of   this    plane   froi 

the   centre   depends   on   the   arbitrarily   assumed  magnitude  of  the  central  ellipsoid ;   th»»  ^ 

parallel  plane  through  the  centre  is  the  invariable  plane  of  the  motion. 

182.  The   motion    is    best    understood    by   the    consideration   that   it   is  implied 
the   theorem   that  the  pole  of  the  instantaneous  axis  describes  on  the  ellipsoid  a  cei 
curve,  "the   Peloid,"   which   is   the   locus   of  all   the   points   for  which   the   perpendicul 
on   the   tangent  plane   has  a  given   constant  value  (the  curve   in  question  is  easily 
to  be  the   intersection  of  the   ellipsoid   by  a  concentric  cone  of  the  second  order);  ai 
that  the  instantaneous  axis   describes   on   the   fixed   tangent   plane   a   curve  called  "  t     ^-^e 
Serpoloid,"  which  is  the  locus  of  the  points  with  which  the  several  points  of  the  polczri^icf 
come  successively  in   contact  with   the   tangent   plane,   and   is    a    species    of  undulatL  tsuk^ 
curve,   viz.,  the   radius   vector  as   it   moves   through   the  angles   0  to  ^1  +  211,  ^1  +  211         -to 
tfi  +  4n,   &c.   assumes   continually  the    same    series   of   values.     This    is   in   fiujt   evid^^mt 
from  the  mode  of  generation ;  and  it  is  moreover  clear  that  the  serpoloid  is  an  algebrai.<:?:sl 
or  else  a  transcendental  curve  according  as  n  is  or  is  not  commensurable  with  tt. 

{Treating  the  peloid  and  serpoloid  as  cones  instead  of  curves,  the  motion  of  ^Izie 
body  is  the  rolling  motion  of  the  former  upon  the  latter  cone,  which  agrees  with  a 
previous  remark.} 

There  is  a  very  interesting  special  case  where  the  perpendicular  distance  fit)m    tlie 
tangent  plane  is  equal  to  the  mean  axis  of  the  ellipse. 

183.  Poinsot  remarks  that  the  motion  is  such  that  {considering  the  plane  of  fclie 
couple  of  impulsion  as  drawn  through  the  centre  of  the  ellipsoid}  the  section  of  t'Mne 
ellipsoid  is  an  ellipse  variable  in  form  but  of  constant  magnitude,  and  that  this  lea-'^ 
to  a  new  representation  of  the  motion,  viz.,  that  it  may  be  regarded  as  the  Two^C^n 
of  an  elliptic  cone  which  rolls  on  the  plane  of  the  couple  {the  invariable  plane}  tvith  o- 
variable  velocity,  and  which  slides  on  this  plane  tvith  a  uniform  velocity. 

184.  The   theory  of  the   last-mentioned  cone,  say  the   "rolling  and  sliding  cone,"     is 
developed  in  the  memoir,  Liouville,  t.  xvi.  p.  303,  in  the  chapter  entitled  "  Nouvelle  Im^ge 
de  la  Rotation   des   Corps."    If  a,  6,  c  signify  as  before  (viz..  A,  B,  0  =  Ma^,  Mt^,  Mc^), 
and   if  h  be   the   distance   of  the   centre   from  Poinsot s   fixed   tangent  plane  (h<a>c), 
then  the  invariable  axis  describes  in  the  body  a  cone  the  equation  whereof  is 

(a»  -  A»)  a;"  +  (6*  -  A*)  y*  +  (c^  -  A«)^»  =  0; 
the  cone  reciprocal  to  this,  viz.  the  cone  the  equation  whereof  is 

x"  y»  ^*  ^ 
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is  the  "rolling  and  sliding  cone."  The  generating  line  OT  of  this  cone  is  perpendicular 
bo  the  plane  of  the  instantaneous  axis  01,  and  of  the  invariable  axis  OG ;  and  the 
malytical  expressions  for  the  rolling  and  sliding  velocities  folio  *v  fix)m  the  geometrical 
H)nBideration  that  the  motion  at  any  instant  is  a  rotation  round  the  instantaneous 
ixis  Oil  that  for  the  sliding  velocity  is  the  instantaneous  angular  velocity  into  the 
^ne  of  the  angle  lOG,  which  is  in  fact  constant ;  that  for  the  rolling  velocity  is 
i;iven,  but  a  further  explanation  of  the  geometrical  signification  is  perhaps  desirable. 

185.  I  may  in  this  place  again  refer  to  Cohen's  memoir  "  On  the  Differential 
JoeflBcients  and  Determinants  of  Lines  &c."  (1862),  the  latter  part  of  which  contains 
ji  application  of  the  method  to  finding  Euler's  equations  for  the  motion  of  a  rotating 
H>dy. 

186.  Rueb  in  his  memoir  (1834)  first  applied  the  elliptic  and  Jacobian  functions 
o  the  present  problem.     Starting  from  the  equations 

AY  +  -ffY  +  CV  =  Z2,  (1) 
ind 

^~(^-C)rp' 
t  is   easy  to  perceive   that   by  assuming   j  =  a  proper  multiple  of  sin  f,  the   expression 

or  dt  takes  the  form  ndt  =  — = — ,  so  that  writing  f  =  am  u,  the  integral  equation 

vl  — Ar'sin'f 

8  71^  —  6  =  u,  or  i*  is  an  angle   varying  directly   as   the   time   (and   corresponding  to  the 

nean    longitude,   or,    if   we   please,   to    the    mean    anomaly    in    the   problem    of  elliptic 

notion).     And  then  p,  q,  r  are   expressed   as   elliptic  functions  of  u.    The  value  of  the 

nodulus  k,  and  that  of  n(nt''€  =  u  ut  mprd)  are 


^=    v 


{B-'G){-l^  +  Ah) 


ABC 


=  V" 


^  ,  {A  -  B)  (,1^  -  Ch) 


ABC 
ind  then 


/  l^-Ch' 


^  2  is  PoiB8on*8  A;,  the  constant  of  the  principal  area;  it  is  the  letter  afterwards  used  by  Jacobi;  Baeb's 
stter  is  ^.  In  quoting  {infrh)  the  expressions  for  />,  q,  r,  I  have  given  them  with  Bueb's  signs,  bat  it  would 
e  too  long  to  explain  how  the  signs  of  the  radicals  are  determined* 
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187.     Substituting  for  p,  9,  r  their  values  in  terms  of  u,  we  have  dO,  and  thence  0 
(the  longitude  of  the  node  of  the  equator  on  the  invariable  plane)  in  the  form 

^  =  -J^t.  +  in(i/,  ta)    (i  =  V-l), 

which   by   Jacobi's   formulae   for   the   transformation   of  the   elliptic   integral  of  the   thinL^.^ 
class  becomes 

\    An         V    /y    ^a      ^e(w+ai)' 
which  Rueb  reduces  to  the  real  form 

^  =  -  n'u  +  tan-^  TT, 
W  being  given   in   the   form  of  a   fraction,  the  numerator  and  denominator  whereof  are 
series  in  multiple  sines  and  multiple  cosines  respectively  of  x-v^. 


188.  Rueb  investigates  also  the  values  in  terms  of  u  of  the  cosine  inclinations 
of  the  instantaneous  axis  to  the  axes  fixed  in  space ;  and  he  obtains  a  very  elegant 
expression  for  the  angle  f,  which  is  the  angular  distance  from  x  of  the  projection  on 
the  plane  of  xy  (the  invariable  plane)  of  the  instantaneous  axis ;  viz.,  this  is 

1,     ^       ,  /        ABn  A  am  u         \      /» 

f=tan-M-7^ vr        . ]-0, 

\    (A  —  B)  I  sm  am  u  cos  am  uJ 

and  there  is  throughout  a  careful  discussion  of  the  geometrical  signification  of  the  results. 

189.  The  advance  made  was  enormous  ;  the  result  is  that  we  have  in  terms  of 
the  time  sin  r  sin  <f),  cos  r  sin  ^,  cos  <f>  (the  cosine  inclinations  of  the  invariable  axis  to 
the  principal  axes),  and  also  0,  the  longitude  of  the  node.  The  cosine  inclinations  of 
the  axes  of  x  and  y  to  the  principal  axes  could  of  course  be  obtained  fix)m  these, 
but  they  would  be  of  a  very  complicated  and  unmanageable  form ;  tlie  reason  of  this 
is  the  presence  in  the  expression  for  0  of  the  non-periodic  term  —  n'u.  It  will  presently 
be  seen  how  this  difficulty  was  got  over  by  Jacobi. 

190.  Briot's  paper  of  1842  contains  an  analytical  demonstration  of  some  of  the 
theorems  given  in  the  'Extrait*  of  Poinsot's  memoir  of  1834. 

191.  In  Maccullaghs  Lectures  of  1844  (see  Haughton,  1849;  Maccullagh,  1847) 
the   problem   of  the   rotation   of  a  solid  body  is  treated   in   a  mode  somewhat  similar  to 

—  +  y^  +  -  =  1,  if  -4,  5,  C=Ma\  Ml^,  Md' 

is  used  instead  of  the  moniental  ellipsoid.  Thus,  reciprocal  to  the  poloid  curve  on  the 
momental  ellipsoid  we  have  on  the  ellipsoid  of  gyration  a  curve  all  the  points  whereof 
are  equidistant  from  the  centre ;  such  curve  is  of  course  the  intersection  of  the 
ellipsoid  by  a  concentric  sphere,  that  is,  it  is  a  spherical  conic ;  and  the  points  of 
this  spherical  conic  come  successively  to  coincide  with  a  fixed  point  on  the  invariable 
axis.     This   is   a   theorem   stated   in   Art.  VI.   of  Haughton's   memoir:   it   may   be   added 
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that  the  several  tangent  planes  of  the  ellipsoid  of  gyration  at  the  points  of  the 
spherical  conic  as  they  come  to  coincide  with  the  fixed  point,  form  a  cone  reciprocal 
to  Poinsot's  serpoloid  cone.  It  is  clear  that  every  theorem  in  the  one  theory  has  its 
reciprocal  in  the  other  theory ;  I  have  not  particularly  examined  as  to  how  far  the 
reciprocal  theorems  have  been  stated  in  the  two  theories. 

192.  Cayley,  "On  the  Motion  of  Rotation  of  a  Solid  Body"  (1843).— The  object  was 
to  apply  to  the  solution  of  the  problem  Rodrigues'  formulae  for  the  resultant  rotation ;  viz., 
if  the  principal  axes,  considered  as  originally  coinciding  with  the  axes  of  x,  y,  z,  can  be 
brought  into  their  actual  position  at  the  end  of  the  time  <  by  a  rotation  0  round  an  axis 
inclined  at  angles  /,  g,  h  to  the  axes  of  oo,  y,  z,  and  if  X.  =  tan  ^^  cos/,  /A  =  tan^^cos5r, 
v  =  tB,n^0cosh,  then  the  principal  axes  are  referred  to  the  axes  fixed  in  space  by  means 
of  the  quantities  \,  /a,  v.    And  these  are  to  be  obtained  from  the  equations 

Kpdt  =  2  (  d\-h  vdfi  —  fidp\ 
K  qdt  =  2  (—  vd\  +  d/A  +  \dv\ 
K  rdt  =  2  (     fjudX  —  \d/A  +    dv)y 

ivhere  /e  =  1  +  V  +  /a'  + 1/^  and  p,  g,  r  are  to  be  considered  as  given  functions  of  t,  or 
of  other  the  variable  selected  as  the  independent  one.  But  for  effecting  the  integration 
it  was  found  necessary  to  take  the  axis  of  ^  as  the  invariable  axis. 

193.  The  solutioii  by  Jacobi,  §  27  of  the  memoir  "Theoria  Novi  Multiplicatoris " 
(1845),  is  given  as  an  application  of  the  general  theory,  the  author  remarking  that, 
as  well  in  this  question  as  in  the  problem  of  the  two  fixed  centres,  he  purposely 
employed  a  somewhat  inartificial  analysis,  in  order  to  show  that  the  principle  (of  the 
Ultimate  Multiplier)  would  lead  to  the  result  without  any  special  artifices.  The 
principal  axes  are  referred  to  the  axes  fixed  in  space  by  the  ordinary  three  angles  (here 
called  qiy  q^,  q^,  and  the  solution  is  carried  so  far  as  to  give  the  integral  equations, 
without  any  reduction  of  the  integrals  contained  in  them  to  elliptic  integrals.  The 
solution  is,  however,  in  so  far  remarkable  that  the  integrations  are  effected  without  the 
aid  of  the  invariable  plane. 

194.  Cayley,  "On  the  Rotation  of  a  Solid  Body  &c."  (1846). — It  appeared  desirable 
to  obtain  the  solution  by  means  of  the  quantities  \  fi,  v,  without  the  assistance  of  the 
invariable  plane,  and  Jacobi's  discovery  of  the  theorem  of  the  Ultimate  Multiplier  induced 
me  to  resume  the  problem,  and  at  least  attempt  to  bring  it  so  far  as  to  obtain  a 
diflTerential  equation  of  the  first  order  between  two  variables  only,  the  multiplier  of 
which  could  be  obtained  theoretically  by  Jacobi's  discovery.  The  choice  of  two  new 
variables  to  which  the  equations  of  the  problem  led  me,  enabled  me  to  eflfect  this  in 
a  simple  manner ;  and  the  differential  equation  which  I  finally  obtained  turned  out 
to  be  integrable  per  se,  so  that  the  laborious  process  of  finding  the  multiplier  became 
unnecessary. 

195.  The  new  variables  fl,  v  have  the  following  geometrical  significations:  fl=/tani^cos/, 
where  I  is  the  principal  moment  (A^pl^  +  B^q^  +  CV  =  P),  0  (as  before)  the  angle  of  resultant 
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rotation,  and  /  is  the  inclination  of  the  resultant  axis  to  the  invariable  axis;  and 
i;  =  Pcos*^t/,  where  if  we  imagine  a  line  AQ  having  the  same  position  relatively  to 
the  axes  fixed  in  space  that  the  invariable  axis  has  to  the  principal  axes  of  the  body, 
then  J  is  the  inclination  of  this  line  to  the  invariable  axis.  It  is  found  that  p,  q,  r 
are  functions  of  v  only,  whereas  X,  /a,  i;  contain  besides  the  variable  ft.  In  obtaining 
these  relations,  there  occurs  a  singular  relation  ft'  =  /eu  — 1\  which  may  also  be  written 
1 +tan'i^  cos'/=8ec'i^cos'^J',  where  the  geometrical  significations  of  the  quantities 
/,   J  have  just   been    explained.     The    final    results    are   that    the   time   t,  and   the   arc 

tan~*  y   are   each   of  them   expressible  as   the   integrals   of   certain   algebraical   functions 

of  V.  There  might  be  some  interest  in  comparing  the  results  with  those  of  Eulers 
memoir  of  1758,  where  the  principal  axes  are  also  referred  to  an  arbitrary  system  o 
axes  fixed  in  space ;  but  I  was  not  then  acquainted  with  Euler's  memoir. 

The   concluding   part   of  the   paper  relates   to   the    determination    of  the    variations 
of  the  constants  in  the  disturbed  problem. 

196.  Cayley,  "Note   on  the   Rotation   of  a   Solid  of  Revolution"  (1849),  shows  the 
simplification   produced   in  the  formulae  of  the  last-mentioned  memoir  in  the  case  where 
two  of  the  moments  of  inertia  are  equal,  say  -4=5. 

197.  Jacobi's  final  solution  of  the  problem  of  Rotation  was  given  without  demon- 
stration in  the  letter  to  the  Academy  of  Sciences  at  Paris;  the  demonstration  is  added 
in  the  memoir,  Crelle,  t.  xxxix.  (1849).  The  fundamental  idea'  consists  in  taking  in 
the  invariable  plane,  instead  of  the  fixed  axes  xy,  a  set  of  axes  xy  revolving  with 
uniform  velocity,  such  that  the  angular  distance  of  the  axis  of  x  from  its  initial 
position  is  precisely  =  —  nfu ;  and  consequently  if  ^  be  the  longitude  of  the  node  of 
the  equator  on  the  invariable  plane,  measured  from  the  moveable  axis  of  ^  as  the 
origin  of  longitude,  we  have 

and  in  consequence  of  this  form  of  the  expression  for  ^  ( =  ^.  into  a  logarithmic  function) 

in  passing  to  the  trigonometrical  functions  sin^,  cos  ^  the  logarithm  disappears  altogether ; 
and  we  have  in  a  simple  form  the  expressions  for  the  actual  functions  sin  O',  cos  ff, 
through  which  0"  enters  into  the  formulae,  and  thus,  Jacobi  remarks,  the  barrier  is 
cleared  which  stands  in  the  way  when  the  expression  of  an  angle  is  reduced  to  an 
elliptic  integral  of  the  third  class. 

198.  For  the   better  expression  of  the  results,  Jacobi  joins  to  the  functions  H,  8, 

considered  in  the  "Fundamenta  Nova,"  the  functions  0iii  =  0  (if  —  w),  Hi(u)  =  H(K'-'U);^ 

so  that 

rr  .  Hu  Ih  Hm         1     .  ©iM 

VA;smami^  =  ^--,      .  /  yj  cosam  w  =  -^- ,      -;=Aamu  =  :^— , 

and  then  considering  the  cosine  inclinations  of  the  principal  axes  to  the  invariable 
axis    and    the    revolving    axes    in    the    invariable    plane,   these   are    all    fractions    which, 
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neglecting  constant  factors,  have  the  common  denominator  @u]  a",  )8",  7"  (as  shown  by 
Bueb's  formulae)  have  the  numerators  Hiu,  Hu,  and  ©iW  respectively ;  and  a,  a!  have 
the  numerators  H(u-{-ia)±H(u  —  ia\  fi,  13'  the  numerators  J?i  (w  —  ia)  +  JTi  (w  +  ia),  7,  7' 
the  numerators  0  (w  +  ia)  ±  0  (w  —  ia)  respectively  :  there  are  also  expressions  of  a  similar 
form  for  the  angular  velocities  about  the  axis  of  x  and  y ;   that  about  the  axis  of  z  (the 

invariable  axis)  having,  as  was  known,  the  constant   value  j .     The   memoir  is  also  very 

valuable   analytically,  as   completing  the  systems  of  formulae  given  in   the  Fundamenta 
Nova  in  reference  to  elliptic  integrals  of  the  third  class. 

199.  It  is  worth  noticing  how  the  results  connect  themselves  with  Poinsot's  theorem 
of  the  rolling  and  sliding  cone:  the  velocity  of  the  rolling  motion  depends  only  upon 
the  position,  on  the  cone,  of  the  line  of  contact,  so  that  the  same  series  of  velocities 
recur  after  any  number  of  complete  revolutions  of  the  cone ;  that  is,  the  total  angle 
described  by  the  line  of  contact  in  consequence  of  the  rolling  motion,  consists  of  a  part 
varying  directly  with  the  time  (or  say  varying  as  u)  and  a  periodic  part ;  the  former 
part  combines  with  the  similar  jberm  arising  from  the  sliding  motion,  and  the  two 
together  give  Jacobins  term  nu. 

200.  Somoffs  memoir  (1851),  ^vritten  after  Jacobi's  Note  in  the  Gomptes  Rendns, 
"but  before  the  appearance  of  the  memoir  in  Crelle,  gives  the  demonstration  of  the 
greater  part  of  Jacobins  results. 

201.  Booth's  Theory  of  Elliptic  Integrals  Jkc.  (1851)  (contemporaneous  with  the 
publication  of  Poinsot's  memoir  of  1834)  contains  various  interesting  analytical  develop- 
ments, and,  as  an  interpretation  of  them,  the  author  obtains  (p.  93)  the  theorem  of 
the  rolling  and  sliding  cone.  The  investigations  involve  the  elliptic  integrals,  but  not 
the  elliptic  or  Jacobian  functions. 

202.  Richelot's  two  Notes  (Crelle,  tt.  XLii.  and  xliv.)  relate  to  the  solution  of 
the  problem  of  rotation  given  in  his  memoir  "Eine  neue  Losung  &c."  (1851).  This  is 
an  application  of  Jacobi's  theorem  for  the  integration  of  a  system  of  dynamical  equations 
by  means  of  the  principal  function  8  (see  my  *'  Report "  of  1857,  art  34).  Retaining 
Richelot's  letters  <f>,  y^,  0,  which  signify 

•^,  the  longitude  of  the  node, 
By  the  inclination, 
^,  the  hour-angle, 

the  question  is  to  find  a  complete  solution  of  the  partial  diflferential  equation 


^=      2z{U^"^^-^d^jsin?-W^"^* 


1    {(dV      ^     dV\  cos 6     dV  .    J» 
+  25  iU  '"'^  ■"  df)  sin"?  +  dd  ^^^  *} 


dV 


1    idvy 

IC    \d6) 


2(7    \d4>)         '    dt  ' 

c.  IV.  73 
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that  is,  a  solution  involving  (besides  the  constant  attached  to  F  by  a  mere  addition) 
three  arbitrary  constants;  these  are  t,,  ^i,  p.  Writing  in  the  first  place  F=s  W'\-Ui-\-  '^^, 
the  resulting  equation  for  W  may  be  satisfied  by  taking  W,  a  function  of  ^  and  0, 
without  ^  or  ^;  and  it  is  sufficient  to  have  a  solution  involving  only  a  single  arbitraiy 
constant     This  leads  to  a  solution  which  is  as  follows: 

F=tt,+^,^iIr,tan-^^^-A^— +  pjtan-'      ,-t^^^    -       +tan"^      ,- "^^^ 

"[c  '  ""V  I  ,  .     ...     /7i     i\T7.    o»~"~\77i     iV~    p^ 


y  +  20  [ ^»'j^ 

•'  ■^^(^-*■>^/a4)(*-^^)((D-l)*•- 


+  2«, 


) 


where  ^  and  0i  are  certain  given  functions  of  ^,  -^i,  p,  and  of  0  and  ^     The  solutioc::^ 
of   the    dynamical    problem    is    then    obtained    by   putting    the    differential    coefficien,^:;-, 

/ft  '  /AS"  '    7i~   ®^^^^  ^  arbitrary  constants  i,  a,  0  respectively ;  the  results  are  soi 

what  more  simple    than  might    be    expected    from    the   very  complicated    form    of 
function    V,    The  foregoing  results  (although  not    by  themselves    very  intelligible) 
give  an  idea  of  the  form  in  which  the   analytical  solution  in  the  first  instance  prese^^^, 
itself  ^ 

203.  Richelot  proceeds  to  remark  that  the  solution  in  question,  and  the  resul*^;^^ 
integral    equations    of    the    problem,  may  be   simplified    in    a   peculiar   manner   by     t^^ 
method   which   he  calls  "the   integration   by  the   spherical   triangle."     For    this   purpog^ 
he  introduces  a  spherical  triangle,  the  sides  and  angles  whereof  are 

1/,  \  /A ;   N,  A,  M, 
and  then  assuming 

N  constant,  M  =  tt  —  r 

(J-2)sin»(<^+i;)sin»A+(^J.---g)cosH<^  +  i;)6in»A=i+^^ 

where  p  and  t,  are  constant,  the  solution  is 

F=  ti^  —  p  (-^  —  \)  cos  N  —  pM  +  p  /  cos  A  d  (^  + 1;)  ; 

and  that  this  expression  leads  to  all  the  results  almost  without  calculation. 

204.  I  have  quoted  the  foregoing  results  from  the  Note  (Crelle,  t.  xlil),  having 
seen,  but  without  having  studied,  the  Memoir  itself:  the  results  appear  very  interesting 
and  valuable  ones;  but  they  seem  to  require  a  more  complete  geometrical  develop- 
ment than  they  have  received  in  the  Memoir;  and  I  am  not  able  to  bring  them 
into  connexion  with  the  other  researches  on  the  subject. 

205.  The  solution,  §  3  of  Donkin's  memoir  "On  a  Class  of  Differential  Equations 
&a"  (part  I.  1854),  is  given  as  an  illustration  of  the  general  theory  to  which  the 
memoir  relates  ;  it  contains,  however,  some  interesting  geometrical  developments  in  regard 
to  the  case  (-4  =  B)  of  two  equal  moments  of  inertia.  I  have  not  compared  the  results 
with  those  in  my  Note  of  1849. 


P' 


298]  CERTAIN   SPECIAL   PROBLEMS  OP  DYNAMICS,  579 

206.  The  solution  of  the  rotation  problem,  §  66  of  Jacobi's  memoir  "  Nova 
Methodus  &c."  (1862),  has  for  its  object  to  show  the  complete  analogy  which  exists 
between  this  problem  and  the  problem  of  a  body  attracted  to  a  fixed  centre.  The 
section  is  in  fact  headed  "  Solutio  simultanea  problematis  de  motu  puncti  versus  cen- 
trum attracti  atque  problematis  de  rotatione  &c.";  and  Jacobi,  after  noticing  that 
Poisson,  in  his  memoir  of  1816  (M^m,  de  VInst  t.  l),  had  shown  that  the  expressions 
for  the  variations  of  the  elements  in  the  two  problems  could  be  investigated  by  a 
common  analysis,  remarks,  "  Sed  ipsa  problemata  duo  imperturbata  hie  primum,  quantum 
credo,  amplexus  sum."  The  solution  is  in  fact  as  follows: — Suppose  that  in  the  one 
problem  the  position  of  the  point  in  space,  and  in  the  other  problem  the  position  of 
the  body  in  regard  to  the  fixed  axes,  is  determined  in  any  manner  by  the  quantities 
?i,  ?a,  ?3.     Let 

dq^_     ,      dq._     ,      ^?S-^' 

Tt^^''     dt^^''     di'^" 

and  expressing  the   Vis  Viva  function  T  in  terms  of  qi,  q^,  jj,  5/,  q^\  q^,  let 

dT  _  dT  _  dT  _ 

dq/~P"     d^r^''     dq^P'' 

and  let  H  be  the  value  of  T  expressed  in  terms  of  gi,  q^,  q^,  p^y  p^y  p^,  so  that 
ff=a  is  the  integral  of  Vis  Viva  (this  is  merely  the  transformation  to  the  Hamiltonian 
form).  And  let  J?i  =  ai,  <f>  =  a^\  yjr^ai'  be  the  three  integrals  of  areas  (H,  Hi,  <l>,  yjr 
are  functions  of  the  variables  only,  not  containing  the  arbitrary  constants  a,  ai,  a^\  Oi"). 
Then,  expressing 

Hy        H,y        H,{=^W^''+~^) 

in  terms  of  pi,  jpai  2>s,  ?i,  ?2,  q^*  and  by  means  of  the  equations 

H  =  ay    Hi  =  tti ,     J?3  =  02 

(where  ao  =  ^^Oi*  +  Oi'^  +  a/'^ )  expressing  pi,  pai  Ps  ^^  terms  of  qi,  qz,  q^,  we  have 
Pidqi'\-p./lq^  +  P3dqs  a  complete  differential;   and  putting 


[{pidqi  +  p^dqa  -^-p^dq^j  =  F, 


then  (a,  Oi,  «-»,  6,  61,  6a  being  arbitrary  constants)  we  have 

S  =ay  Hi    =    ttl  y  H2    =    a^  y 

dV_[fdp, 
da 


73—2 
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as   the   complete   integrals   of    either  problem,   the   last    three   of   them   being    the    final 
integrals. 

And  it  is  added  that  if  in  either  problem  we  have  H+£l  instead  of  E,  the  expressions 

for  the  variations  of  the  elements  assume  the  canonical  forms    ,,  =  — rr  ,    jt  =  -j-  >  &c. 

at         do      cU      da 

The   solution    is  not   further  developed   as   regards   the   rotation   problem,  but   it  is 
so  (§  67)  as  regards  the  other  problem. 

207.  It  must,  I  think,  be  considered  that  a  comprehensive  memoir  on  the  Problem 
of  Rotation,  embracing  and  incorporating  all  that  has  been  done  on  the  subject,  i^ 
greatly  needed. 


Kinematics  of  a  solid  body.    Article  Nos.  208  to  215. 

208.  The  general  theorem  in  regard  to  the  infinitesimal  motions  (rotations  and 
translations)  of  a  solid  body  is  that  these  are  compounded  and  resolved  in  the  same 
way  as  if  they  were  single  forces  and  couples  respectively.  Thus  any  infinitesimal 
rotations  and  translations  are  resolvable  into  a  rotation  and  a  translation  ;  the  rotation 
ia  given  as  to  its  magnitude  and  as  to  the  direction  of  its  axis,  but  not  as  to  the 
position  of  the  axis  (which  may  be  any  line  in  the  given  direction) :  the  magnitude 
and  direction  of  the  translation  depend  on  the  assumed  position  of  the  axis  of  rotation; 
in  particular  this  may  be  taken  so  that  the  translation  shall  be  in  the  direction  of 
the  axis  of  rotation;  and  the  magnitude  of  the  rotation  is  then  a  minimum.  I  remark 
that  the  theorem  as  above  stated  presupposes  the  establishment  of  the  theory  of  couples 
(of  forces)  which  was  first  accomplished  by  Poinsot  in  his  '  Eleniens  de  Statique*  1st  edit. 
1804 ;  it  must  have  been,  the  whole  or  nearly  the  whole  of  it,  familiar  to  Chasles  at 
the  date  of  his  paper  of  1830  next  referred  to  (see  also  Note  XXXIV.  of  the  Aperfu 
Historiqite,  1837) ;  and  it  is  nearly  the  whi^le  of  it  stated  in  the  *  Extrait '  of  Poinsot's 
memoir  on  Rotation,  1834. 

209.  Chasles*  paper  in  the  Bulletin  Univ.  des  Scietices  for  1830. — The  corresponding 
theorem  is  here  given  for  the  finite  motions  (rotations  and  translations)  of  a  solid 
body  as  follows:  viz.  if  any  finite  displacement  be  given  to  a  free  solid  body  in  space, 
there  exists  always  in  the  body  a  certain  indefinite  line  which  after  the  displacement 
remains  in  its  original  situation.  The  theorem  is  deduced  from  a  more  general  one 
relating  to  two  similar  bodies.  It  may  be  otherwise  stated  thus :  viz.,  any  motions  may 
be  represented  by  a  translation  and  a  rotation  (the  order  of  the  two  being  indiflferent) ; 
the  rotation  is  given  as  regards  its  magnitude  and  the  direction  of  its  axis,  but  no 
as  to  the  position  of  the  axis  (which  may  be  any  line  in  the  given  direction) ;  th 
magnitude  and  direction  of  the  translation  depend  on  the  assiimed  position  of  the 
of  rotation ;  in  particular  this  may  be  taken  so  that  the  translation  shall  be  in  the 
direction  of  the  axis  of  rotation  ;    the  magnitude  of  the  translation  is  then  a  minimum. 

It  may  be  noticed  that  a  translation   may  be  represented  as  a  couple    of  rotations; 
that  is,  two  equal  and  opposite  rotations  aboiit  parallel  axes. 
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210.  It  18  part  of  the  general  theorem  that  any  number  of  rotations  about  axes 
passing  through  one  and  the  same  point  may  be  compounded  into  a  single  rotation 
about  an  axis  through  that  point;  this  is,  in  fact,  the  theory  of  the  "Resultant  Axis" 
developed  in  Euler's  and  Lexeirs  memoirs  of  1775. 

211.  The  following  properties  are  also  given,  viz.,  considering  two  similar  solid 
bodies  (or  in  particular  any  two  positions  of  a  solid  body)  and  joining  the  corresponding 
points,  the  lines  which  pass  through  one  and  the  same  point  form  a  cone  of  the 
second  order;  and  the  points  of  cither  body  form  on  this  cone  a  curve  of  the  third 
order  (skew  cubic).  And,  reciprocally,  the  lines,  intersections  of  con-esponding  planes, 
which  lie  in  one  and  the  same  plane  envelope  a  conic,  and  siich  planes  of  either  body 
envelope  a  developable  surface,  which  is  such  that  any  one  of  these  planes  meets  it 
in  a  conic  {or,  what  is  the  same  thing,  the  planes  envelope  a  developable  surface  of 
the  fourth  order}. 

And  also,  given  in  space  two  equal  bodies  situate  in  any  manner  in  respect  to 
each  other,  then  joining  the  points  of  the  first  body  to  the  homologous  points  of  the 
second  body,  the  middle  points  of  these  lines  form  a  body  capable  of  an  infinitesimal 
motion,  each  point  of  it  along  the  line  on  which  the  same  is  situate. 

212.  The  entire  theory,  as  well  of  the  infinitesimal  as  of  the  finite  motions  of 
a  solid  body,  is  carefully  and  successfully  treated  in  Rodrigues'  memoir  "  Des  lois 
g^omdtriques  &c."  (1840).  It  may  be  remarked  that  for  the  purpose  of  compounding 
together  any  rotations  and  translations,  each  rotation  may  be  resolved  into  a  rotation 
about  a  parallel  axis  and  a  couple  of  rotations,  that  is,  a  translation ;  the  rotations 
are  thus  converted  into  rotations  about  axes  through  one  and  the  same  point,  and 
these  give  rise  to  a  single  resultant  rotation  given  as  to  its  magnitude  and  the 
direction  of  the  axis,  but  not  as  to  the  position  of  the  axis  (which  is  an  arbitrary 
line  in  the  given  direction);  the  translations  are  then  compounded  together  into  a 
single  translation,  and  finally  the  position  of  the  axis  of  rotation  is  so  determined 
that  the  translation  shall  be  in  the  direction  of  this  axis;  the  entire  system  is  thus 
compounded  (in  accordance  with  Chasles'  theorem)  into  a  rotation  and  a  translation  in 
the  direction  of  the  axis  of  the  rotation.  The  problem  of  the  composition  depends 
therefore  on  the  composition  of  rotations  about  axes  through  one  and  the  same  point; 
that  is,  upon  Euler's  and  LexelFs  theory  of  the  resultant  axis.  But,  as  already  noticed, 
the  analytical  theory  of  the  resultant  axis  was  perfected  by  Rodrigues  in  the  present 
memoir  (see  ante,  '  Transformation  of  Coordinates,*  Nos.  139 — 141,  as  to  this  memoir  and 
the  quaternion  representation  of  the  formulae  contained  in  it. 

213.  It  was  remarked  in  Poinsots  memoir  of  1834  that  every  continuous  motion 
of  a  solid  body  about  a  fixed  point  is  the  motion  of  a  cone  fixed  in  the  body  rolling 
upon  another  cone  fixed  in  space.  The  corresponding  theorem  for  the  motion  of  a 
solid  body  in  space  is  given 

Cayley,  "On  the  Geometrical  Representation  &c."  (1846):  viz.  premising  that  a 
skew  surface  is  said  to  be  "  deformed  "  if,  considering  the  elements  between  consecutive 
generating  lines   as  rigid,   these   elements   be   made   in   any  manner  to   turn   round   and 
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slide  along  the  successive  generating  lines  : — and  that  two  skew  sur&ces  can  be  made 
to  roll  and  slide  one  upon  the  other,  only  if  the  one  is  a  deformation  of  the  other— 
and  that  then  the  rolling  and  sliding  motions  are  perfectly  determined — and  that  such 
a  motion  may  be  said  to  be  a  ** gliding"  motion:  the  theorem  is  that  any  motion 
whatever  of  a  solid  body  in  space  may  be  represented  as  the  gliding  motion  of  one 
skew  surface  upon  another  skew  surface  of  which  it  is  the  deformation. 

214.  The  same  paper  contains  the  enunciation  and  analytical  pi*oof  of  the  following 
theorem  supplementary  to  that  of  Poinsot  just  referred  to,  viz.  that  when  the  motion 
of  a  solid  body  round  a  fixed  point  is  represented  as  the  rolling  motion  of  one  cone 
on  another,  then  'Hhe  angular  velocity  round  the  line  of  contact  (the  instantaneous 
axis)  is  to  the  angular  velocity  of  this  line  as  the  diflference  of  the  curvatures  of 
the  two  cones  at  any  point  in  this  line  is  to  the  reciprocal  of  the  distance  of  the  point 
from  the  vertex." 

215.  There  are  a  great  number  of  theorems  relating  to  the  composition  of  forces 
and  force-couples,  which  consequently  relate  also  to  infinitesimal  rotations  and  translations. 
See,  for  instance,  Chasles,  "  Theoremes  g^n^raux  &c.'*  (1847),  Mobius,  "  Lehrbuch  der 
Statik"  (1837),  Steichen's  Memoirs  of  1853  and  1854,  &c.  Arising  out  of  some 
theorems  of  Mobius  in  the  "  Statik,"  we  have  Sylvester's  theory  of  the  involution  of 
six  lines:  viz.  six  lines  (given  in  position)  may  be  such  that  properly  selected  forces 
along  them  (or  if  we  please,  properly  selected  infinitesimal  rotations  round  them)  will 
counterbalance  each  other;  or,  what  is  the  same  thing,  the  six  lines  may  be  such 
that  a  system  of  forces,  although  satisfying  for  each  of  the  six  lines  the  condition 
moment  =  0,  will  not  of  necessity  be  in  equilibrium ;  such  six  lines  are  said  to  be  in 
involution,  and  the  geometrical  theory  is  a  very  extensive  and  interesting  one. 


Miscellaneous  Problems.     Article  Nos.  21G  to  223. 

216.  As  under  the  foregoing  head,  "  Rotation  round  a  fixed  point,"  I  have  con- 
sidered only  the  case  of  a  body  not  acted  upon  by  any  forces,  the  case  where  the 
body  is  acted  upon  by  any  forces  comes  under  the  present  head.  The  forces,  whatever 
they  are,  may  be  considered  as  disturbing  forces,  and  the  problem  be  treated  by  the 
method  of  the  variation  of  the  elements ;  this  is  at  any  rate  a  separate  part  of  the  theon* 
of  rotation  round  a  fixed  point,  and  I  have  found  it  convenient  to  include  it  under 
the  present  head ;  the  only  case  in  which  the  forces  have  been  treated  as  principal 
ones,  seems  to  be  that  of  a  heavy  body  (a  solid  of  revolution)  rotating  about  a  point 
not  its  centre  of  gravity.  The  case  of  a  body  suspended  by  a  thread  or  resting  on 
a  plane  comes  under  the  present  head,  as  also  would  (in  some  at  least  of  the  questions 
connected  with  it)  the  gyroscope.  But  none  of  these  questions  are  here  considered  in 
any  detail. 

Rotation  round  a  fixed  jyoitit — Variation  of  the  elements, 

217.  The  forces  acting  on  the  body  are  treated  as  disturbing  forces.  Formulse  for 
the  variations  of  the  elements  were  first  obtained  by  Poisson  in  the  memoir  "Sur  k^ 
Variation  des  Constantes  Arbitraires  &c."  (1809).     The    variations   are  expressed  in  terms 
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of  the  differential  coefficients  of  the  disturbing  function  in  regard  to  the  elements,  and, 
as  the  author  remarks,  they  are  very  similar  in  their  form  to,  and  can  be  rendered 
identical  with,  those  for  the  variations  of  the  elements  in  the  theory  of  elliptic  motion, 

218.  Cayley,  "On  the  Rotation  &c."  (1846).— The  latter  part  of  the  paper  relates 
to  the  variations  of  the  elements  therein  made  use  of,  which  are  different  from  the 
ordinary  ones. 

219.  Richelot,  "  Eine  neue  Losung  &c."  (1851). — The  form  in  which  the  integrals 
are  obtained  by  means  of  a  function  F,  satisfying  a  partial  differential  equation,  leads 
at  once  to  a  canonical  system  for  the  variations  of  the  elements;  these  formulae  are 
referred   to  in  the  introduction  to  the  memoir,  but  they  are  not  afterwards  considered. 

220.  Cayley,  "On  the  Rotation  of  a  Solid  Body"  (I860).— The  elements  are  those 
ordinarily  made  use  of,  with  only  a  slight  variation  occasioned  by  the  employment  of 
the  "  departure "  of  the  node.  The  course  of  the  investigation  consists  in  obtaining 
the  variations  in  terms  of  the  differential  coefficients  of  the  disturbing  function  in 
regard  to  the  coordinates  (formulae  which  were  thought  interesting  for  their  own  sake), 
and  in  deducing  therefrom  those  in  terms  of  the  differential  coefficients  in  terms  of 
the   elements. 


Other  cases  of  the  motion  of  a  solid  body, 

221.  In  regard  to  a  heavy  solid  of  revolution  rotating  about  a  fixed  point  not 
its  centre  of  gravity,  we  have 

Poisson,  "  M^moire  sur  un  cas  particulier  &c."  (1831),  and  the  elaborate  memoir 

Lottner,  "Reduction  der  Bewegung  &c."  (1855),  where  the  solution  is  worked  out 
by  means  of  the  Elliptic  and  Jacobian  functions. 

222.  As  regards  a  heavy  solid  suspended  by  a  string, 
Pagani.  "  M^moire  sur  T^quilibre  &c."  (1839). 

223.  As  regards  the  motion  of  a  body  resting  on  a  fixed  plane, 

Coumot,  "M^moire  sur  le  Mouvement  &c."  (1830  and  1832). 

Puiseux,  "Du  Mouvement  &c."  (1848). 

To   these   several   others  might  doubtless  be  added ;    but   the   problems  are   so    difficult, 
that  the  solutions  cannot,   it   is  probable,  be  obtained  in  any  very  complete  form. 

In  conclusion,  I  can  only  regret  that,  notwithstanding  the  time  which  has  elapsed 
since  the  present  Report  was  undertaken,  it  is  still — ^both  as  regards  the  omission  of 
memoirs  and  works  which  should  have  been  noticed,  and  the  merely  cursory  examination 
of  some  of  those  which  are  mentioned — far  from  being  as  complete  as  I  should  have 
wished   to   make   it.     To   have  reproduced,   to   any  much    greater   extent   than   has  been 


584  REPORT   ON   THE  PROGRESS   OF  THE  SOLUTION   OF  [298 

done,  the  various  mathematical  investigations,  would  not  have  been  proper,  nor  indeed 
practicable ;  at  the  same  time,  more  especially  as  regards  the  subjects  treated  of  in  the 
second  part  of  this  Report,  or  say  the  kinematics  and  dynamics  of  a  solid  body,  such 
a  reproduction,  incorporating  and  to  some  extent  harmonizing  the  original  researches, 
but  without  ignoring  the  points  of  view  and  methods  of  investigation  of  the  several 
authors,  would  be  a  work  which  would  well  repay  the  labour  of  its  accomplishment. 
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Baehr.     Notice  sur   le    mouvement  du  pendule   ayant  ^gard  k  la  rotation   de   la  terre. 
4to.  Middelbourg,  1853. 

Bertrand.     Memoire    sur    Tint^gration    des    equations    diff<^rentielles   de    la    M^canique. 
Liouv.  t.  XVII.  pp.  393—436  (1852). 

.     Note  sur  le  Gyroscope  de  M.  Foucault.     Liouv.  t.  L  2  s^r.  (18.56),  pp.  379 — 382. 

.     M(5moire   sur   quelques-unes  des  formes  les  plus  simples  que  puissent   presenter 


les  Aquations  diffi^rentielles  du   mouvement  d'un   point  mat($riel.     Liouv.  t.  IL  2  ser. 
(1857),  pp.  113—140. 

Beuel.     Analytische    Auflosung    der    Keplei-schen   Aufgabe.     Berl.    Abh.    1816 — 17,  pp. 
49_55.     (Read  July  1818.) 

.     Ueber  die  Entwickelung  der  Functionen  zweier    Winkeln   u  und  u'  in  Reiheu 


welche  nach   der  Cosinussen  und   Sinussen  der   Vielfachen   von  u   und   u'  fortgehen. 
Berl.  Abh.  1820—21,  pp.  56—60.     (Read  June  1821.) 

— .     Untersuchung  des  Theils   der  planetarischen  Storungen  welcher  aus  der  Bewe- 


gung  der  Sonne  entsteht.     Berl.  Abh.  1824,  pp.  1 — 52. 

Binet.     Memoire  sur  la  thdorie  des  axes  conjugu^s  et  des  momens  d*inertie  des  corps - 
Journ.  Polyt.  t.  IX.  (cah.  16),  pp.  41—67  (1813).    (Read  May  1811.) 

.     Note   sur  le  mouvement  du  pendule  simple  en  ayant  ^gard  k  Tinfluence  de  la 

rotation   diume   de    la  tene.     Comptes   Rendus,   t.  XXXII.   (1851),  pp.   157 — 160  and 
197—205. 
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Bonnet.     Note  sur  un  thdorfeme  de   M^canique.     Liouv.  t.  ix.  p.  113  (1844),  and  Note 
IV.  of  t  n.  of  the  last  edition  of  the  M^c.  Anal.,  pp.  329—331  (1855). 

Booth.     Theory  of  Elliptic  Integrals.     8vo.  Lond.  1851. 

Bour.     Mdmoire  sur  le  problfeme  des  trois  corps.     Joum.  Ecole  Polyt.   t.  XXL  (cah.   36), 
pp.  35—58  (1856). 

Bravais.     Mdmoire  sur  I'influence  qu'exerce   la  rotation  de  la  terre  sur  le  mouvement 
d'un  pendule  k  oscillations  coniques.     Liouv.  t.  xix.  pp.  1 — 50  (1854). 

,    Note  sur  une  formule  de   Lagrange  relative  au   mouvement  pendulaire.     Note 

VII.  of  t.  IL  of  the  last  edition  of  the  M^c.  Anal,  pp.  352—355  (1855). 

Briot.     Thfese  sur  le  mouvement  d'un  corps  solide  autour  d'un  point  fixe.    Liouv.  t.  vii. 
pp.  70—84  (1842). 

Cauchy.     Sur  Ics  momens  d  mertie.     Excr.  de  Math.  t.  L  pp.  93 — 103  (1827). 

.     R^sum^  d'un   m^moii'e    sur  la   M^canique    Celeste  et    sur    un    nouveau    calcul 

appel6  des  limites.     (Read  at  Turin  Oct.  1831.)     Exer.  d*Anal.  &c.  t.  n.  pp.  41 — 109 
(1841). 

Cayley.     On  certain    expansions  in   multiple  sines   and    cosines.     Camb.   Math.   Joum. 
t.  III.  pp.  162—167  (1842),  [4]. 

.     On    the    motion    of   rotation    of   a    solid    body.     Camb.    Math.    Joum.    t.    iii. 


pp.  224—232  (1842),  [5]. 

— .     On  ceilain  results  relating  to  quaternions.     Phil.  Mag.  t.  xxvi.  (1845),  p.  141,  [20]. 

— .     On  the   geometrical  representation  of  the  motion  of  a  solid   body.     Camb.  and 


Dubl.  Math.  Journ.  t.  I.  pp.  164—167  (1846),  [36]. 

— .     On  the  rotation  of  a  solid  body  round  a  fixed  point.     Camb.  and  Dubl.  Math, 


Joum.  t.  I.  pp.  167—173  and  264—274  (1846),  [37]. 

— .     Note   on   a  geometrical    theorem   in  Prof.   Thomson's  memoir  on  the  principal 


axes  of  a  solid  body.     Camb.  and  Dubl.  Math.  Joum.  t.  i.  pp.  207,  208  (1846),  [38]. 

— .     On    the    application    of   quaternions    to    the    theory    of   Rotation.     Phil.    Mag, 
t.  XXXIII.  (1848),  p.  196,  [68]. 

— .     Note   on   the   motion  of   rotation    of  a   solid  of  revolution.     Camb.  and   Dubl. 


Math.  Joum.  t.  iv.  pp.  268—271  (1849),  [78]. 

— .     Sur  les  determinants  gauches.     Crelle,  t.  xxxvin.  (1849),  pp.  93—96,  [69]. 

— .     Note  on  the  theory  of  Elliptic  Motion.    Phil.  Mag.  t.  xi.  (1856),  pp.  425 — 428,  [199]. 

— .    A   demonstration  of  Sir  W.  R.  Hamilton's  theorem  of  the  Isochronism  of  the 


Circular  Hodograph.     Phil.  Mag.  t.  xiil.  (1857),  p.  427,  [209]. 

Report    on    the    recent   progress    of    Theoretical    Dynamics.     Rep.    Brit.    Assoc. 


for  1857,  pp.  1—42,  [195]. 
C.  IV.  74 
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Cayley.     On   Lagrangcs  solution  of  the   problem  of   two   fixed   Centres.     Quart.    Math. 
Joum.  t.  II.  pp.  76—82  (1858),  [182]. 

.     Note   on  the    expansion   of  the  true  anomaly.    Quart.  Math.  Joura.  t.   IL  pp. 


229—232  (1858),  [191]. 

— .     Tables   in   the   theory  of  Elliptic  Motion.     Mem.  R  Astr.  Soc.  t.  XXIX.  (I860), 


pp.  191—306,  [216]. 

A  Memoir   on   the   problem   of  the  rotation   of  a  solid  body.     Mem.   R.  Astr. 


Soc.  t.  XXIX.  (1860),  pp.  307—342,  [217]. 
•.    On  Lambert's  theorem  for  Elliptic  Motion.     Monthly  Not.  R  Astr.  Soc.  t.  xxii. 


pp.  238—242,  (1861),  [222]. 
•.     Note  on  a  theorem    of  Jacobi's  in    relation   to  the   problem   of    three  bodies. 


Monthly  Not.  R  Astr.  Soc.  t.  xi.  pp.  76—79  (1861),  [220]. 

Crhailes.  Note  sur  les  propridt^  g^n^rales  du  syst^me  de  deux  corps  semblables 
entr'eux  et  plac^  d'une  manifere  quelconque  dans  Tespace,  et  sur  le  d^placemcDt 
fini  ou  infiniment  petit  d'un  corps  solide  libre.  (Read  Feb.  1831.)  Bull.  Univ. 
des  Sciences  (F^russac),  t.  xiv.  pp.  321—326. 

.    Th^orfemes    gendraux    sur   les    systfemes    de    forces    et    leurs    moments.    liouv. 

t.  xu.  pp.  213—224  (1847), 

Clairaut.  Th^rie  de  la  Lune  d^uite  du  seul  principe  de  lattraction  reciproquement 
proportionnelle  aux  carr^s  des  distances.     4to.  St  P^t.  1752,  and  Paris,  1765. 

Cohen.  On  the  Differential  Coefficients  and  Determinants  of  Lines,  and  their  Appli- 
cation to  Theoretical  Mechanics.     Phil.  Trans,  t.  152  (1862),  pp.  469 — 510. 

Cotes.     Harmonia  mensurarum   sive  analysis  et  synthesis    per    mtionum    et    angulonun 
mensuras  promotae ;  accedunt  alia  opuscula  mathematical.     4to.  Camb.  1722. 

Coumot.     Mdmoire  sur  le    mouvement    d'un    coi-ps    rigide    soutenu    par    un    plan   fiie. 
Crelle,  t.  v.  pp.  133—162  and   223—249  (1830);   Suite,  t.  viii.  pp.  1—12  (1832). 

Creedy.     General    and    practical    solution    of    Kepler's    Problem.     Quart.    Math.   Joum 
t.  I.  pp.  259—271  (1855). 

D'Alembert.     Traits  de  Dynamique.     Paiis,  1743. 

.     Recherches  sur  la  pr&iession   des  equinoxes  et  sur  la  nutation  de   I'axe  de  la 

terre.     M^m.  de  Berl.  (1749). 

Desboves.     Thfese    sur  le   mouvement  d'un  point  materiel    attir^  en   mison  inverse  du 
carr^  des  distances  vers  deux  centres  fixes.     Liouv.  t.  xiil.  pp.  369 — 396  (1848). 

Donkin.     On  an   application    of   the    calculus    of   opemtions    to    the    tmnsformation  of 
trigonometric  series.     Quart.  Math.  Journ.  t.  il.  pp.  1 — 15  (1858). 

.     On  a  class  of  Differential  Equations,  including  those  which  occur  in  Dynamical 

Problems.     Part  I.   Phil.   Trans,   t.  CXLIV.    (1854),   pp.    71—113;    Pai-t   .II.  t.  CXLV. 
(1855),  pp.  299—358. 
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Droop.     On  the  Isochronism  of  the  Circular  Hodograph.    Quart.  Math.  Joum.  t.  i.  (1856), 
pp.  374—378. 

Dumas.     Ueber  die  Bewegung  des  Raumpendels  mit  Rucksicht  auf  die  Rotation  der 
Erde.    Crelle,  t.  L.  pp.  52—78  and  126—185  (1855). 

Durige.     Theorie   der  elliptischen   Functionen.    8vo.  Leipzig,    1861.    (§  xx.   reproduces 
some  results  on  the  spherical  pendulum  obtained  in  an  unpublished  memoir  of  1849.) 

Euler.     Determinatio  Orbitae  Cometae  anni  1742.     Misc.  Berl.  t.  vii.  (1743),  p.  1. 

.     Theoria  motuum  planetarum  et  cometarum.     4to.  Berl.  1744. 

.     De  motu   corporis  ad   duo   virium    centra  attracti.     Nov.   Comm.   Petrop.   t.   x. 


for  1764,  pub.  1766,  pp.  207—242. 

— .     Problfeme  :   un   corps  ^tant  attir6  en  raison  r^ciproque  carrde  des  distances  vers 


deux  points  fixes  donnes,   trouver  les  cas  oil  la  courbe  d^crite  par    ce  corps  sera 
alg^rique.     M^m.  de  Berl.  for  1760,  pub.  1767,  pp.  228—249. 

— .     De  motu  corporis  ad  duo  centra  virium   fixa  attracti.     Nov.  Comm.  Petrop.   t. 


XL  for  1765,  pub.  1767,  pp.  152—184. 

— .    Considerationes   de  motu  corporum   coelestium.     Nov.   Comm.   Petrop.   t.   x.   for 


1764,  pub.  1766,  pp.  544—558. 

— .     De  motu  rectilineo  trium  corporum  se  mutuo  attrahentium.     Nov.  Comm.  Petrop. 


t.  XL  for  ]765,  pub.  1767,  pp.  144—151. 

— .     De   motu    trium    corporum    se   mutuo    attrahentium  super   ed,dem    lineS,   recta. 


Nov.  Acta  Petrop.  t.  in.  (1776),  pp.  126—141. 

— .     Problema  algebraicum  ob  aflfectiones  prorsus  singulares  memorabile.     Nov.  Comm. 


Petrop.  t.  XV.  (1770),  p.  75;  Comm.  Arith.  Coll.  t.  L  pp.  427—443. 

— .     Formulae  generales  pro  translatione  qufixiunque  corporum  rigidorum.     Nov,  Comm. 


Petrop.  t.  XX.  1775,  pp.  189—207. 

— .     Nova  methodus  motum  corporum  rigidorum  detenninandi.     Nov.  Comm.  Petrop. 


t.  XX.  (1775),  p.  208. 

— .     Recherches   sur  la  precession  des   Equinoxes  et  sur  la  nutation   de  Taxe  de  la 


terre.     M^m.   de   Berl.   t.   v.   for   1749,   pub.   1751,  pp.    326—338.     (Euler  mentions, 
t.  VI.,  that  this  was  written  after  he  had  seen  D'Alembert's  memoir.) 

— .     D^couverte    d'un    nouveau    principe    de    Mdcanique,     M^m.   de    Berl.  t.   vi.   for 


1750,  pub.  1752,  pp.  185—217. 

— .    Recherches    sur    la    connaissance    m^canique    des    corps.     M^m.    de    Berl.    for 


1758,  pub.  1767,  pp.  132—153. 

— .     Du  mouvement  de  rotation  des  corps  solides  autour  d*une  axe  variable.     Mt?m. 
de  Berl.  for  1758,  pub.  1765,  pp.  154—193. 

74—2 
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JfUler.     Du    mouvement    d'un    corps    solidc    lorequ'il    tourne    autour   d'une    axe    mobile. 
Mem.  de  Berl.  for  1760,  pub.  1767,  pp.  176—227. 

.    Theoria  motus  corponim  solidorum.     4to.  Rostock,  1765. 


Foucault.     Demonstration  physique  du   mouvement  de  rotation   de   la  terre  au   moyen 
du  pendule.    Comptes  Rendus,  t.  xxxii.  (1851),  pp.  135 — 138. 

OauM.     Fundamental-Gleichungen  fiir  die  Bewegung  schwerer  Korper  auf  der  rotirendeu 
Erde,  1804. 

-.     Theoria  motus  corporum  coelestium.     4to.   Hamb.  1809.     [Werke,  t.  vii.  Gotha, 


1871.] 

Oreatheed.    Investigation  of  the  general   term  of  the  expansion   of  the  true  anomaly 
in  terms  of  the  mean.     Camb.  Math.  Joum.  t.  I.  pp.  228 — 232  (1838). 

Oudeimanii.     De  pendulis  sphaericis  et  de  curvis  quad  ab  ipsis  describuntur  sphaericis. 
Crelle,  t.  xxxviii.  pp.  185—215  (1849). 

Hamilton^    Sir    W.    R.     A    theorem    of   anthodographic   isochronism.     Proa    R.    Irish 
Acad.  1847,  t.  iiL  pp.  465—466. 

.     Lectures  on  Quaternions.     8vo.  Dublin,  &c.  (1853). 


HanMn.     Fundamenta  Nova  investigationis    orbitae    veras   quam    Luna   perlustrat.    4to. 
Gothae,  1838. 

.     Ermittelung  der  absoluten  Storungen   in   Ellipsen    von   beliebigen   Elxcentridtat  w: 


und  Neigung.    Gotha,  1843,  pp.  1 — 167. 

— .     Entwickelung  des    Products   einer    Potenz    des   Radius- Vectors   mit  dem  Sinu^ 


oder    Closinus    eines    Vielfachen    der    wahren    Anomalie    in    Reihen    die    nach    dei 
Sinussen   oder   Cosinussen   der   Vielfachen   der   wahren   excentrischen   oder    mittlerer-  - 
Anomalie  fortschreiten.     Abh.  d.  K.  Sachs.  Ges.  zu  Leipzig,  t.  ii.  pp.  183 — 281  (185J 

— .     Entwickelung  der  negativen   und   ungeraden   Potenzen    der    Quadratwurzel  di 


Function   r*  +  r''— 2rr' (cos  ZJ cos  ?/'  + sin  ZJ sin  tT  cos  J).     Abh.   d.   K.   Sachs.  Ges. 
Leipzig,  pp.  286—376  (1854). 

— .     Theorie  der  Pendelbewegung.     4to.  Dantzig,  1856. 


Haton  de  la  GoupilUdre.  M^moire  sur  une  theorie  nouvelle  de  la  g^om^trie  ^es 
masses.  Joum.  ifecole  Polyt.  t.  xxi.  (cah.  37),  1858,  1'  M^moire,  pp.  35—72;  2^ 
M^moire,  pp.  73 — 96. 

Haughton.     On   the  rotation   of  a  solid  body  round   a   fixed  point,  being  an  account 
of  the   late   Professor  MaccuUagh'B   lectures  on   that  subject,   Hilary  Term,  1844, 
in  Trinity  College,    Dublin ;    compiled  by  the   Rev.  S.   Haughton.     Trana  R  Irish 
Acad.  t.  XXII.  (1849),  pp.  1—18. 

Jacobi.     Euleri  formulae   de   transformatione   coordinatarum.     Ci*elle,   t.   ii.   pp.   188,  189 
(1827). 
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Jacob!.     Zur  Theorie  der  Variations-Rechnung  und  der  Differential-Gleichungen.     Crelle, 
t.  XVII.  (1837),  pp.  68—82. 

.     Formulae    transformationis    integralium    definitorum.     Crelle,    t.    xv.   pp.    1 — 26 


(1836). 

— .     De  motu  puneti  singularis.     Crelle,  t.  xxiv.  pp.  5 — 27  (1842). 

— .     Elimination    des    noeuds    dans    le    problfeme    des    trois    corps.     Crelle,    t.    xxvi. 


(1843),  pp.  115—131. 

— .     Theoria    novi    multiplicatoris    systemati    aBquationum   differentialium    vulgarium 


applicandi  (§  26,  two  centres).     Crelle,  t.  xxix.  pp.  333 — 337  (1845). 
-.     Sur  la  rotation   d'un  corps.     Extrait    d'une   lettre    adress^e    k   T Academic    des 


Sciences.     Comptes .  Rendus,  t.  xxix.  p.  97;  and  Liouv.  t.  xiv.  pp.  337 — 344  (1849). 
-.     (With   addition  containing  the  demonstration  of  the  formulae.)     Crelle, 


t.  xxxix.  pp.  293—350  (1850). 
-.     Nova  methodus  aequationes  differentiales  partiales  primi  ordinis  inter  numerum 


variabilium   quemcunque   propositas  integrandi  (posthumous,  edited  by  A.  Clebsch). 
Crelle,  t.  Lx.  pp.  1—181  (1862). 

Lagrange.     M^canique    Analytique.     1st   ed.   1788 ;    2nd  ed.  t.  i.   1811 ;    t.   ii.   1815 ; 
3rd  ed.  1855. 

.     Sur  une    manifere  particuli^re  d'expiimer  le   temps  dans  les  sections   coniques 


d^crites  par  des  forces  tendantes  au  foyer  et  r^ciproquement  proportionnelles  aux 
carr6s  des  distances.  M^m.  de  Berlin  for  1778 ;  and  Note  V.  of  t.  ii.  of  the  3rd 
edition  of  the  M^c.  Anal.  pp.  332 — 349. 

Recherches   sur   le    mouvement    d'un    corps    qui    est   attir^   vers    deux    centres 


fixes.     Premier  M(?moii-e,  oil  Ton   suppose  que   Tattraction   est  en  raison  inverse  des 
Carres  des  distances.    Anc.  Mdm.  de  Turin,  t.  iv.  (1766 — 1769),  pp.  118 — 215. 

Second  Mc^moii-e,  oh.  Ton  applique  la  m^thode  pr^c^ente  k  diflKrentes 


hypotheses  d'attraction.     Anc.  M^m.  de  Turin,  t.  iv.  (1766—1769),  pp.  215 — 243. 
— .     Nouvelle  solution   du   problfeme  du   mouvement  de  rotation  d'un  corps.     M^m. 


de  Berl.  for  1773. 
Lambert.     Insigniores  Orbitse  Cometarum  Proprietates.     8vo.  Aug.  1765. 

Laplace.     M6canique   Celeste,  t.   i.   1799;  t.   ii.   1799;  t.  iii.   1802;  t.   xv.   1805;  t.  v. 
1823. 

.     M^moire    sur    le    d^veloppement    de    Tanomalie    vraie    et    du    rayon    vecteur 


elliptique    en    series    ordonndes    suivant    les   puissances    de    Texcentricitd     M^m.  de 
rinst.  t.  VI.  (1823),  pp.  63—80. 

Lefort.  Expressions  num^riques  des  int^grales  dt^finies  qui  se  pr^sentent  quand  on 
cherche  les  tennes  g^n^raux  des  d^veloppements  des  coordonn^s  d'un  plan^te  dans 
son  mouvement  elliptique.     Liouv.  t.  xi.  pp.  142 — 152  (1846). 
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IntegnJe,  C  n.  (coDtaining  the  dynamical  applications) 

Traite  di»   FooctifXia   Enipdijoed,  t  L  (1825)  (but  the  dynamical  applications 


1817. 


are  fi>r  the  mtjst  part  reproduced  from  the  Exercices\ 

Annaleii  de  rObbervatcnre  de  Fkris»  t  L  (1855). 


li^^^ll-      Theoremata    noonolla    generalia    de    timnslatione    corporum    rigidonim.    Nov. 
Comm.  PetropL  t.  XX.  il775)i,  pp.  239 — 270. 

UamrOte.     Sur  Frntegrale  /  cmi{U'-xmnu)dH,    liouv.  t.  VL  pp.  36,  37  (1841). 
.     Extrait    tfun    memoire    sur    on    cms    particulier    du    problfeme    de    trois  corps. 


Liouv.  t.  viL  pp.  110—113  (1842)L 

— .     Sur    queb{ues    cas    particuliers    ou    les    equations    du    mouvement    d'un  point 


mate'riel  peuvent  s^integrer.    3   Memoirs.     liouT.  t.  XL  pp.  345 — 379  (1846),  t  xii 
pp.  410 — 14  (1W7K  and  t.  xiv.  ppi  257—300  (1849). 

— .     Memoire    sur    un    cas    particulier    du    probl^e    de    trois    corps.     Conn,  des 


Temps  for  lS4o,  and  Liouv.  L  L  (2  sA-.),  ppi  248—256  (1842). 

— .     Note  ajoutee   au   memoire  de  M.  Serret  (two  revolving  centres).     Liouv.  t  xiii. 


pp.  34—37  (18481 

lK»ttner.  Reduction  der  Bewegung  eines  schweren  um  einen  festen  Punct  rotirenden 
Revolutions- Korpers  auf  die  eUiptischen  Transcendenten.  Crelle,  t.  L  pp.  111—125 
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[From  the  English  Cydopaxlia,  vol.  v.  (1860),  pp.  534—542.] 

The   terms    intended    to   be    explained    in    the    present    article    relate    to    subje^z^ts 
distinct   indeed,    but    intimately    connected    together,    as    well    logically    as    historical^/. 
Determinants  were   devised  as  a   means  to  the  solution  of  a  system  of  simple  equatior:*^ 
but   the  principle   of  their  construction   is  contained  in  the  rule  of  signs  which  belon,^^ 
to   the   theory  of  arrangements  (or  permutations):  this   theory  has  been   studied,  as  w^^"^ 
for   its  own   sake,   as   in   reference   to   the   theorj'  of  equations,  and  in  it  originated  t\^^^ 
notion  of  a  group,  the   most  outlying  term  of  those  which  are  here  explained.    Mor^^^ 
over,  in  a  system  of  simple  equations,  if  the  coefficients  arranged  in   the   natural  squar^^     \^ 
order  are   considered   apart  by  themselves,  this   leads  to  the  theory  of  nuUrices,  a  theor^i* 


which   indeed   might   have   preceded   that   of  determinants;    the   matrix,  is,  so   to 
the  matter  of  a   determinant;    the   rule  of  signs  giving  the   form.     But  when  the  ml 
of  signs  is  applied  to   other   matter,  this   leads  to  the  function  called  permutants ;  thes^ 
include  commutants  and  intennutants,  and  also  Pfaffians,  which  however  were  not  originall^^ 
so  arrived   at.     The   theory   of  elimination   (according  to   one  of  the  two  ways  in  whicl^ 
it   may  be   treated)   is   essentially   dependent   upon   systems   of   linear   equations,  and 
thus  also    connected    with    determinants.     And    all,   or   nearly  all,   the   before-mentione** 
theories    have    an    application    to    the    theory    of    rational    and    integral    homogeneo 
functions,   or,   as   they   have   been   termed,  forms   or   quantics;   they  are    thus   connec 
with   the    "  Calculus   of   Forms,'*    and    with    "  Quantics " ;    the    last-mentioned    expressi 
(used   as   a  singular),   has   been   defined    to   denote    the    entire    subject    of   rational    ar 


integral   functions,  and   of  the   equations  and   loci   to  which  those  give  rise.     The  theo —  r ly 

of  rational  and  integral  functions  was   first  studied   in  a  general  manner  in  the  questi-^^^KDi] 
of  linear  transformations,  and   it   was   this   question   which  led   to  the  discovery  of  ti^  -Ae 
functions,  called    originally  hyperdeterminants,   but  afterwards   invariants,  and  of  the  m^cLZ^T^ 
general  functions   called   covariants :   the   theory   of  covariants   is   indeed   the   part  wL^iL^ 
has  been  chiefly  attended  to  of  the  Calculus  of  forms,  or  of  Quantics. 
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negative  arrangements,  132,  213,  321 :  in  the  case  of  four  terms,  the  primitive  arrange- 
ment being  1234,  the  arrangements  1234,  2341,  3412,  4123  are  respectively  positive, 
negative,  positive,  negative ;  there  are  in  all  twelve  positive  and  twelve  n^;ative  arrange- 
ments. 

Group. — The   term   was  originally   used    as    applied    to  substitutions   only,   but  the 
more  general   use   of    the    term   is   as    follows:    let    0   be    a    symbol    operating   on    any 
number  of  terms  x,   y,   z, . .   and    producing  as   the   result  of   the   operation   the    same 
number  of  new   terms   X,   F,  Z, .  .   (where   X,  F,  Z .,.   may  be   each   of  them   functions 
of  all   or   any  of  the  set,  x,  y,  2,..\   if  X,  F,  Z, . .   are   merely   the   terms,  x,  y,  x, . .  in 
a  different   order,   then   0  is  a    substitution,   which    explains    in   what    sense    that    term 
has  just  been  used).     Imagine  a  set  of  operative  symbols  1>  ^>  ^,  x  •  *  (^>  ^  ^^  operative 
symbol   denotes,  of  course,  a  symbol  which   leaves   the   operand  unaltered)  such  that  the 
result  of  the  operation  of  any  two  symbols  0,  <t>  (the  same  or  different,  and  if  different, 
then   in   either  order)   is   identical   with  that   of  the  operation  of  some  symbol  x  ^^  ^^ 
set;  as  thus,   0<f>(x,  y,  z..)=0(X,   F,  Z,..)  =  (Z',   F,  Z',..)  =  x(«,  y,  ^"),  say,  H^X'y 
then  the  symbols  1,  0,  ^,  x*'"  ^^^^  ^  group.    It   is  to  be  remarked  that  1  belongs  to 
every  group,  and  moreover,  that  if  d   be  any  symbol   of  the  group,  then   ^,   5*,   0*,., 
belong  to  the  group :  the  most  simple  form  of  a  group  (and  when  the  number  of  terms 
is  prime,  the  only  form)  is  1,  0,  ^, ...  d'*~*{^  =  l}.     More  generally,  if  there  are  n  terms 
in   the  group,  then   every  symbol  0  of  the   group  is  an  operation  periodic  of  the  ordei^ 
n   (if   not    of   an   order  a  submultiple    of  n)  and   thus   satisfies   the    symbolic   equatio: 
^  =  1.     The  symbols  of  the   group   are,  so   to   speak,  the   symbolic  n-th  roots   of  unit 
and   as   in   the   above-mentioned   example,   they  may,   whether   n  is  prime   or  compositx.^;^^ ' 
form   a  system   precisely   analogous   to   that   of   the    ordinary   n-th   roots  of   unity;    h^*-^' 
when    n    is    composite,   then    upon    two    grounds    this    is    not    of    necessity    the    ca^^^^ 
1°.     The   symbols    of   a    group   need   not   be   convertible  (thus  n  =  6,   there   is  a  gro'^jn 
1,  /9,  ^,  a,  a/3,  a)9«[a*s=l,  ^=1,  /9a  =  a^  and  .-.  )9*a  =  a/9,  this  is  in   fiwjt,   the  grouj^    ^/ 
the   substitutions    of    three   things).     2°.    There   may   be   distinct  n-th   roots,   thus  n^&ss:;^ 
there  is  a  group,  1,  a,  /9,  a/9  [0^  =  1,  ^=1,  a/9  =  i8a],  in  which   a,  /9  are   distinct  squa/^ 
roots   of    (the    symbolical)    unity,   and   which    is   thus   wholly  different    finom    the  groi/n 
1,  a,  a«,  a»[a*  =  l]. 

The    combination    of    a    series    of    terms  in    the   way    of   addition    or    subtract/oo, 

according   to   the   rule    of  signs,   gives  rise   to  the   class   of  functions   called  permutants, 

which  include  as  a   particular  but    the   earliest  discovered   and  most   important  case,  the 
determinant : 

Determinant. — Imagine  a  square  arrangement  of  terms,  for  example 

a  ,     6  ,    c 

a  y    6' ,    c' 

^"     i»"      V 
a  ,     0  ,     c 

and    taking   this  as   the   primitive    arrangement,   permute   in    every  possible  way  entire 
columns  (or,  what  would   give  the   same   results,  entire  lines)  and  for  each  such  arrange 
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ent  form  the  product  of  the  terms  in  the  dexter  diagonal  (N.W.  to  S.E.)  of  the 
[uare,  giving  to  such  product  the  sign  which  belongs  to  the  arrangement  of  the 
lunms  (or  lines).  The  algebraical  sum  of  these  products  is  a  determinant,  and  such 
jterminant  is  or  may  be  represented  as  above,  by  enclosing  the  terms  within  two 
Ttical  lines.     Thus  the  developed  value  of  the  determinant  in  question  is 

a6'c"  -  aV'd  +  a'6"c  +  al'hd  -  a"6'c  -  a'6"c. 

The  rule  may  be  otherwise  stated  as  follows:  a  determinant  is  the  sum  of  a 
ries  of  products  each  with  its  proper  sign,  such  that  in  each  product  the  factors  are 
ken  out  of  each  line  and  out  of  each  column,  and  if  the  factors  are  arranged 
icording  to  the  primitive  arrangement  of  the  columns  in  which  they  occur,  then  the 
api  is  that  corresponding  to  the  resulting  arrangement  of  the  lines  (or  vice  versd): 
lus  in  the  product  ^ah"d,  the  factors  a,  h'\  c'  occur  in  the  columns  1,  2,  3  (they 
"e  therefore  arranged  according  to  the  primitive  arrangement  of  the  columns)  and  in 
le  lines  1,  3,  2 ;  such  arrangement  of  the  lines  considered  as  derived  fix)m  the 
imitive  arrangement  1  2  3  is  negative,  and  the  product  has  therefore  the  sign  — .  A 
meralisation  of  this  construction  will  be  mentioned  under  the  term  commutant. 

The  word  resultant  was  formerly  used  as  synonymous  with  determinant,  but  it  is 
)w  employed  and  is  here  explained  in  a  more  extended  signification.  The  new 
nonym  diminant  seems  unnecessary. 

A  few  of  the  numerous  properties  of  determinants  may  be  stated. 

A  determinant  is  a  linear  function  (without  constant  term)  of  the  terms  in  each 
its  columns,  and  also  of  the  terms  in  each  of  its  lines,  or,  more  briefly  expressed, 
is  a  linear  function  of  each  column,  and  also  of  each  line.  Moreover,  without 
tering  the  value  of  the  determinant,  the  lines  may  be  made  columns,  and  the  columns 
aes,  and  all  the  properties  of  the  function  exist  equally  with  respect  to  the  lines  and 
•  the  columns.  The  absolute  value  of  the  detenninant  is  not  altered,  but  the  sign  is 
versed,  by  an  interchange  of  two  columns,  hence  also  if  two  columns  become  identical, 
le  determinant  vanishes.  Moreover  when  the  columns  are  permuted  in  any  manner 
hatever,  the  absolute  value  is  not  altered,  but  the  sign  will  be  that  corresponding 
►  the  arrangement  of  the  columna  A  determinant  may  be  developed  as  a  linear 
notion  of  the  terms  in  auy  line,  thus 

=  a  I  6'|  -a'  I  ^  U 


a, 

b 

a'. 

V 

a  , 

b, 

c 

a', 

b'. 

d 

a". 

b". 

c" 

=  a 


b\ 
b". 


Jt 


+  6 


c  ,     a 
c  ,    a 


+  c 


a',     6' 


le   signs  being  alternately  positive   and   negative   or   else  all   positive,  according  as   the 
imber  of  columns  is  even  or  odd. 
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tf    %zai»    '^«st    'if   vhich    a   determinant    is    formed,  an< 


*mjK^    -r  -Rraoc'ujr  jcamzuueas   rf  tenns,  is  called  a  matrix.    Considei 


■ut  -MdcUiiiin^c  ixtf   ints  3l  blt  iisuLer.  i.oi  with  them  the  matrices 


r 


X      f      r      ^  «^    i-.    eT.    d:-' 

tnr   it  sis^r  3UIC3X&  loa  »m9i«baisazT  cohmuis  thereof,  a  sum  of  products 


-sikf  a^a  z  >rniic  iftoc  riRspcura^  ^  the  product  ob'tTiT'  of  the  terms  in  tlie 
hixTSsr  mn^nuiAS  ic  i^  sk^t  iiiCcnniaaats.  considered  as  a  term  of  the  original  det^r- 
TirTTimr  .  -fit-  ^oni   if  iJ.  ifiK  pr»SB!Q§  jc*  ohcaiDed  in  the  cniginal  determinant. 


i\e 


3v<n    3uaCfjotfC   laas  ti:^  oecenninan(  is  a  linear  function  of  each  colum 
iftOiri:    r   'lixi:    TcrTstf    ^c   laj   >x^TX2Bzi  ai^  fM.  ^a...  the  determinant  is  equal   to  p  tim       ^ 
4    S>%r3LJ3da:    ji    v^-it   ^ibf    cccn»pmding   column    is  a,   a\...    and    similarly  if  t^E^^ 
xl1.s:i    2f    £  ^  >.   X  ^  7        ^iifcea  the  deiermiDant   is  the  sum  of  two  other  determinaD  ^^^ 

in  ^■i_t:ii  :i»r    .••, rrvryct-ccu::;^  ^.tiaistf  »n»  j,  a" and  6,  b\...  respectively.     This  propertr::::^ ^J 

:n    .•*  iz^':LL.^i*c    ▼'.:i   icin^    -t    I2^.t!^   aJKady   mentioned,   leads   very   simply   to   the  ru 
ic  :!v.   ^  ..Tiv. :-."*::•  c   .c  iec^fnniaat:* :  f.>r  example  we  have 

J      e  a .     J  pa  -^a^,    pa  -\'  a  13 

.r  a.     S        "    p^-^^ff.    pa-^aff 

rr.:::    wh::i    :h-.    1a»'    :>    :cv:.:?:yw     The   product    might  also  be    expressed,   and    althoug^ ^^^g^i 
i:  .4pixiir<  i^^*!-  simp!-.  :ht?r>?  i<  an  advantage  in  expressing  it,  in  the  form 

p^  -^  aa\    p^  +  a'ff 

If  wo   omit    sinuiltAiuvuslv   anv   line   and  anv  column  of  a  determinant,  and  vrm^  itb 
the   tonus    which    aro    left    form    a    determinant,   the   determinants   so   obtained    are         the 
first    tninorfi   ot'  the  given  determinant.     A  similar  process,  but  omitting  pairs,  triads,      Ac. 
of    lines   aiul    oolunuis,   gives   the   second   minors,   third    minors,   &c.    of  the   given  d^ter- 
nunant.     But    the    tirst    niiuore  are    the   most    important,   and    are   sometimes  spoken   of 
siuiply  as  the  minors. 
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A  determmaiit 

«,   A,   g,. 

h,     h,    f 
9-    f.     c 


lere  tbe  corresponding  terms  on   opposite  sides  of  the  dexter  diagonal  are  equal  to 
ch  other  (say  rs  =  sr)  ts  said  (o  be  symm^rical. 

But  if  the  terms  are  equal  in  magnitude  only,  but  have  opposite  signs  (say 
=  —  gr,  this  relation  not  extending  to  tbe  terms  in  tbe  diagonal,  for  which  5  =  r) 
e  determinant  is  said  to  be  skew;  and  if  tbe  relation  extends  to  the  case  s  =  r,  or 
lat  is  the  same  thing,  if  the  terms  in  the  diagonal  vanish,  the  determinant  is  said 
be  sketu  symmetrical.  Skew  determinants  have  an  intimate  connection  with  tbe 
notions  called  F&fBans. 


CoMMUTANT. — The   second   rule   for  tbe   construction   of   a  determinant   i 
;n  thus  stated,  viz.  for  the  determintuit 


light    have 


rite  down  the  expi'ession 


id  permute  in   every  possible   way  the   numbers   in   tbe  first  column,  prefixing  in  each 
ise  the  sign  of  the  arrangement.     Then  reading  off 

±rl 
«2 


±  yl .  a2 , . .  ^n 

le  sum  of  all  the  terms  so  obtained  is  in  fact  the  determinant  in  question.  Tbe  same 
suit  would  be  obtained  by  permuting  the  numbers  in  tbe  second  column  instead  of 
ose  in  the  first  column.  And  moreover,  if  the  numbers  in  both  columns  are  permuted, 
le  sign  being  tbe  sign  ±  ±  compounded  of  the  signs  corresponding  to  the  separate 
rangemeuts,  the  only  difference  is,  that  the  determinant  will  be  multiplied  by  the 
imerical  &ctor  1 . 2 . 3  . . .  n. 
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If  instead  of  two  we  have  three  or  more  columns,  the  resulting  function  is  a 
commutant  But  a  distinction  is  to  be  made  according  as  the  number  of  columns  is 
even  or  odd.  In  the  fonner  case  we  may  permute  all  but  one  of  the  columns,  and  it 
is  indifferent  which  column  is  left  unpermuted ;  and  if  all  the  columns  are  permuted, 
the  effect  is  merely  to  introduce  the  numerical  factor  I.2.3....n.  In  the  latter  case, 
if  all  the  columns  are  permuted,  the  result  is  zero,  and  it  is  therefore  essential  that 
one  column  should  remain  unpermuted ;  moreover,  different  results  are  obtained  according 
to  the  column  which  is  left  unpermuted,  and  such  column  must  therefore  be  distinguished; 
this  is  done  by  placing  above  it  the  mark  f. 

Pfaffian. — Suppose  that  the  terms  12,  13,  21,  &c.,  are  such  that  21=  — 12,  and 
generally  that  sr^^—rSf  then  the  Pfaffians  1234,  123456,  &c.,  are  defined  by  means  of 
the  equations 

1234  =  12 .  34  +  13 .  42  +  14 .  23, 

123456  =  12  .  3456  +  13 .  4562  4- 14 .  5623  4- 15 .  6234  + 16 .  2345, 

(where  of  course  3456  =  34.56  +  35.64+36.45,  and  so  for  4562,  &a) 

and  so  on.  The  functions  in  question  occur  in  the  solution  of  an  important  problem 
(including  that  of  partial  differential  equations  of  the  first  order  and  of  any  degree) 
kno^vn  as  Pfaff's  problem,  and  were  named  accordingly. 

It  may  be  noticed  that  a  skew  symmetrical  determinant  of  any  odd  order  is  equal 
to  zero ;  but  that  a  skew  symmetrical  determinant  of  any  even  order  is  the  square  of 
a  P&ffian,  e.g.  if  12  =  — 21,  &c.,  as  above,  then 


0,  12,  13,  14 

21,  0,  23.  24 

31,  32,  0,  34 

41,  42,  43,  0 


=  (12.34+13.42  +  14.23)*. 


Permutant. — A   very  simple   instance   of  a  permutant  is  as   follows,  viz.:    Fja,  Ffl,, 
&c.  being  any  quantities  whatever,  then  the  permutant  ((Fia))  denotes  the  sum 

'133  +  ''^m  +  ^«2       ^  i»  ~"  'fit ""  'm 

and  in  like  manner  for  any  number  of  permutable  suffixes,  or  if  instead  of  a  single 
set  of  permutable  suffixes  we  have  two  or  more  sets  of  such  suffixes.  It  will  be  at 
once  obvious  how  a  permutant  includes  a  determinant,  commutant,  or  Pfaffian;  thus, 
if  Fi2j  denotes  a^ff^^  and  therefore  V^^  =  a^^y^,  &c.,  then  we  have  a  determinant,  so  if 
Flaw  denotes  au.Oji  where  ajn  =  — flw,  we  have  a  Pfaffian. 

Intermutant    is    a   special    form    of    permutant   which    need    not    be    here   farther 
explained. 

CUMULANT. — The  name    has   been   given  to   the  function   which  is  the  numerator  or 
denominator    of    a    continued    fraction.     Such    function    may    be    exhibited    (and   indeed 
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naturally  presents  itself)  in  the   form    of   a  determinant,   thus  the   cumulant  (abed)  or 

numerator  of  the  fi'actions  a  +  r     -     -»  is 

b  -hc+d 


a, 
-1, 


b, 

•   > 

1.    . 

1, 

c.    1 

•  > 

-1,    d 

and  so  for  a  greater  number  of  terms.  The  developed  expression  is  abed  +  a6  +  6c  +  6c4-l 
which  is  formed  from  the  product  abed  by  successively  omitting  each  product  (cd,  be,  ab), 
or  set  of  products  (ed,  ab)  of  two  consecutive  letters;  in  like  manner  the  cumulant 
(abcde)  is  abede  +  abe-^ahe  +  a-^e  +  e. 

Matrix. — The  term  might  be  used  to  denote  any  arrangement  of  terms,  but  in 
a  restricted  sense  it  denotes  a  square  or  rectangular  arrangement  of  terms,  and  it  is 
thus  employed  in  the  theory  of  determinants. 

To  show  further  how  the  notion  of  a  matrix  is  made  use  of,  it  may  be  remarked 
that  a  system  of  linear  equations 

f  =  a  a?+  by-^-ez, 

is  in  the  notation  of  matrices  represented  by 

(f  -^i  0  =  (  a  >     ^  >     c    )  (a?,  y,  z). 

a\    b\    d 


^f        VJf        «" 

a  ,    0  ,    c 

The  corresponding  set  of  equations  which  give  (a?,  y,  z)  in  terms  of  (f,  17,  ^  is  repre- 
sented by 

(ic,  y,  -?)  =  ((  a  ,    6  ,    c    ))-"^  (f ,  17,  ?). 

a',    b\    d 

a  ,    e  ,     e 

and  we  have  thus  the  definition  of  the  inverse  or  redproeal  matrix:  it  follows  from 
the  theory  of  determinants  that  the  terms  of  the  reciprocal  matrix  are  the  first  minor 
determinants  formed  out  of  the  original  matrix,  each  of  them  divided  by  the  deter- 
minant formed  out  of  the  original  matrix;  but  in  writing  down  the  expression  some 
attention  is  required  with  respect  to  the  arrangement  and  signs  of  the  terms. 

Similar  considerations  lead   to  the  notion    of   miUtiplying  or   eompounding  together 
two  or  more  matrices.    As  an  instance  of  such  composition,  take 

(  /),    o-    )  (  a,    /9   )  =  (  pa  +«',    pl3  +<r'/3') 


<    ff 


pa  +  o-V,    /)'/9  +  cr'/9 


C.    IV. 
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where  it  is  to  be  observed  that  the  lines  of  the  first  or  further  component  matrix 
are  compounded  with  the  columns  of  the  second  or  nearer  component  matrix  to  form 
the  lines  of  the  compound  matrix.  The  words  further,  nearer,  are  used  in  reference 
to  a  set  {x,  y)  which  is,  or  may  be  considered  to  be,  understood  at  the  right  of  each 
side  of  the  equation.  A  matrix  may  be  compounded  with  itself  once  or  oftener, 
giving  rise  to  a  positive  power  of  such  matrix ;  the  notion  of  the  negative  powers  is 
deducible  from  that  of  the  inverse  or  reciprocal  matrix,  and  the  same  process  of 
generalisation  as  is  employed  for  powers  of  a  single  quantity  leads  to  the  notion  of 
the  fractional  powers  of  a  matrix.  As  a  definition  of  addition,  matrices  are  added 
together  by  the  addition  of  their  corresponding  terms,  and  as  a  particular  case  of  the 
multiplication  or  composition  of  matrices  we  have  the  multiplication  of  a  matrix  by  a 
single  quantity,  effected  by  multipl}dng  by  such  quantity  each  term  of  the  matrix; 
all  these  notions  together  lead  to  the  notion  of  functions  of  a  matrix. 


take 


As  an  instance  of  the  employment  of  the  notation  of  matrices  for  another  purpose^  ^ 

(  a,    6,    c    )(a?,  y,  «)(f,  17,  C) 
a' ,    6' ,    & 


a  ,    0  ,    c 


used  to  denote  the  lineo-lincar  function 


// 


which  includes 


{a  x  +  b  y  +  c  z)^ 
(a  0?  -h  6'  y  +  c'  z)  17 

(  a,    K    g  )  (a?,  y,  z^, 
K    6,    / 

used  to  denote  the  quadric  function 

cue*  4-  6y*  +  c-g*  +  2fyz  4-  2gzx  4-  2hxy, 

The   last  preceding  notation    is  an  instance  of  a  symmetrical  matrix :    the  terms  skew, 
skew  symmetrical,  already  explained  with  respect  to  determinants,  apply  also  to  matrices. 

Resultant. — If  there  be  a  system  of  equations  between  the  same  number  of 
unknown  quantities  (it  is  assumed  that  the  several  equations  are  of  the  form  17 -0> 
where  U  is  a  rational  and  integral  homogeneous  function),  then  the  function  of  the 
coefficients  which  equated  to  zero  expresses  the  result  of  the  elimination  of  the  unknown 
quantities  fi:om  the  several  equations,  or  (what  is  the  same  thing)  gives  the  condition 
for  the  existence  of  a  set  of  values  satisfying  the  equations  simultaneously — is  the 
Resultant  of  the  equations,  or  of  the  functions  which  are  thereby  put  equal  to  zero. 
In   the   case   of  two   (non-homogeneous)  equations  involving  a  single   unknown  quantity, 


i 


determinant 
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we  may  say  more  briefly  that  the  resultant  is  the  function  which  equated  to  zero 
gives  the  condition  for  the  existence  of  a  common  root.  In  the  particular  case  of  a 
system  of  linear  equations  between  as  many  unknown  quantities,  the  resultant  is  the 
determinant  formed  with  the  coefficients  of  the  equations. 

Discriminant. — If  in  a  system  of  equations  the  functions  equated  to  zero  are  the 
derived  functions  of  a  single  rational  and  integral  homogeneous  function  with  respect 
to  each  of  the  variables  thereof,  the  resultant  of  the  system  is  said  to  be  the  dis- 
criminant of  the  single  function.  The  definition  is  easily  made  applicable  to  the  case 
of  a  non-homogeneous  function,  the  functions  equated  to  zero  are  here  the  function 
itself  and  its  derived  functions  with  respect  to  each  of  the  several  variables.  For  a 
single  function,  it  may  be  said  that  the  discriminant  is  the  function  which  equated  to 
zero  gives  the  condition  for  a  pair  of  equal  roots  of  the  equation  obtained  by  putting 
the  function  equal  to  zero. 

To  fix  the  precise  value  of  the  discriminant  of  a  given  function,  it  is  assumed 
that  the  coefficient  of  some  one  selected  term  is  +1.  Thus,  the  discriminant  of 
GO^  4-  2  hay  ^-ct^  is  ac  —l^:    that   of 

(3uc»  +  3  6a!^+3cajy»  +  dy  is  a»d«-6a6od+  4ac»  +  4  6»d-3feV. 

In  quadratic  forms  (in  the  theory  of  numbers)  the  expression   l^  —  aCy  which  is  the 

a,    6         . 

with    the  sign  reversed,  is    called    the    determinant    of   the    form 
6,    c 

tioc^  +  2  bxy  +  cj/^.     And   in  like   manner    for  ternary   quadratic   forms,   there   is    the    same 

reversal  of  sign.     It  may  be  said  as  a  convenient  definition,  that  the   determinant  is 

tihe  discriminant  taken  negatively. 

Plexus. — It  firequently  happens,  in  problems  of  elimination  and  in  other  problems, 
tihat  a  given  number  of  relations  existing  between  a  system  of  quantities  can  only  be 
completely  expressed  by  means  of  a  greater  number  of  equations.  Thus,  to  take  a  very 
simple  instance,  if  the  unknown  quantities  x,  y,  are  to  be  eliminated  between  the 
iihree  equations  aa?  +  6y  =  0,  a'x  +  Vy  =  0,  a"x  +  b"y  =  0:  this  implies  two  relations  between 
the  coefficients  a,  6,  a',  6',  a",  V ;  but  these  relations  cannot  be  completely  expressed 
otherwise  than  by  means  of  the  three  equations  a6'  — a'6  =  0,  a'6"  — a"6'  =  0,  a"6  — a6"  =  0; 
for  taking  any  two  of  these  equations,  e.g.  the  first  and  second,  these  would  be  satisfied 
"by  a'  =  0,  6'  =  0,  which  however  do  not  satisfy  the  third  equation  and  are  not  a  solution. 
Such  a  system  of  equations,  or  generally  the  system  of  equations  required  for  the 
complete  expression  of  the  relations  existing  between  a  set  of  quantities  (and  which 
are  in  general  more  numerous  than  the  relations  themselves)  is  said  to  be  a  Plexus. 

Rational  and  Integral  Functions  {Notation  and  Nomenclatiwre  of). — A  rational 
and  integral  homogeneous  function,  such  as  the  function  aa^  -f-  2hxy  +  cj/'  is  denoted  by 

(*)  (^>  yy 

where  the  coefficients  are  only  indicated  by  the  asterisk,  but  are  not  expressed.  A 
non-homogeneous  rational   and  integral  function  is   considered  as  derived   from  a  homo- 

76—2 
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geneous    function    by    putting    one    of   the    variables    thereof   equal    to    unity,    and    is 
represented  accordingly  :    thus  cue*  +  26a?  +  c  is  denoted  by 

But  it   is  often  proper  to  express  the  coefficients,  and  in  regard  to  this  the  following 
distinction  is  made,  namely 

(a,  6,  c)  (a?,  yy 

denotes  cwc*  +  2bxt/  +  cy" ;  and  in  like  manner  (a,  6,  c,  d)  (a?,  y)*  denotes  aa^  +  36a"y  +  3ary"+  dy*, 
&C.,  the  numerical  coefficients  being  those  of  the  successive  powers  of  a  binomial 
But  when  such  numerical  coefficients  are  not  to  be  inserted,  this  is  denoted  by  an 
arrowhead,  or  other  distinctive  mark ;  thus  (a,  6,  c)f  (x,  yY  denotes  cue*  +  hxy  +  c}/^.  A 
rational  and  integral  function  of  any  order  is  termed  a  quantiCf  and  a  function  of  the 
orders  two,  three,  four,  five,  &c.,  is  termed  a  quadrtc,  cubic,  qtuirtic,  quintic,  &a 
respectively.  The  number  of  variables  (the  function  being  homogeneous)  is  denoted  by 
the  words  binary,  ternary,  &c.  As  a  correlative  term  to  coefficients,  the  variables  have 
been  termed  facients.  A  function  which  is  linear  in  respect  to  several  distinct  sets  of 
variables  separately  is  said  to  be  tantipartite :  or,  when  there  are  two  sets  only,  lineo- 
linear.  Thus  a  determinant  is  a  tantipartite  function  of  the  lines  or  of  the  columns;^ 
the  function  a^  +  bxt/ +  cx'y  +  dyy'  is  a  lineo-linear  function  of  (x,  y)  and  {a!,  y^; 
notation  for  it  is 

(a,    h   )  {x,  y){x',  y') 
a',    b' 

such  as  has  been  spoken  of  in  regard  to  matricea 

Emanant. — ^The  development  of  an  expression  such  as 

(*)(\x  +  fix\  \y  +  fiy)^ 
is  naturally  written  under  the  form 


vm  \m 


+  y(«)(^.  y)"*-(a''.  y')^"*-V 

and  the  coefficients  of  the  successive  terms  X*",  X**"*/*,  &c.  are  said  to  be  the  emanants 
of  the  quantic  (*)  (x,  y)^.  The  coefficients  of  X*",  or  0-th  emanant,  is  the  quantic  itself, 
and  the  coefficient  of  /a*",  or  ultimate  emanant,  is  the  quantic  with  {x',  y')  in  the 
place  of  {x,  y);  but  the  intermediate  emanants  are  functions  of  (a?,  y)  and  {x\  fh 
homogeneous  in  respect  to  the  two  sets  separately.  The  coefficients  may  of  course  be 
expressed  thus,  the  emanant  (first  emanant)  of  (a,  b,  c)  (x  y)'  is  (a,  6,  c)  (x,  y)  (of,  yl 
which  stands  for  axx'  +  b  (xy'  -f  x'y)  -f  cyy\ 


299]  MATHEMATICS,   RECENT   TERMINOLOGY  IN.  605 

Linear  Transformations. — In  this  theory  the  variables  of  a  function  are  supposed 
to  be  respectively  linear  functions  of  a  new  set  of  variables,  so  that  the  function  is 
transformed  into  a  similar  function  of  these  new  variables,  with  of  course  altered  values 
of  the  coefficients,  and  the  question  was  to  find  the  relations  which  existed  between 
the  original  and  new  coefficients  and  the  coefficients  of  the  linear  equations.  The 
determinant  composed  of  the  coefficients  of  the  linear  equations  is  said  to  be  the 
modulus  of  transformation,  and  when  this  determinant  is  unity  the  transformation  is 
said  to  be  unimodular.  It  was  observed  that  a  certain  function  of  the  coefficients, 
namely,  the  discriminant,  possessed  a  remarkable  property,  found  afterwards  to  belong 
to  it  as  one  of  a  class  of  functions  called  originally  hyper  determinants,  but  now  invariantSy 
and  it  was  in  this  manner  that  the  problem  of  linear  transformation  led  to  the 
general  theory  of  covariants. 

Invariants. — An  invariant  is  a  function  of  the  coefficients  of  a  rational  and  integral 
homogeneous  function  or  quantic,  the  characteristic  property  whereof  is  as  follows : 
namely,  if  a  linear  transformation  is  effected  on  the  quantic,  then  the  new  value  of 
the  invariant  is  to  a  fekctor  pris  equal  to  the  original  value ;  the  fitctor  in  question 
(or  quotient  of  the  two  values)  being  a  power  of  the  modulus  of  transformation,  and 
the  two  values  being  thus  equal  when  the  transformation  is  unimodular.  The  easiest 
example  is  afforded  by  the  quadric  function  (a,  6,  c){x,  yf\  effecting  upon  it  a  linear 
transformation,  suppose  that  we  have  identically 

(a,  6,  c){ax+^y\  ya/  +  Byy  =  (a\  h\  c'){x\  yj 

then  it  may  be  easily  verified  that  aV  —  6'*  =  (aS  —  ^^y {ac  —  6*).  The  invariant  ac—l^ 
is  however  in  this  case  nothing  else  than  the  discriminant;  as  another  example  take 
the  quartic  (a,  5,  c,  d,  e)  (a?,  y)\  for  which  ae  —  46d  +  3c",  ace  —ad^  —  h^d  +  2ftcd  —  c*  are 
functions  possessed  of  the  like  property  of  remaining  to  a  factor  pris  unaltered  by  the 
transformation,  and  are  consequently  invariants;  it  may  be  added  that  calling  them 
/,  J,  respectively,  the  discriminant  is  here  =P  —  27J\  a  rational  and  integral  function 
of  invariants  of  a  lower  degree. 

CovARiANT. — Instead  of  a  function  of  the  coefficients  only,  we  may  have  a  function 
of  the  coefficients  and  variables,  possessed  of  the  like  property  of  remaining  unaltered 
to  a  factor  pris  by  the  linear  transformation :  such  function  is  termed  a  covariant. 
Thus,  a  covariant  (the  Hessian)  of  the  quartic  (a,  6,  c,  d,  e)  (a?,  y)*  is 

(ac-b',  2ad-2bc,  ae4-26d-3c*,  2te-2cd,  C6-d«)(a?,  yy. 

The  quantic  itself  is  one  of  its  own  covariants.  The  term  covariant  may  be  used  in 
contradistinction  to,  or  as  including,  invariant.  The  terms  invariant,  covariant,  have 
been  explained  in  reference  to  the  simple  case  of  a  single  quantic  containing  but  one 
set  of  variables,  but  they  apply  equally  to  the  case  of  a  system  of  quantics,  and  to 
quantics  which  are  homogeneous  functions  of  two  or  more  distinct  sets  of  variables. 
There  is  one  case  which  it  is  proper  to  mention ;  if  in  conjunction  with  a  quantic 
(♦)  (^,  y>  ^»  •  O*"  w®  consider  a  linear  function  ^x  +  rjy  ^z+ ., ,  the  invariants  of  the 
system  are  functions  of  the  coefficients  of  the  quantic,  and  of  the  coefficients  ^,  17,  ^,... 
of  the  linear  function ;  and  treating  these  as  facients,  the  invariant  is  said  to  be  a 
contravariant  of  the   given   quantic. 
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The  foregoing  definition  gives  the  characteristic  property  of  a  covariant,  but  it  does 
not  directly  show  how  the  covariants  of  a  given  quantic  are  to  be  investigated. 
This  is  supplied  as  follows: — For  any  quantic  with  arbitrary  coefficients,  for  example 
(a,  bf  c,  d)  {x,  yY,  there  exist  operators  involving  differentiations  in  respect  to  the 
coefficients,  tantamount  to  the  operators  xdy  and  ydx  in  respect  to  the  variables ;  thus 
the  operator  adt  +  2bde-¥3cdd  is  tantamount  to  ydg,  and  Zbda  +  2bdc  +  cdd  is  tantamoimt 
to  xdy.  Or  what  is  the  same  thing,  denoting  for  shortness  these  operators  by  [ydg], 
{xdy}  respectively,  the  quantic  is  reduced  to  zero  by  each  of  the  operators  [ydx]  —  yd^, 
[xdy]  —  xdy.  Any  function  of  the  coefficients  and  the  variables  which,  in  like  manner 
with  the  quantic  itself,  is  reduced  to  zero  by  these  two  operators  respectively,  is  said 
to  be  a  covariant ;  or,  if  it  contains  the  coefficients  only,  an  invariant  of  the  quantic. 
That  the  two  definitions  lead  to  the  same  result  is  of  course  a  theorem  to  be  proved. 

The  leading  coefficient  of  a   covariant,  say  the   coefficient  of  of^  in  any  covariant 
of  a  binary  quantic  (♦)(a?,  y)**,  possesses  the  property  of  being  reduced  to  zero  by  the 
operator   [yd^,  and  has  been  termed  a  peninvariamt   but    a   more    appropriate    term  ia 
aeminvariant    An  invariant  is  a  function  of  a  given  degree   in  the  coefficients,  and  a 
covariant  is  a  function  of  a  given  degree  in  the  coefficients  and  order  in  the  variables, 
and  they  may  be  and  are  designated  accordingly ;  thus,  the  above-mentioned  invariants 
/,  «/  of  a  binary  quartic  are  called  respectively  the  quadrinvariant  and  the  ctibinvariant, 
and   the   covariant  of   the    same   quartic    is   termed   the    quadricovariant,   or  if  the  dis- 
tinction were  required  it  would  be  termed  the  quadricovariant  quartic.    In  these  cases 
the   designations  are  sufficient,  but  it  is  to  be  noticed  that  in  general   there  is  more 
than  one  invariant  or  covariant  of  the  same  degree  or  of  the  same  degree  and  order, 
and   that  any   such  designation  is  only  a  generic,  not  a  specific,  name.     An  invariant 
or  covariant  may  also  be  designated  by  a  name  referring  to  the  mode  of  generation— 
for  example,  the  discriminant    The  name  catalecticant  denotes  a  certain   invariant  of  a 
binary   quantic   of  an   even  order:    namely,  it    is   a   determinant,  which,   for    the   above- 
mentioned  function,  is 

a,    6,    c 

6,    c,    d 

c,    d,    e 

(being  in  this  particular  case  the  cubin variant),  and  the  name  canonisant  denotes  a 
certain  covariant  of  a  binary  quantic  of  an  odd  order,  namely,  it  is  a  determinant 
the  terms  whereof  are  linear  functions  of  the  coefficients,  and  which  for  the  cubic 
(a,  6,  c,  d)  (x,  yY  is 

ax  +  by,    bx+  cy 
bx  +  cy,    CX  +  dy 

(being  for  the  particular  case  the  Hessian  or  quadricovariant). 

Canonical  Forms. — A  binary  quantic  of  an  odd  order  2m  -f  1  admits  of  being 
expressed  as  a  sum  of  (m  4- 1)  powers  of  linear  functions,  for  example,  the  cubic 
(a,    b,   c,   d)(x,   yf  can  be   expressed    in    the    form   (fcc -f  my)* -f  (Z'a?  +  m'y)* — this   is  the 
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canonical  form  of  a  binary  function  of  an  odd  order.  And  there  is  in  like  manner 
a  form  (not  admitting,  however,  of  a  simple  definition)  which  is  taken  as  the  canonical 
form  of  a  binary  quantic  of  an  even  order.  The  catalecticant  and  the  canonisant 
present  themselves  in  the  problem  of  the  reduction  of  a  binary  quantic  to  the  canonical 
form. 

Bezoutic  Matrix. — If  F,  W  are  any  two  binary  quantics  of  the  same  order  m, 
and  V\  W  are  what  V,  W  become  when  the  variables  (a?,  y)  of  the  two  quantics  are 
changed  into  (a/,  y') ;  then  ( VW  —  VW)  -r-  {xi/  —  acfy)  is  a  rational  and  integral  homo- 
geneous function  of  the  degree  m  —  1  in  each  of  the  two  sets  (a?,  y)  (a/,  t/),  and  the 
coefficients  taken  in  their  natural  square  arrangement  constitute  the  Bezoutic  matrix. 
The  determinant  formed  out  of  this  matrix  is  in  fact  the  resultant  of  the  two  functions, 
or  equated  to  zero  it  is  the  equation  obtained  by  the  elimination  of  the  variables 
from  the  two  equations  V=0,  W  =  0.  It  V,  W  are  the  derived  functions  of  one  and 
the  same  binary  quantic  of  the  order  m,  then  the  corresponding  matrix,  being  of 
course  of  the  order  m  —  2,  is  the  Bezoutoidal  matrix,  and  the  determinant  is  then 
the  discriminant  of  the  single  quantic. 

It  would  be  too  long  to  explain  the  allied  terms  Bezoutiant,  Cobezoutiants,  Bezoutoid, 
Cobezoutoids. 

Tacinvariant,  Reciprocant. — A  definition  in  the  language  of  analytical  geometry 
will  be  the  most  easily  intelligible,  and  it  can  readily  be  converted  into  an  analytical 
form  and  made  applicable  to  any  number  of  variables.  The  function  of  the  coefficients 
which  equated  to  zero  expresses  that  the  two  curves  U=0,  F=0,  touch  each  other, 
is  an  invariant,  namely,  it  is  the  tacinvariant  of  the  two  functions  U,  V.  And  in 
particular,  if,  instead  of  the  curve  F  =  0,  we  have  the  line  fa?H-i7y  +  X^  =  0,  then  the 
function  which  equated  to  zero  expresses  that  this  line  touches  the  curve  ^=0,  is  a 
contravariant,  namely,  it  is  the  redprooant  of  the  function  U, 

FuNcnoNAL  DETERMINANT,  Jacobian,  Hessian.— If  F,  TF  be  quantics,  then  the 
determinant — 


is  the  functional  determinant,  or  Jacobian,  of  the  quantics  F,  TT...  And  if  F,  TT, .. 
are  the  derived  functions  of  dxUy  dyU,,.  of  one  and  the  same  quantic  Z7,  then  the 
determinant  in  question  is  the  Hessian  of  the  single  quantic  :  the  Hessian  is  in  fact 
to  the  Jacobian  what  the  discriminant  is  to  the  resultant. 

CoNCOMrrANT,  CoGREDiENT,  CoNTRAGREDiENT. — The  theory  of  linear  transformations 
has  been  considered  from  a  different  point  of  view ;  instead  of  the  variables  of  a 
function  being  put  equal  to  the  linear  functions  of  a  new  set  of  variables,  they  are 
considered  as  being  replaced  by  a  new  set  of  variables,  linear  functions  of  the  original 
variables.  Two  sets  of  variables  may  be  so  related  that  when  the  first  set  is  thus 
replaced  by  a  set  of  linear  functions   of  themselves,  the  second  set  is  also  replaced  by 
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a    set    of    linear    functions    of    themselves,    the    coefficients    of   the    two    sets    of   linear 
functions  being   related   together  in   a  definite   manner ;   this   is  concomitance,  or  rather 
it    is   (what   is  alone    here    spoken    of)    simple    concomitance.     The   two    most    important 
kinds   of   concomitance    are,   1st.   Congrediency,  that    is,   when    the    substitution    on   the 
second  set  of  variables  is  identical  with   that   upon   the   first   set;    2nd.    Controffrediency, 
that  is,  when   the  substitution  on  the   second  set  of  variables  is  the  inverse  or  reciprocal 
one    to  that   on   the   first   set;    it   will   make    the   notion    of   contragrediency  clearer  to 
remark  that  if  the  variables  a?,  y, ..  and  f,  17, ...  are  contragredients,  then  x\  y'...  (which 
are  linear   functions   of  f,   17..)   are   so  related  that   fV-fi7y  +  ..   is    =fa;  +  i;y+...    It 
was    from   the   consideration   of   contragredient    variables    that   the    notion    of   a   contra- 
variant   was   first   derived,  but   as  above   remarked,  the  notion  is  really  included  in  that 
of  a  covariant. 

CoMBiNANT. — A  combinant  is  a  covariant  (or  invariant)  of  a  set  of  quantics  of  the 
same  order,  which,  besides  being  a  covariant  in  the  ordinary  sense  of  the  word,  is,  so 
to  speak,  a  covariant  quoad  the  system,  that  is,  it  remains  to  a  factor  pris  unaltered, 
when  the  quantics  of  the  system  are  replaced  by  linear  functions  of  themselves;  the 
factor  in  question  being  a  power  of  the  determinant  formed  with  the  coefficients  of 
the  linear  functions.  For  instance,  i(  U  =  (a,  6,  c)  (a?,  yY  and  IT  =  (a',  b\  c')  {x,  yf, 
then  ac'  —  266'  -f  ca'  is  a  function  which,  when  for  the  original  coefficients  are  suhstituted 
those  of  XU-^-fiVy  vU  +  plT,  is  merely  changed  into  (Xp  — /lm;)" (oc' —  266' +  ca'),  and  it 
is  therefore  a  combinant.  It  would  appear  that  the  notion  of  a  combinant  might  be 
extended  to  the  case  of  a  system  of  quantics  not  of  the  same  order,  and  that  the 
resultant  of  the  system  of  quantics  could  be  brought  under  the  extended  definition  of 
a  combinant,  but  this  is  a  point  which  has  not  been  considered. 

The  principal  text-books  on  the  foregoing  subjects,  are— on  determinants: — Spottis- 
woode's  Elementary  Theorems  relating  to  Determinants,  4to.  London,  1851 ;  Brioschi, 
Teorica  dei  Determinanti,  4to.  Pavia,  1854,  translated  into  French  by  Combescure  and 
into  German  by  Schellbach ;  Baltzer,  Ud)er  die  Determinanten,  8vo.  Leipzig,  1857 
(especially  valuable  for  its  references  to  the  original  sources).  On  elimination :  Fai  de 
Bruno,  TJi4orie  g^nirale  de  Vdlimination,  8vo.  Paris,  1859.  And  extending  to  nearly  all 
the  subjects :  Salmon,  Lessons  introductory  to  the  modem  higher  Algebra,  8vo.  Dublin, 
1858.  The  memoirs  on  the  different  subjects  are  very  numerous,  and  it  was  not 
thought  expedient  to  give  a  list  of  them. 
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235.     CONTAIXS    the    demonstration    and    I    think    the    first    publication    (1858)    of 
Hermite's  formula  alluded  to  135,  for  the  reduction  of  an  elliptic  differential  to  the  form 

dr 


^I-J-^zI-AiZ^' 


which  is  in  fact  the   Weierstrassian  form,   the    theory  of   which    has    been    of   late   so 
extensively  developed. 

241,  242.  Figures  of  Poinsot's  stellated  Polyhedra  are  given,  Fouch^  et  Combe- 
rousse,  TraiU  de  Geornetrie  Elevientaire,  8vo.  Paris,  1866,  and  Dostor,  "  Propri^t^s  g^n^- 
rales  des  polyfedres  reguliers  etoil^,"  Liouv,  t.  v.  (1879),  pp.  209 — 226. 

246.  In  connexion  with  this  paper,  On  Contour  and  Slope  Lines  (1859),  I  refer 
to  the  earlier  paper,  Reech,  "Demonstration  d'une  propriety  g^n^rale  des  surfaces  ferm^es," 
Jaur.  Ecole  Polyt.  Cah.  37  (1858),  pp.  169 — 178:  the  contour  lines  are  here  con- 
sidered with  reference  to  a  closed  surface;  the  special  object  is  the  demonstration  of 
the  formula  /H-/S=ilf +2,  where  /  is  the  number  of  summits,  8  the  number  of  imits 
(the  letters  /,  8  being  thus  interchanged)  and  M  the  number  of  cols.  I  refer  also 
to  the  paper.  Maxwell,  "On  Hills  and  Dales,"  Phil  Mag.  t.  XL.  (1870),  pp.  421—427, 
and  Tforfo  (4to.  Cambridge,  1890),  t.  n.  No.  xuii. 

259.  It  would  have  been  proper  to  distinguish  between  ah  and  6a,  and  thus  for 
instance  to  have  presented  the  face-symbols  of  the  polyhedron  considered  in  the  form 
abcdy  aefby  hfge,  dcgh,  adhCy  ehgf  (read  ah,  he,  cd,  da,  &c.)  so  as  to  obtain  therein  each 
duad  once  in  each  of  its  two  forms  ah  and  ha,  &c. :  and  the  like  as  regards  the 
vertex-symbols.  And  so  as  to  the  edge-symbols,  instead  of  ah  =  KL,  it  would  have 
been  better  to  write  aKhL,  to  be  read,  in  like  manner  right-handedly,  as  a  &ce-  or 
vertex-symbol 

264.  See  the  paper,  Jenkins,  "  On  Professor  Cayley's  Extension  of  Arbogast's  Method 
of  Derivations,"  Anier,  Math.  Jour.  t.  x.  (1888),  pp.  29 — 41. 

268.     In    connexion    herewith   I   refer   to   the   memoirs   Mc  Clintock,   "  On   the   reso- 
lution of  equations  of  the   fifth  degree,"  Amer.  Math.  Jour.  t.  vi.  (1884),  pp.   301 — 314, 
and  "Analysis  of  Quintic  Equations,"  Amer.  Math.  Jour.  t.  viii.  (1886),  pp.  45 — 84:  the 
author   considers    the  dexter  resolvent   equation,  which    as   he    remarks   is   my  equation 
c.  IV.  77 
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viz.  from  the  values  just  written  down,  we  obtain  by  pemiutation  of  the  roots  the  six 
values  of  each  of  the  functions  r  and  ^. 

By  means  of  these  data,  or  say  of  t,  =  t  -f  a~*6,  and  v,  =       -..   (I   write  v  instead 

of  his  Vv)  McClintock  completes  in  a  very  elegant  manner  the  determination  of  the 
roots  Xi,  Xiy  Xti  ^*y  ^s  ^f  the  quintic  equation:  the  solution  contains  also  the  coefficients 
7,  S,  6,  ^  which  belong  to  the  equation  deprived  of  its  second  term,  viz.  for  the 
definition  of  these,  we  have 

(a,  6,  c,  d,  «,/$a?,  l)»  =  a(l,  0,  7,  S,  e,  C$a;  +  a-'6,  1)»  =  0. 
I  reproduce  this  solution :  writing  as  usual 

5iii  =  ^  +  a>  ^  +  «'«j  +  w'^4  +  o)**,, 
5ii,  =s  a?i  +  oi'jCj  +  w>*Xj  +  0)  3:4  +  w'iCj, 
5tij  =  «!  +  ai'j:^  +  01  «i  +  (»*J?4  +  oj'jCb, 
5^4  =  a?i  +  ai*^:,  +  a^Xt  +  0)^0:4  +  a>  o^s* 
(oi  an  imaginary  fijfth  root  of  unity),  we  find  the  four  "  Eulerian  "  equations 

—  27  =s  U,U4  +  WjU, 

—  28  =  iii*U2  +  M4'm,  +  w,*tti  +  «i,*U4 

—  f—  2O7S  =  t4,»+  M,»  +  U,"  +  ^4*  —  10  (m/Ms^4  +  W4'm,Ui  4-  t^'Mjli,  +  M3*M4U,), 

from  which  t^i,  ti^,  u,,  1/4  are  to  be  obtained. 

It  is  found  that  the  first  and  second  equations  may  be  replaced  by  the  two  p^^ire 
of  equations 

W1W4  =  —  7  —  i;  ,  ll^U^  =  -  fy  +  V 

As  to  the  first  of  these  pairs,  we  find 

+  (ai  +  o)*)  (aria^a  +  a^jiT,  +  avr4  +  a74a;5  +  a?8iCi) 
+  (o)*  +  ai')  (a^ic,  +  x^^  +  av^B  +  x^x^  +  a^ja^j), 


say  this  is 


and  then  similarly 


25?*iM4  =  Sar^  +  (o)  +  o)*)  12345  +  (a)«  +  o)')  13524 ; 


25mj<^  =  Sar'  +  (o)*  +  0)0  12345  +  (a>  +  w*)  13524 ; 

whence 

25  (ii^u^  -  Mjt/s)  =  (ft)  +  a,*  -  o)^  -  ft,^  (12345  -  13524),  =  V5  <^,  =  50  v. 
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if  as  above  v  =  -^7= ;   that  is 

10  V5 


tiiu^  —  tt^u^  =     2Vj 


and  combining  herewith  the  equation 

%W4  +  Ma^  J  =  -  27, 

we  have  the  first   pair  of   equations.     The   second  pair  of  equations  is  obtained  by  a 
similar  process,  but  the  work  is  longer.     We  have 

125  Wa^Wi  =  F+  Ao)^  +  J5a)*  +  C«  +  2)0)2 
125  Un^Ui  =  F+Aa>^-\-B(0  +  Coi*  +  Doi^ 
125  uM  =  i^+  -4a)*  +  J5a)3  +  Ca)«  +  Dio 


where 


where 


^nd  as  before 


Hence 


A  =  {24135}  4-  2  {12345}  +  2  (24135) 
B  =  {54321}  +  2  {24135}  +  2 (54321) 
C  =  {12345}  +  2  {53142}  +  2  (12345) 
i)=  {53142}  +  2  {54321}  +  2  (53142) 

{24135}  =  aJa'a?4  +  a?4*a;i  +  a^i^o;,  +  sc^^Ws  +  a?5*^,  &c. : 
(24135)  =  ^30740^  +  a?4a?ii»5  +  0:10^^5  +  a^jiCfla;,  +  ^9^2^4»  &c. 


125(^il«H,  +  W4'^^-W3*^^4-^^'w,)  =  (a)  +  a)*-a)^-(»»)(il4-l)-J5-C0  =  ^^(-4  + 

Here 

^  +  2)  -  J5-  C=        {12345}  -  {24135}  -  {53142}  +  {54321} 

-  2  [(12345)  -  (24135)  -  (53142)  +  (54123)], 
where,  substituting  the  values,  the  first  line  is 

^*  (^  —  ^  -  ^4  +  ^5)  +  «i'(*C3  -  ^4  -a?8  +  aa)  +  ^8M^4  — ^8  —  aq  +  ai|)  +  a?4'(^6-^l-^  +  ^)  + 
a?5' (a?,  —  iCa  —  a^  +  a?4),  =  2'  suppose:  and  the  second  line  observing  that  (54123)  and  (53142) 
are  equal  to  (12345)  and  (24135)  respectively,  is  =-4[(12345)- (24135)],  =-4^: 
hence 

A+D-B-C^1'^4^X' 
But  firom  the  equations 

a~^^  =  12345  —  24135,  =  XiX^  +  x^^  +  x^^  +  x^x^  +  x^^  —  x^^  —  x^  —  Xioc^  —  av^B  —  ^a^s* 
and 

"~  00  =  ilq  "T"  JJj  T"  a?j  "T  a?4  +  a^j, 
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we  easily  obtain 

and  the  last  result  thus  is 

or   substituting   for  ^   and   ar^b  +  t   their  values   10  Vo  v,  and  t,  this  is   =  —  50  Vs  <r. 
Hence  the  value  of  125(ii,*m,  H-Wi'Ws  — ii,*W4  — Wf*Wi)  is  =  — 260tv,  that  is  we  have 

and  combining  herewith 

tiiHi,  +  u^^u^  +  M,H*4  +  tifHii  ss  —  28, 
we  have  the  second  pair  of  equations. 

We  next  write 

2tii*u,  =  -8-ft;  +  2M,, 

2t£4*M,«-8-^r-2wi, 
2w,»Mi  =  -84-tv  +  2M,. 

2u,H*4  =  —  8  +  ft;  —  2n,, 
whence 

4/i,«  =  (8  +  tt;)»  +  4(7«-t;»)(7  +  t;), 

4n,«  =  (S-ev)»  +  4(7«-  «»)  (7- V), 

which   equations  determine  ni,  n,,  so  that  i/i*Mj,  W4*m,,  i/,*Ui  and  w,*M4  are   now  known  ; 
and  we  then  have 

w^»  =  (t/,»M,)*  (W4*W2)  -^  (wit/4)«, 
t/4»  =  (W4»a,)*  (u,«W4)  -T-  (ti,ti,)», 

which  determine  i^,  Wa,  ti,,  W4.    (Compare  herewith  the   formulas,  ^1=— 3 — ,  &c.  p.  54  of 

my   paper  "On  a    solvible  quintic    Equation,"  Amer,   MaUu   Jour,   t    Xlii.    (1890),   pp. 
53—58.) 

But,  as  Mc  Clintock  remarks,  it  is  possible  to  obtain  better  formulae :    viz.  these  are 


NOTES  AND   REFERENCES.  615 


where 


r^  =  -^+20ti^, 


\  +{Se  +  27»S  +  (-27e  + 


[  +  {ySe-7S»} 
8,  =      ^ri'  +  ^r^^  +  7'+  107V* -h  57V*, 
«j  =  i^i^2        —  57H;  —  IO7V  —  v". 

To  prove  these  results  write  for  shortness 

2fWi  =— 8  — <v,    2m,  =  — S  +  ^v,  and  (as  above)  2wi  =  WjHi,  —  t£4*Ma,    2nj  =  i(,*Ui  —  u,Ht4, 
then 

we  have  tiit/,«8M4  =  Wit*4 .  -Wji^s  =  (—  7  +  v)  (—  7  —  v),  =  7"  —  t;*,  and  the  third  Eulerian  equation 
thus  becomes 

e  =  7"  +  3t;*  +  (t;»  —  7")"^  {wi*Mj"  1/3^4  +  W4W  ^iWj  4-  u^Hi^^  i^w,  4-  t^*Ui*  u^u^]. 

The  terms  within  the  {  }  are  equal  to 
(wi  +  ni) (vh  +  n^) (-y  +  v),    (m^ - th) {rn^-n^ (-7  +  t;),    {m^-Uy) (m,  +  w,) (- 7 - v), 

(^  +  ni)  (?n,  -  nj)  (-7  -  u), 
respectively,  and  their  sum  is  =  — 47mima  +  4tmin,. 

Hence    putting    for    shortness   jo  =  4t;nin2,    =  4v  (i^'m,  —  ^4*11,)  (ttj*Ui  —  w,*tt4),    the    third 

equation  becomes 

€  =  78  +  3i;  +  (i;8  -  7»)-»  (7W  -  78*  +  p), 

or,  what  is  the  same  thing, 

jo  =  7S«-7^^  +  (t;^-y)(e-7*-3t;). 

Again,  writing  the  fourth  Eulerian  equation  in  the  form 

Su*  =x  —  f  —  2O7S  4- 10  {(tWi  4-  ni)  M1W4  4-  (wi  —  ni)  1*11/4  4-  (m,  4-  n,)  t«jii,  4-  (m,  -  ti,)  Mati,}, 

the  term  in  { }   is  2wi^^4  +  2m,W8t^»  =(- S  — tt;)(— 74-t;)4-(-84-^t;)(-7-t;),  =278-2<t;*, 
so  that  writing  2w"=ri,  the  equation  becomes 

viz.  this  is  the  above-mentioned  value  of  rj. 

We  then  have  ra  =  ^*  4  W4'  —  u^  —  v^,  and  for  calculating  this,  we  have 

(7»  - 1;»)»  Wi»  =  (mi  +  WiV  (;/ia  4-  w,)  (7  - 1;)«, 

(7^  -  rij  vj'  =  (77ia  4-  n^f  (7n,  -  w,)  (7  4- 1;)», 
(t"  -  v')\'  =  (ma  -  Wa)*  ( wii  +  nO  (7  +  vy, 
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and  theDce,  instead  of  4t;)ii7i,  which  occurs  on  the  right-hand  side  ii^Titing  its  value 
=Bjo,  we  find 

(7*  - 1;*)*  r,  =        (mi  +  tn,)  r"*  [p  (7*  + 1;")  -  ^rniVi^} 

+  2(w, -7W,)       {wiiWJ,  (y  + 1;»)  -   py} 

+  2  (ni«m,  -  ri,»mi)        (7*  + !;«) 

—  4  (wi^i  +  Wa'Wi)  Tt;. 

We  have 

4w,«  =  (S  +  h;)»  +  4(7»-«»)(7-v),     4n,«  =  (S- tt;)»4-4  (7»-t;*)(7  + v), 

jp  is  given  as  above,  and  moreover  i?ii4-in,  =  — S,  7«i-7w,  =  — ft;,  niiWi,=s  J(S*  — f¥). 
Substituting  these  values  and  dividing  out  by  (t*  — t;*)',  we  find  after  some  reductions 
the  value  given  above  for  ?•,. 

Finally  we  have 

4  (7  - 1;)»  =  -  4  (u,u,y  =(«,•  +  u.^y  -  4  (u,u,y  -i  (n+r,)  (n,'+  tt,»)  =  (m,»  -  ti/)»-i  (n  +  r,)  (ti,»  +1//), 

that  is 

4(7-vy  =  4(«,+«,)~i(r,+r,)«. 

or  say 

«!  +  ««  =  (in  +  ira)»  -h  (y-vy, 
and  similarly 

«i-«»  =  (in-in)=  +  (7  +  vy 

which  equations  give  the  above-mentioned  values  of  ^i  and  s^. 

As  to  Jacobi's  Memoir  spoken  of  in  the  Addition,  I  refer  to  the  paper  Kronecker, 
"Ueber  eine  stelle  in  Jacobi's  Aufsatz,  Obser\'atiunculaB  ad  theoriam  sequationum  perti- 
nentes/*  Crelle,  t.  cvii.  (1891),  pp.  l^4f9 — 352,  which  incorporates  some  remarks  of  mine 
in  regard  thereto. 

284,  294.  The  fundamental  idea  of  these  two  papers  is  not  that  of  ''the  six 
coordinates  of  a  line,"  but  (as  indeed  appears  from  the  title)  a  somewhat  diflferent  one, 
viz.  I  say  that  a  curve  in  space  may  be  represented  by  a  homogeneous  equation  F=0 
between  six  coordinates  (jp,  5,  r,  5,  t,  u)  such  that  ps  +  qt  +  ru^O;  this  equation  being 
the  equation  of  a  cone  of  arbitrary  vertex  passing  through  the  curve  in  question: 
taking  ar,  y,  z,  w  to  he  current  point-coordinates  and  a,  /S,  7,  8  to  be  the  point- 
coordinates   of  the   arbitrary   vertex,   then  jo,    q,   r-,   «,    t,   u   are   the   six  determinants  of 

the   matrix 

{x,    y,    z,     w) 

I    y 

or,  what  is  the  same  thing,  we  have 

q  =  OLZ"  yx,       t  =  Bi/  —  0iv, 
r  =  ^x  —  ay,     u  =  hz  —  yiv , 


NOTES  AND    REFERENCES. 


6ir 


values  which  satisfy  ps  +  qt  +  ru  =  {).  And  I  accordingly  say  that  the  equation  of  a  line 
in   space   is 

Ap  +  Bq  +  Cr  +  Fs  +  Ot  +  Hu^O, 

viz.  this  is  the  equation  of  the  cone  of  arbitrary  vertex  (a,  /3,  7,  S)  (that  is,  of  the 
plane  through  the  point  (a,  13,  7,  S)^  which  passes   through  the  line  in  question.     But 

I  go  on  to  say  that  if  («',  IS',  y,  S")i  («"» i8".  y\  S")  are  the  coordinates  of  any  two- 
points  on  the  given  line,  or  if  the  line  be  given  as  the  intersection  of  the  two  planes- 
(M?  +  6y  4-  c-0  +  cfw  =  0,  a'a?  -f  6'y  +  c'z  4-  d'w  =  0,  then  in  the  first  case 

A  =  o'g"  -  a"S' ,  F  =  /3  V  -  I3y, 
B  =  yS'S"  -  /3"S',  G  =  7V'  -  7V, 
C  =  7'S"  -  7"8',     iy  =  a'/3"  -  a!'^, 

and  in  the  second  case 

A^hc     -6'c  ,    F  ^ad!   -a'd, 
£  =  ca'    -c'a  ,     0  =bd'   -Vd, 

• 
"so  that  in  each  case  AF-hBO  +  CH=0.  I  thus  in  effect,  although  not  quite  explicitly,, 
define  (A,  B,  C,  F,  Q,  H)  as  the  "  six  coordinates  of  a  line  " ;  and  after  giving  in  terms 
of  these  quantities  for  any  two  lines  the  condition  of  the  intersection  of  the  two  linea 
I  say  that  any  other  problems  in  relation  to  the  line,  for  instance... &c.y  may  also  be 
solved  "  by  means  of  the  new  coordinates." 

Plticker's  Memoir  "  On  a  New  Geometry  of  Space  "  is  published  Phil,  Trans,  t.  CLV. 
(for  1865),  pp.  725 — 791,  the  paper  being  received  Dec.  22,  1864,  and  the  Additional 
Note  appended  thereto,  Dec.  11,  1865.  My  two  papers  are  referred  to  in  the  foot-note 
p.  784,  belonging  to  this  additional  note  as  follows :  "  In  two  remarkable  papers  *  On 
a  New  Analytical  Representation  of  Curves  in  Space'  published  in  the  third  and  fiflh 
volumes  of  the  Quarterly  Journal  of  Mathematics,  Professor  Cayley  employed  before  me 
in  order  to  represent  cones  the  six  coordinates  of  a  right  line  depending  upon  any  two 
of  its  points.  Having  lately  only  seen  the  papers  I  hasten  to  mention  it  now.  But 
besides  the  coincidence  referred  to  the  leading  views  of  Professor  Cayley's  paper  and 
mine  have  nothing  in  common.  On  this  occasion  I  may  state  that  the  principles  upon 
which  my  paper  is  based  were  advanced  by  me  nearly  twenty  years  ago  (Geometry 
of  Space,  No.  258),  but  this  had  entirely  escaped  my  memory  when  I  recurred  to 
Geometry  some  time  since." 

In  the  work  referred  to,  "  System  der  Geometric  des  Baumes  u.  s.  w."  (4to.  Dtissel- 
dorf,  1846),  No.  258,  Plucker  remarks  that  a  straight  line  depends  upon  four  constants, 
viz.  its  equations  in  point-coordinates  being  x  =  kz  +  \,  y  =  fiz-\-v,  or  in  line-coordinates 
being  t=^KV+\w,  u  =  fiv-¥vw,  then  in  either  case  the  constants  are  k,  \,  /m,  p\  and  he 
defines  these  four  quantities  as  the  '*  four  coordinates  of  a  line." 

c.  IV.  78 
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The   leading  idea  of  Pliicker  s  memoir  appears  in   the  first   words  thereof,   "  I.   On 
linear  Complexes  of   Right    lines."     He   works    at  first  with   the  four  coordinates   of  a 
line:  as  long  as  these  are  arbitrary  the  line  is  any  line  whatever;  but  considering  them 
as    connected    by   a    single    equation,   then    there    is   he   says   "a  Complex,"   considering 
them   as   connected   by    two  equations  "  a  Congniency ",   and   considering  them   as  con- 
nected   by   three   equations    "a    Configuration"   or   ruled   surface.     The   establishment   of 
these    notions    of   a   Complex    and    a   Congniency,   and    the    general   idea    of   regarding 
the    line  as  an    element  in   the   Geometry  of  Space   are  absolutely   Pliickers,   there    is 
no   anticipation  of  them  in  my  two  papers.     Later  on  five  coordinates  r,  «,  a,  p,  sp  —  ra 
are   introduced,  but  the  six  coordinates  are   first   used  in  the  Additional  Note,  viz.  here 
instead  of  a   non-homogeneous  equation  or  equations   between   four  coordinates  we   have 
a   homogeneous   equation    or    equations   between    six    quantities    connected    by   a    homo- 
geneous   quadric    equation.     It  is    hardly    necessary   to    refer    to    the    posthumous   work 
Neue    Geonietrie    des   Rdumea   gegrilndet    auf   die    Betrachtung    der   gei^aden    Linie   als 
RaumelemefU,  Leipzig,  18G8  and  1869,  or  to  later  developments  of  the  theory. 
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